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ABSTRACT

In this paper properties of the pitch of a ray of a rectilinear congruence with reference to
various pencils that may be obtained by pairs of ruled surfaces through the ray have been dis-
cussed. Incidentally, some expressions connecting the pitch and the Gaussian curvature at a
point on the surface of reference have been obtained.

Let us consider a thin pencil formed by the rays, adjacent to a given ray, of a
rectilinear congruence, and passing through the points of a closed curve of small
area on the surface of reference. An orthogonal trajectory of the pencil meets
the given ray, in two points, and the distance between these points is called the
pitch of the ray. Expressions for the pitch and some properties of the pitch have
been givenn by Ram Behari (1946) and Cartan (1896).

There arc families of ruled surfaces passing through a ray of a rectilinear
congruence. Kach of these families of ruled surfaces through a ray can form a thin
pencil meeting the surface of reference in a closed curve, ie. the parallelogram
obtained by the parametric curves Ul = const., U2 = const,, bounding the element
of area dS of the surface of reference S,

The object of this paper is to study the properties of the pencils obtained by
different families of ruled surfaces through a ray, and to establish some results
connected with the pitch.

1. Le* the co-ordinates of a point on the surface of reference S be
at =g (UI02), i = 1, 2, 3 and let the direction cosines of a ray passing through
that point be X = (UU?), 1 =1, 2, 3.

The pitch of the pencil containing a ray of the rectilinear congruence is given
by Ram Behari (1946, p. 68).

(1.1) = f Ndx

v C

where (' is a closed curve forming the boundary of the area cut off by the pencil.
In particular if ¢ is the boundary of the parallelogram formed by the
parametric curves Ul = const., V2 = const. bounding the element of arca d§ then

(1.2) p= j ,\ixiadU“ (.= 1,2)
o

where ' » are the components of the covariant derivative of & with respect to U*
based on the first fundamental tensor

o
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Using Green’s formula we may write (1.2) as follows

1.3 = aB( yig? dU1 4Dz
(1% ? ff(ds‘)e (/\x’ﬂ)’a

YVhere &% =0 and e2= —e2l=1
If h,p is the first fundamental tensor of the spherical representation of the

surface of reference, then the element of area of the spherical representation is
given by Eisenhart (1947, p. 136).

do = hdU dU?
Where b = /\/hllhzg—}l?:
We¢ have

d; a i i
o= ),
B
=T W)
(1.4) = Gj—zﬁ [,\f &t g g cos 0]

where d,g is the second fundamental tensor of the surface of reference and 8 is the
angle between the normal to the surface of reference and the ray of the congruence.
Since €*f is skew symmetric and d.p is symmetric in « and g, the equation (1.4)
reduces to

d_]) . iof)\i ¥
dU - h ’ -3 ’ ,8
. dp &P
(1.5) o g = T Hap

where pqg are the coefficients of the Kummer’s second quadratic form

= Ai Tz'

Bag =" o', 8
2. From (1.5) it follows that
e - t2e(~4)
The paramcter of distribution of the ray is given by Ram Behari (1946, p. 57)
E"hyyitsg AUAUP
*3 T hugdUdUP

If the two ruled surfaces correspond to the parametric curves and hyz =0, then

(2.3a) = P2 Ghen dUz=0.

(2.3b) g="2  hen aU1=0,
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Hence we have the theorem
THEOREM (2.1). Sum of the parameters of distribution of any two ruled surfaces,

Sformed by the pencil is equal to —(f if they are orthogonal on the spherical representation

of the congruerce.
3. If the two ruled surfaces through a ray, whose lines of striction lie on the
surface of reference, correspond to the parametric curves, then it is known that
P1y =0, tp = 0.
Therefore from (2.2) we have
Koy

B=— 5 when dU2 =0

8= "% when dU! = (.

Hence we have the theorem
TaroreM (3.1). If the two ruled surfaces formed by the pencil are surfaces, whose

lines of striction lie on the surface of reference then the sum of their parameters is EE .
g

Note : The pencils formed by the ruled surfaces meet the surface of reference along
the lines of striction. The following well-known theorem by Delgleize (1931) follows
as a corollary.

CoROLLARY (3.1). Through a ray of rectilinear congruence there pass two ruled
surfaces which have the same ceniral point, and that the sum of their purameters of
distribution is equal fo the mean parameter,

4, Now
}I’12 = 05 :“(aﬁ) = (

are the conditions that the principal ruled surfaces correspond to the parametrie
curves. We have from (2.2) that

K12
B =

h
for parametric curves. Conversely if the parameter of distribution for the para-

metric curves is equal to E‘hLz then

P’(O{ﬁ) = 0 and h’12 = (.

Hence we have the resull that a necessary and sufficient condition that the pencil is
formed by the principal ruled surfaces is that

}le = 0 and 'u(“rg) =0

5. If the mean ruled surfaces correspond to the parametric curves and the
middle surface is the surface of reference then

hig =0, py; =0 and pgy = 0.
From (2.2) it follows that

B= — l—lhil when dU2 = 0

B=E7%when all =0



CONTAINING A RAY OF A RECTILINEAR CONGRUENCL 13

Conversely if the values of B for the parametric curves are

_Bar g ke
5 and 3

then
hig =0, p1; = 0 and pgp =0

Hence we have the result that a necessary and sufficient condition that the pencil is

formed by the mean ruled surfaces, with the middle surface as the surface of reference,
is that

hig =0, uy; = 0 and pey = 0.
6. If the congruence is normal, then
eaﬁp.aﬁ =0
With the condition ks = 0, by using (2.2) we have the values of 8 equal to
H1g Ha,
ot a —— .
RO T h
for the parametric curves.

Conversely if the parameters of distribution for the parametric curves are
3 jY

K12

H21
£ls and — 222
h n

h
then by = 0 and flﬁl‘aﬁ = 0.

Hence we have the result that a mecessary and sufficient condition that the pencil 18

formed by the two ruled surfaces through a ray having —d—p- = ( is that the congruence s
a

normal and hyo = 0.

-

7. The equation to the characteristic ruled surfaces is given by Mishra (1946).

(7.1) B Dy (€5 &) (EgstEap) — 2 asgy)dUATY = 0.
If these correspond to the parametric curves, we have

(7.1a) €aﬁ€ya[h11(fay+fya)(fps-i-fa,g)-4§ayhﬂ5511] =0.
(7.18) B Ros(E gy +£,) Egs+Esp) — 4y Rgabrn] = 0

which leads to

g f =0 (b= A )
iLe. E7%hy, psgh*F =0
which shows that the congruence is normal.

Hence we have the result that a necessary and sufficient condition that the two ruled
surfaces formed by the pencil are the characteristic ruled surfaces, s that the congruence
is mormal. (The characteristic ruled surfaces are orthogonal on the spherical
representation of the congruence.)
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. dp .
8. Definition (8.1). The quantity EZE) is defined as the skewness of distribu-

tion of the pitch of the pencil with respect to the surface of reference.
If K is the Gaussian curvature of the surface, at a point P then, it is well
known (Eisenhart, 1947, p. 254) that

do

(8.1) 7= K.
Hence

. dp _dp1
(8.2) ic=as T
It is known that for all pencils containing the ray
v dp
(8.3) Ie = constant

and for a given ray K = const., for all pencils, since K is the Gaussian curvature at
the point, where the ray meets the surface of reference.

Therefore ES is an invariant for all pencils containing the ray. It depends upon the

ray and the corresponding point on S.

Hence we have the following result.

TrEOREM (8.1). The skewness of distribution of the pitch of the pencil containing
the ray through P is an invariant and is equal to K % where K is the Gaussian curva-
ture of S at P.

It is known that in a rectilinear congruence if » and p are the distances
between the limit and focal points of a ray then (Weatherburn, 1931)

2
_ 2 = |H12TH21
o= (23

By using (2.1) we have

d
(8.4) dg KA/ri—p2

which gives another expression for g 5

9. A congruence of lines is drawn to meet a surface S, parallel to the normals

to another surface §, where S and S correspond with orthogonality of corresponding
linear elements. This is called the congruence of Ribaucour.

For the congruence of Ribaucour it is proved that (Ram Behari and Mishra,
1950)
as

(9.1) d—g=¢5’- sec 0
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where function ¢ is Bianchi’s characteristic function and 8 is the angle between
the normals to the surface of reference § and the director surface S.
We have by theorem (8.1)

{
;{_g = constant

for all pencils containing the ray

or
dp d8
T§' IS = constant.
(1 I
Using (9.1), we obtain
5 dp _ ) cos @
9.2) &= constant, pe

where 0 ix same for all pencils containing the ray.

Hence we have the result that, in the congruence of Ribaucour, the limit of the ratio of
the increment of pitch and the corresponding element of area of the director surface
raries inversely as the square of Bianchi’s characteristic function.

ACKXOWLEDGEMENT

The author expresses her thanks to Professor Ramy Behari, F.N.1., for having
discusscd this paper with her. and for helpful snggestions.

REFEREXNCES

Cartan. E. (1896). Le Principe de Dualite, et certaines integrales multiples de ’espace, tangen-
tial et de L’espace regle. Buwll. Soc. math. Fr., 24, 140-177.

Delgleizleb(l%l). Contribution a la theorie des congruences rectilignes.  Mém. Soc. Sci. Liége,

, 1-9.

Eisenhart, L. P. (1947). Differential Geometry, Princeton.

Mishra, R. 8. (1946). The five families of ruled surfaces through a line of a rectilinear congru-
ence, J. Indian math. Soc., 10, 68-72,

Ram Behari (1946). The Differential Geometry of Ruled Surfaces. Lucknow University
Studies.

Ram Behari and Mishra, R. 8. (1950). Bianchi’s characteristic function in a congruence of
Ribauecour. Proc. nai. Inst. Sci. India, 16, 83-86.

Weatherburn, C. E, (1931). Differential Geometry, Vol. 1, p. 190,



