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ABSTRACT

The data on third virial coefficient, the most sensitive equilibrium property to the force
between molecules, have been discussed for a few gases based on the Lennard-Jones 12 : 6
potential energy function and have been employed to estimate the potential parameters using
a simple graphical method. The values of the parameters have been compared with other
determinations and a reasonable agreement is found.

1. IXNTRODUCTION

Recently there has been a good deal of interest in discussing the equilibrium and
non-equilibrium properties of guses in terms of an intermolecular potential energy
function and in obtaining information concerning the intermolecular forces. Madan
(1955, 1957), Srivastava and Madan (1952, 19534, 1933b), and Srivastava and
Srivastava (1957) have, for example, used the non-equilibrium properties, in
particular the property of thermal diffusion whereas Mason and Rice (1954}, J. Corner
(1948) and others have analysed the crystal properties, second virial coefficients and
viscosity coefficients of various gases for the purpose of obtaining values of the
parameters of the Lennard-Jones 12 : 6 potential function,

E(r) = de [(ro/r) 12— (ro/r)8], N £

where € is the minimum potential energy and ry the separavion distance for zero
interaction energy, or the more recent Exp. 6 potential function,

. € 9 a(l-—rlfm)_ ({I
E(r) =1=6/ [ae (ra/r)®, .. .. @
where r, is the separation distance for minimum energy and « is a parameter which
is a measure of the repulsion energy.

The latter is said to be more realistic and more flexible, but both of them had
practically the same success in predicting the properties of gases and it is difficult to
establish the supremacy of one potential over the other (Madan, 1955; Mason and
Rice, 1954; DeRocco and Halford, 1958).

It has been found in general that the potential parameters derived from equili-
brium properties are quite different from the corresponding set from transport
(non-equilibrium) properties (Hirshfelder et al., 1954; Madan, 1957). Different
properties of a gas emphasize various regions of the potential differently. For
example, the transport properties emphasize the repulsive portion whereas the
equilibrium properties lay greater stress on the attractive portion., If potential
parameters obtained from a non-equilibrium property are used in testing an
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equilibrium property, poor agreement is found (Srivastava, 1957). It is always better
to use one property to evaluate the parameters for computing the other properties
of a similar state and restricting the problem to either equilibrium state or the non-
equilibrium state as the case may be. For dealing with non-equilibrium states, we
have the property of thermal diffusion which is very sensitive to the intermolecular
forces and has been utilized by Madan and others for the purpose of evaluating the
potential parameters. In view of the foregoing observations, however, these para-
meters should not be used for the study of an equilibrium property. Until now, in
discussing the equilibrium states, the values of the parameters have been determined
from the second virial coefficient or the crystal properties which do not yield a very
accurate value on account of their insensitiveness to the law of force. A comparison
of results for various chosen potential forms indicates that the second virial coeffi-
cient is relatively insensitive to the form of the poteutial function whereas the third
and higher virial coefficients are considerably more sensitive. Hence, it will be
desirable to determine the law of molecular interaction from a study of the observed
third virial coefficient. There are considerable experimental and mathematical
difficulties in properly assessing the experimental data. The extensive measure-
ments and the estimation of third virial coefficients are available only for a few gases
and the data in general are scanty and not too accurate. However, in view of the
importance of third virial coefficient and its sensitiveness to the intermolecular
interaction, it is considered worth while to carefully analyse some of the data and
reduce them properly to make the best possible use.

Both the potential functions described by equations (1) and (2) have been
exceptionally successful in predicting the various properties of a gas and should
be able to give same degree of fit when the third virial coefficient is also treated
with them, provided the uncertainty in assessing the third virial coefficient from the
compressibility data is taken into account, As stated earlier, it has been found
that the 12 : 6 or Exp. 6 potential functions predict the properties of the gases to
the same extent and hence we may choose any one of them. However, the expression
for the third virial coefficient as given by statistical mecbanics has been computed
only for a potential of the 12 : 6 form (Hirshfelder et al., 1954). Hence, the 12 : 6
potential energy function has been used in the present paper to discuss the available
valucs of the third virial coefficient for argon, krypton and carbon-monoxide and
to evaluate the potential parameters e and 7y with the help of a graphical method
described in the next section, These values of the parameters have also been com-
pared with previous determinations from other methods.

2. (CALCULATION OF POTENTIAL PARAMETERS

To express the compressibility data of gases in terms of the virial coefficients,
one of the convenient forms is

4 B(T)_ G(T)

T T
S/l ks i et SRR N )
where B(T) and C(T), the second and third virial coefficients respectively, are the
temperature dependent coefficients of the ¥~! and V2 terms. Hirshfelder et al.
(1954) use for their computations the reduced form of the third virial coefficient
which is related to C(T') as
O(T) = B5CX(T*) P €3

where T* = kT/e, by = %HNrg, N is the Avagadro number and k is the Boltz-
mann constant. They give C*(T*) to five decimal places over a range in T* from

0-70 to 400. ' '
Various investigators have used different forms of equations to express their

compressibility data. Therefore the data on argon, krypton and CO were first
5



66 J. BAHADUR & M. P. MADAN : THE THIRD VIRIAL

reduced to C(T). The respective data of C(T) were then plotted against the tem-
perature T and a smooth curve drawn. This smoothing of the data to certain extent
removes the uncertainty in the estimation of third virial coefficient from the experi-
mental measurements and further gives a number of additional points for calculation.
Making use of the theoretical values of C* reported by Hirshfelder et al. (1954),
another plot wag obtained of C*,/C*, versus C'*; for the ratio T¥%,/T*, = 2, the
suffixes 1, 2 refer to temperatures 7'y and 7y. Provided by, that is, ry, is assumed
to be constant, we have Co/Cy = C*3/C*,, and from the (' versus 7 graph values
for 03/Cy for the ratio T'3/Ty= 2 can be calculated at a number of initial tem-
peratures and for each calculated value of ('y/C, the corresponding value of C* can
be read from the appropriate graph, which in turn gives the corresponding initial
value of T* = kT/e. Knowing the initial temperature which we took, the para-
meter ¢ is obtained by simple substitution. The e values thus obtained are given
in Table 1 for the gases investigated, together with the temperature ranges for which
they have been calculated. TUsing these values of ¢, r, were also calculated at the
mean temperatures of the ranges and have been reported in the same table. The
results are compared in Table 2 with previous determinations from the data on non-
equilibrinm and other equilibrium properties.

TaBLE 1

Values of the potential parameters from third virial coefficient

Temp. range (°K) ek (°K) bg (em3/mole) ro (A)
200-400 121-2 50-20
Argon« " 250-500 120-4 50-31
1 300~600 1188 50-60
350-700 1215 5055
Mean | 1205 50-42 3-419
300-600 201-6 64-06
Krypton ? 308-616 195-5 64-51
318-636 189-9 65-28
324-3-648-6 1879 65-52
Mean 193.7 64-84 3.718
{ 320-640 | 1348 64-06
COa 5 340-680 1283 6471
| 360-720 [ 1231 64-97
| 375-750 ‘ 119-1 | 65-00
| Mean ‘ 126:3 | 6468 3.715

Reference for experimental data: « Hilsenrath et al.

(1955).
b Beattie et al. (1952).

3. DiscussioN oF RESULTS

It will be seen from Table 2 that, for argon, the values of the potential para-
meters determined from equilibrium properties are lower than those evaluated
from transport properties, as should be expected. The agreement with the values
determined from second virial coefficient however is good. For other gases, the
deviation between values calculated from different properties is slightly more,

Hirschfelder et al. (1954), Beattie et al. (1952) and others have discussed the third
virial coefficient using the potential parameters obtained from second virial co-
efficient and ascribe the observed discrepancy to the incorrectness of the assumed form

5B
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TABLE 2

Comparison of potential paramelers obtained from third virial coefficient with those determined
[from other properties

From third
virial From second From From F From
coefficient virial crystal thermal B romt self-
(present coefficient properties diffusion Viscosity diffusion
work)
| L I
Argon
elk 120-5 119-5a 119.35 124.9¢ 124:-0a 125-54
7o 3419 341 3-87 3-424 3-418 3-384
Krypton
€/k 1935 172.7¢ 159/ 3952 1904
7o 3-718 3-591 3-599 3:61
e/l 1712
To 3:60
¥___.1
cO |
e/k 126-3 9534 8244 110-32
7o 3715 3-65 3716 3-590

a Hirschfelder et al. (1954).

b Corner (1948). Best value calculated from crystal and second virial coefficient.
¢ Madan (1955).

4 Srivastava and Madan (1952).

¢ Beattie et al. (1952).

/ Mason and Rice (1954).

¢ Corbett and Watson (1956).

h Srivastava and Madan (1953a).

of the potential. We also calculated the other equilibrium properties, for example,
the second virial coefficient and the Joule-Thomson coefficient. We find only a
fair agreement. The deviations are slightly more than would be expected on account
of inherent experimental and other errors.  As these properties are relatively insensi-
tive, the calculations for them are only qualitative for indicating the correct choice
of the potential form. However, it is felt that the poor agreement found by Hirsch-
felder et al., Beattie et al., etc., is on account of the use of potential parameters
obtained from second virial coefficient and also on account of the difficulties in the
correct estimation of third virial coefficient from the compressibility measurements.
If accurate and extensive values of third virial coefficient are available, it should be
possible to reduce the discrepancies to a great extent and also to determine the
correct shape of the potential energy function. Nevertheless, our method of utilizing
this property for the evaluation of potential parameters is still very useful and can
adequately treat the particular gas for explaining the equilibrium properties and be
a valuable aid for interpolations and short extrapolations.
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