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ABSTRACT

In shock-boundary layer problems, consideration of the whole of the boundary layer is
not important. On similarity consideration and utilizing existing experimental datas, Roy
(1959) has calculated the thickness of the critical viscous sub-layer (a fraction of the total boun-
dary layer thickness) which is important for the propagation of the disturbance up-stream in the
aforesaid problems.

In the present paper, following the above method of Roy, the mach number of the charac-
teristic flow in the region of this viscous sub-layer has been estimated and found to lie between
the limits 0-13 and 0-6 (in cases of flow without or with separation).

1. INTRODUCTION

Tsien and Finston (1949) following Howarth’s model (1948) estimated the
distance in which the disturbance is reduced by a factor e which is a measure of the
distance for the up-stream influence, by replacing the boundary layer by a laver
of uniform flow at mach number Ma, < 1, adjacent to the main stream at Ma; > 1;
and found it to be given by

_Ma (1)
\/Ma:;‘—l Ma;
where 3 is the thickness of the subsonic laver. Unfortunately, there is no indica-
tion as to what values for Ma, (or, indeed, for 8) could appropriately be taken.
Since then, Lighthill (1950), Robinson (1951), and Ribner and Arnoff (1952} attempted
the problem with an effort to determine the appropriate values of 3Ma, (and 8)
in Tsien and Finston’s model. But because the inviscid theory does not take into
account the essential features of the boundary laver’s flow, results were far from
satisfactory. Meanwhile other workers, Lees (1949), Ritter and Kuo (1953), fol-
lowing Oswatitsch and Wieghardt’s model (1948) included the effects of viscosity
in the problem and their investigations were somewhat successful in predicting
the results of the experiments (in the case of flow without separation). In the
works of Kuo (1953), Miiller (1953), Goodman (1953} and Lighthill (1953), the
boundary layer was divided into a number of parts. The first layer, usually known
as the inner viscous sub-layer, adjacent to the wall was identified by Goodman to
the Stoke’s flow region where (because of very slow motion) inertia forces can be
neglected in comparison with the viscous forces. But Lighthill assumes that, in
this inner viscous sub-layer, disturbances to the viscous as well as the inertia
forces are of the same order of magnitude. But because the velocity is low, the
compressibility is neglected. He is thus led to use the Orr-Sommerfield equation
for small disturbances in an incompressible viscid fluid in the sub-layer. Certain
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assumptions then lead him to derive the thickness of the sub-layer. Based on these
derivations, his (Lighthill) theory predicts well the experimental results (in the
case of flow without'separation).

Considering the disturbances to the pressure (in place of viscous forces) Roy
(1959) has calculated the thickness of the inner viscous sub-layer. Starting with
the pressure distribution (obtained from the experimental works of Liepmann,
Roshko and Dhawan, 1951, which includes both cases, namely flow without or
with separation) on the wall where a shock generated from outside (see Figs. la, b)
is,incident upon it, similarity considerations (Roy, 1956) are applied to connect
the static pressure change at any point on it with the dynamic pressure of the
corresponding flow in this sub-layver; and from this the thickness of the viscous
sub-layer has been estimated which is found to lie between 0-01 mm. and 0-04 mm.
under the given conditions in the experiment. Further, when expressed in terms
of the undisturbed houndary layer thickness, the ratio of the inner viscous sub-
layer to the total boundary layer thickness is about 1/10 in the laminar cases; and
1/100 in the turbulent cases (Roy, 1959). In the present paper, extending
the above work of Rov, the characteristic velocity in this sub-layer has heen
calculated.

2. ANALYTICAL DEVELOPMENT

Any disturbance caused to the compressible boundary layer (either laminar
or turbulent) leading to a positive pressure gradient (in the case of shock wave)
or negative pressure gradient (in the case of expansion wave) causes the boundary
layer to thicken or thin down (Lighthill, 1953). In either cases, boundary layer
begins to curve slightly up-stream and the curvature of the boundary layer itself
induces an additional pressure gradient which, in turn, produces further thickening
or thinning respectively of the boundary layer. The process repeats itself, pressure
gradient decaying gradually as we follow up-stream. Theoretically, the decay is
an asymptotic one although in practice up-stream influences are defined well enough.
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F1a. la. Model of flow corresponding to reference Fig. 19 (in the case of laminar boundary
layer). Typical pressure distribution on wall in shock wave-boundary layer inter-
action (boundary layer laminar initially). )
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Fra. 156. Model of flow corresponding to reference Fig. 19 (in the case of turbulent boundary
layer). Typical pressure distribution on wall in shock wave-houndary layer inter-
action (boundary layer turbulent all throughout).

If a shock produced from a wedge (see Figs. la, b) placed in a supersonic
main strecam (Ma; > 1) be incident in the boundary laver (either laminar or turbu-
lent) developed along a flat plate, the static pressure distribution on the plate will
be disturbed. Taking the co-ordinate axes as shown in figure 1), leading edge of
the plate being taken as the origin and xy the distance of the up-stream influence
of the disturbance incident upon the plate, then the change in the static pressure
reading at any point on the plate A p will be given by

Ap:%p’u,zF.. .- .. . . (1)

ie. proportional to the dynamic pressure } pu2, F being the proportionality
factor depending upon all the dimensionless parameters characterizing the flow.
Now concentrating on the existence of the inner viscous sub-layer where the effect
of viscosity is considered, where the mach number remains small enough for com-
pressibility to be neglected, F will be a function of the Reynold’s number

Re = (x—xg)uly .. .. .. o

(i.e. a characteristic Reynold’s number formed with the distance r—a) only. Since
the velocity in the boundary layer tends to zero at the wall it follows that the change
in the pressure distribution tends to zero as the length (2—x,) tends to zero. The
distance y from the wall which influences the propagation of the disturbance must
be determined by experiment and from it,. the effective velocity u for the given
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boundary layer profile u(y). Let us consider the case when the velocity increases
linearly in this region. This approximation is certainly correct when the distance
(x—mp" is small enough. We thus put

dul/dy = const. .. .. .. .. .o (3)
If we denote the velocity at a distance y = (x—2) from the wall by
U, = (x—xp) (du/dy) .. .. .. o (4)

we expect the similarity of the process when we have the same value of the Reynold’s
number

(x—10)2(du/dy)

Re = Uj(x—wp) v = ” (5)
Then the change i1 the pressure reading is
Ap= 1/2pr F =12p(w—zg)2(du dy)2F .. ()
where
F=F Ii(%x-:vfof((luy'dy)] . .. (M

Furthermore, the function F will be dependent upon the shock strength charac-
terized by the mach number of the incoming stream 3« as well as the orientation
of the wedge expressible in the dimensionless form by d/1, where d is the distance
of the wedge from the plate and 1 half the length of the plate.

Again we can rewrite the equation (6) in the form

Ap = 12008 (du'dy)}z .. .. .. NS

where B
8, = (x—2o)\/F .. .. .. e (W)

which defines the thickness of the inner viscous sub-layer of Lighthill (Roy, 1959).
Finally the formulation given in equation (9) is put in the form

Ap= 1’2Pz‘f .. .. .. o (1
where

v, = 8, (du dy) .. .. .. .. (11

The velocity v, then characterizes the flow in the region of the inner viscous
sub-layer given by equation (9).

Further, the formulation given by the equation (10) may be interpreted as if
the change in the pressure is due to a uniform v, within the sub-layer of thickness ..

3. TUsE or EXPERIMENTAL RESULTS

In order to determine the numerical values of 1w, we first calculate the
unknown function F occurring in the equation (6), where Ap is taken from the
experiment (in the present case, from reference Figs. 19, 21 and 22 in the work
of Liepmann, Roshko and Dhawan, 1951, where k = A p/po, po being the reservoir
pressure, is measured at every point on the flat plate for different values of Ma,
and d/1 both in laminar and turbulent cases) and (du/dy)., i.e. (du/dy) at the wall is
catculated from the skin friction formula 7, = p.(du/dy),, which vields

(i) in the laminar case,

_ mur ulo
Ty = —
2-916 v

(see Low, 1951)
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(ii) in the turbulent case,
0037 Py

Tw = -5z ———= (see Lighthill, 1953)
Rl (7, /Tl)o 35

Here, the suffix 1 indicates the values at the outer edge of the boundary layer.
Under zero-heat transfer condition (see Lighthill, 1953), the formulation for F
and Re become

(i) in the laminar case

F=F0C,,
where
, _ ka
- (z—=0)?
and
-4
0, = 2:(29-18)2BTo(Po/P1)vy 1+M“ﬂ,2
! qu’?' 6 )
Again,
Re = Re'C,
where
Re’ ____M_(x—ai,)Z
Ve
and
L C32 3,2 !
2 2, 29018
(1 +*—F—)V1’“
(ii) in the turbulent case,
F=F(C
where
, k%
= (x—20)2
and
. 2RTOCZ(P0;’P1)V§"5( M?)Z‘-]
1= 18/5 G
(0-037)2 u; 6
Further,
Re = Re'(y
when
» (‘FE"—IO)2
Re’ = —B
and
0-037uY”

2= o\ 135
M o5
Cb+?9 g
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Here the constant (' occurring in Sutherland’s temperature-viscosity relation is
taken to be 1:5 for the numerical evaluations.

4, RESULT

After numerical evaluations and plotting graphically, it is found that the rela-
tion between F and Re obeys some power law, i.e. F varies as Re ? where B (either
positive or negative) is the index which does not remain same throughout but
changes either in magnitude or in sign because of the changing character of the
boundary layer in the interaction zone. In the graph (see Fig. 2) the functions
F’ and Re’ are plotted logarithmically; further, adding the values of ; and Cs,
corresponding relations between F and Re are found from which v, has been cal-
culated in the respective cases:

(1) Laminar cases

From Fig. 19

where
B =1/12,
Re-1i24
= d
ve=(r— [\/116x10}(“dy)
From Fig. 22,
where
B= —1/5,
Rel10
s = (¢ —_—3 d .
o= (@ [\/3-13x 103] (dudy)
(it) Turbulent cascs
From Fig. 19.
where
B = —1/3 at first and then changes to 8 = 1/5
Relllo
v = {x—uxg) [W] (du/dy)w
and
Re-1/10
vy = (x=—rg) [m 102 ] (dufdy), respectively.
From Fig. 21,
where
B = —1/8 at first and then changes to 8 = 1/5,
Reli16
v = (r—ury) [\/1 45 107 ] (duidy),
and

Re- 1110
= (&—mg) [\/244x102] (du/dy), respectively.
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From Fig. 22,
where
B = —~1/5 and then changes to 8 = 1/5,
Rell10
ve = (2—2) [m} (du/dy)w
and

Re~-1/10 ‘
v = (x~—2g) [\/mx 102] {du/dy)w respectively.

These different formulas for v have been evaluated for the corresponding
values of x and «; in the respective cases. It is found that the values of », in the
different cases lie between the limits 50 m./sec. and 200 m./sec. Further, when ex-
pressed in dimensionless form with the help of the sound velocity, the mach number
of the flow in this sub-layer lies between 0-15 and 0-6. The effects of compressibility
at the upper and lower limits for v, i.e. at mach numbers 0-6 and 0-15, are about
169, and 19, respectively. Further, the ratio of the mach number of the inner
viscous sub-layer to the free stream mach number lies between 0-1 and 0-4.

5. REMAREKS

In the work of Liepmann, Roshko and Dhawan, 1951, the relative up-stream
influence of a shock wave impinging on a given boundary layer has been measured
both for laminar and turbulent boundary layers. The up-stream influence of a
shock wave in the laminar layer is found to be of the order of 50 boundary layer
thicknesses as compared with about 5 in the turbulent case. Separation almost
always occurs in the laminar boundary layer. The separation is restricted to a region
of finite extent up-stream of the shock wave. In the turbulent case, no separation
was found. From model of the flow (corresponding to the reference Fig. 19),
near the point of impingement of the shock wave on the boundary layer given for
both the cases, separation in the laminar cases has been identified and calculations
are extended up to the point of separation in those cases.

The procedure adopted in the present paper enables one to divide the whole stream
into two parts, namely a subsonic layer having a uniform velocity equal to that
of the characteristic velocity », and of thickness 8, and then a supersonic laver.
This is similar to the theory of Tsien and Finston (1949). The appropriate values
of Ma, as well as 3, occurring in their theory, which are to be determined from the
proper wall conditions could not be ascertained in their cases. However, this in-
determinate nature of their theory may be improved if the values of Magy and 8
oceurring in their theory can be taken as those found for ¢, and 8, in the present
case obtained by utilizing the proper wall conditions due to viscosity. Further,
when numerically evaluated by taking the values of v, (nearer the lower limit where
the compressibility is negligible) and §, (one-tenth and one-hundredth in the laminar
and turbulent cases respectively) theory of Tsien and Finston under the present
modification gives a correct order of magnitude for the distance of the up-stream
influence in the laminar and turbulent boundary lavers.
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