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ABSTRACT

In this paper we have obtained some results in generalized Riemann spaces as defined by
Eisenhart.

The equation of parallelism and the condition to be satisfied at a point in order to choose a
geodesic system of co-ordinates in such a space have been found. An interpretation of this
condition in unified field theory has been given. Generalized Frenet’s formulae and Bianchi’s
identities in this space have been obtained and some interesting results have been deduced.

1. InTRODUCTION

Eisenhart (1951) has defined a generalized Riemann space as the space of co-
ordinates (¢ = 1, 2, ..., n) to which is associated a non-symmetric tensor g,

The following notations have been used :
(1.1) Aijk=%(% %—%)
A:.']. = gt Az, where gﬁgi_k = 8:‘
(1.2) and i = 3(9;+9;)
95 = 2(9;95)-
The determinant | 9i5 | is assumed to be a non-zero quantity (Eisenhart, 1951).

It has been proved that the quantities A?j are the coefficients of an affine connec-
tion, i.e. they satisfy the law

02z* » 0x' oxf o Ox*
43 ot BB 5,8~ Lup
From this equation it follows that A:-'j are components of a tensor. In generalized
Riemann space covariant derivatives are defined w.r.t. affine connection A:'J ‘

. i 08 0¢; n
ie. £, = 50T AR &= i —&ndy;

From the condition of integrability of the equation (1.3), we get the following
tensors

0 d PN koAl
(1.4) iy =55 A= 51 A+ B0 — AR A
Tt follows from (1.1) that (Eisenhart, 1951)

1 (% 99y ?f_)
Bip =5\ 5 T o T2
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and
Agjk = A = Dy

from which it follows that

A; = Aii,, = gh-&A,-!lk = gh—kA@,- =0
which is a tensor equation and always holds in generalized Riemann space.
(1.5) Also we have A,-};= {Z}
where { :;} are the Christoffel symbols of second kind formed with respect to
symmetric tensor g;;.

2, CURVE IN A GENERALIZED RIEMANN SPACE

A curve in a generalized Riemann space is defined as the locus of a point whose
co-ordinates are functious of one parameter only.

The equations of a curve € in a generalized Riemann space can be expressed as
7t = 2i(1).

As the magnitude of a vector whose contravariant components are u’ can be
defined by the quantities 4/’ g:;;u*uf therefore we can conceive the arc length of the

curve. If da¥ are the components of an infinitesimal displacement along the curve,
then we shall call the magnitude of the vector dx’ as infinitesimal arc length of the
curve. Let it be denoted by ds. Then we have

(2.1) ds? = g;; dx* dz’ (for the given curve).

The arc length between two points whose parameters are ¢; and ¢, on the curve

C is given by
e dxt ds
5= J \/ 9477 @

th

The curve is assumed to be continuous between two points, i.e. the functions
x'(t) are supposed to be continuous functions of ¢ in the closed interval ¢; <t < f5.

3. InTrINSIC DERIVATIVE, CURVATURE OF CURVE, PATHS
. . ; dai
The intrinsic derivative of a vector & along the curve C is defined by gjfd—a;’
daxi
ds
from (2.1).
If we denote the intrinsic derivative of & as {i, then we have

: i dat a" H d.
(31) C'ﬁ ’j‘d_x‘; ='a_i1+Ah]§h'd%

where are the components of the unit tangent vector to the curve, as follows

If t are the components of the unit tangent vector to the curve C at a point
whose co-ordinates are 2f(f), then the intrinsic derivative of t along the curve is
defined to be the first curvature vector of the curve at that point. Let it be
denoted by »¢; then
.4 dad
R t | ——

4 t»J ds

IB
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or
(%) o
P =\ds) ;ds
. d2%t i dad da*
2 P= il
(3.2) P d82+A’_" ds ds

We shall define the magnitude of the vector p* as the first curvature of the
curve at that point. Let it be denoted by K then

K% = g;p'p’.

We shall define a path as a curve in a generalized Riemann space whose first
curvature is zero.
It follows from (3.2) that the equations of the paths in a generalized Riemann
space are
d2xt i dat de®
@ Oy i =

4. PARALLELISM IN¥ A GENERALIZED RIEMANN SPACE
The angle § between two unit vectors »* and ¢* may be defined by
cosf = k(giiu"vi—{-gijuiv"),
As cos 8 < 1, therefore it can be easily shown that k = } and we get
cos§ = %(giju"vi+gijuw‘) = g,uv’.

As the basis of this definition, we take a property of parallelism in the Euclidean
plane, viz. ‘All the vectors parallel to one another make the same angle with a given
straight line’ in this case with a given path in generalized Riemann space.

Let C be a path in a generalized space at points, whose co-ordinates z%(i =1, 2,
..., n) are expressed in terms of the arc s and let X’ be components of a unit vector
at points of ¢ and not tangent to C.

Now the cosine of the angle between the vector at a point and the tangent to
C at that point is

dzxi

9@/\‘ g5

If the vector ) is a parallel vector field, then at all points of ¢, the angle 8
between the vector and the unit tangent to € should be the same.
Hence the derivative of cos # w.r.t. s or along C should vanish.

d dzi\ dz*
(1) o (g 2 ds) =0

Using the result

9 '
7ot = L0
in (4.1) we get

(g'hA,g'*'g]hA‘k)X'*'gn ) Gin A = 0.

N dzi dx* _d2zh
[ ] ds ds ds2
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But C is a path and hence it must satisfy the differential equation

d2x? x dxd dx*
(4.2) PO Nl
we get

dxi éx_

ox
gq(axk‘l'AkAh) i il

If we add and subtract the term A k,\" in the second member of the paren-
thesis (4.2), we get

’_/\i 51_5_5;7 (_iff “Ai d:l:-’ dx*
NS i i UL S e
But
dxzi dz* daz* daxi dx¥ dxi
O T T = WG g = D gy g = O
Hence we obtain
i dxida®
(4-3) kds ds
Also X are the components of a unit vector
gg/\iz\j = 1.
Differentiating this equation covariantly we get
i dak
(4'4) g’_],A’/\fk —d—g- = O.
From (4.3) and (4.4) it follows that the vector
/\J' dxk
kds

is a zero veetor or a vector orthogonal to both the path C and to the vector ) at
each point of €. The latter is impossible.
Hence we have

i dx*
N gg = 0.
Therefore if ) is parallel along C, then we must have
I dxi _ d/\'
(4.5) ,\’J.Ti—s— =0 or N +A1k’\ d =0.

5. GEeopEesic Co-ORDINATES

If a co-ordinate system can be chosen in a generalized Riemann space such that
the components of the fundamental tensor g; are locally constants at a given

point P(xziy) and consequently coefficients of the affine connection Af.‘. vanish at

that point, then the system of co-ordinates will be defined as a system of geodesic
co-ordinates with pole at P. It is not always possible to choose a geodesic system of
co-ordinates with a given pole as in a Riemannian space, and we shall deduce the
condition to be satisfied at P.



OF GENERALIZED RIEMANN SPACES 99

Suppose we can choose a geodesic system of co-ordinates with the pole at P,
then AZ. = 0 at the point P in that co-ordinate system. »
From the law of transformation (1.3) for AZ., it follows that if A:']. =0,

then A’ is symmetric in o and B, i.e.

B

But A:

%

are components of a tensor

8

A:;. = 0 is true for all systems of co-ordinates. Thus the necessary con-

dition that we can choose a geodesic system of co-ordinates with pole at P, is that
the equation

Az =0 must hold at P.

-

We shall prove that this condition is sufficient also, i.e. if A:'] = 0 at a point,

then we can find a system of co-ordinates for which AZ. =0 and hence A?j =0

at that point.
Let 2 be general system of co-ordinates, Now consider the transformation
defined by

(5.1) ot = 2o+ 827 —§(A},)2ia* 4
where if; are any functions of z”s, such that they and their first derivatives are

zero when z"’s are zero and z%; and (A;”)o denote the corresponding values at P.
From (5.1) it follows that at P

oxt i

02zt $
(W) = —(2i)
From these equations and the equation of law of transformations of A"f}. and

using the fact A'gg=0, it follows that (A",g) =0 at P, where A5 are co-
efficients of affine connections in system z'’s.

Hence any co-ordinate system defined by (5.1) is a geodesic system of co-
ordinates with pole at P.

Therefore the necessary and sufficient condition that a system of co-ordinates
may be chosen which is geodesic system with its pole at P is that

A:',- =0 must hold at P

v

which is equivalent to A, = 0.

This condition may also be stated as follows
e o oy
0 "o tar =

0

which is the condition of vanishing of electric current densily tensor. '
Hence we have the following result, viz. ‘If we can choose a geodesic system
of co-ordinates at a point in a generalized Riemann space, then there is no field due
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to electric current at that point, and if we can choose the geodesic system of co-
ordinates at all the points of the generalized Riemann space, then there is no field
due to electric current throughout the generalized Riemann space.’

In this case
h
Y

A;=0

holds throughout the space,
We shall call such a generalized Riemann space as symmetrically connected.
6. FRENET'S FORMULAE

Let ¢ be a unit tangent vector to a curve C, whose components are t' in the

generalized Riemann space V,. If — denotes the intrinsic derivative along C, consi-

8s
dered with respect to affine connection, then

du? i dxi
(6.1) 5 = L
and

|
1

i3

where p! are components of the first curvature vector of the curve (. We can write
dai »
e g
y= t< i ds - ]‘1771
where 17; are the components of unit vector in the direction of p* and k; is the first
curvature of the curve.
Let _Aét@ denote the intrinsic derivative along €' considered with respect to
Christoffel symbols, i.e.
AU de

As £ ds

where an oblique followed by an index denotes the covariant derivative with respect
{ ; }
toy..¢.
)
Then from Frenet’s formulae in Riemann space, we have (Weatherburn, 1950)
Anj : ;
— = =t ko),
s 1 +#em,

where k4 is interpreted as torsion or second curvature of the curve, and k£ is the first
curvature of the curve. By using the fact

¢, =&litage
we get
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The quantities A;jn;'tj are the components of a vector which we shall define as

the first generalized torsion vector of the curve in the generalized Riemann space.
We shall call the magnitude of this vector as the first generalized torsion of the curve
in generalized Riemann space.

In the case of a curve in an ordinary Riemannian space the first generalized
torsion of the curve is zero. If 7 is the first generalized torsion of the curve, then

=y (80 ) (0 )
In the case of a path in generalized Riemann space
pi=0and ky =0
and 77"1 is indeterminate, for
po= kl"];'

Thus the first generalized torsion of a path in a generalized Riemann space is
indeterminate.
We have again from Frenet’s formulae for Riemann space (Weatherburn, 1950)

A"7‘2 i t
As = ko + kg,
Applying the same argument, we obtain
817;_ . : . dat
3 = —Jror L Jear? j
(6.3) 3= —kony+kan, + B gy

i jdxt
The vector A;’kn;ﬁ%

the generalized Ricmann space, and the magnitude of this vector is the second
generalized torsion of the curve.

If we consider (n—3) other equations of Frenet’s formulae in Riemannian space,
we shall obtain in a similar way (Weatherburn, 1950)

is defined as second generalized torsion vector of the curve in

. 8, i i i jdat
(6.4) 5o = —komyHhart A
8’7:-0 i i i ; da*
(6~72_—1) 88~= —kn-‘ln,‘-;;+k"‘1n1:—l+Ajk"’it—?d—s
87);_ ' ;i i dl‘k
(6.m) 5 ! = —kuoam,_yt Dy, nf‘m .
The equations (6.1), (6.2), . . ., (6.n) are generalizations of Frenet’s formulae in a

generalized Riemann space. If
A =0,

then all the generalized torsions of a curve in a generalized Riemann space are zero.
Thus we have here a nice interpretation for Cartan’s torsion tensor of generalized
Riemann space, viz.

When' torsion tensor of the generalized Riemann space is zero, then all the
generalized torsion vegtors of any curve in a generalized Riemann space are zero.
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7. Biaxcar's IpENTITIES

We have by direct computation for I'*, (Einstein, 19505)
y p ik

ijk

or:
(7.1) (a;k+1"A —Ty, ‘)

aF:’kI s k s aF:;] h
+ oxJ +F‘”‘1A Fskl + 1[_7 Fsl]Azk = 0.

Also we have
h

or
h itk
(1.2) Ihy = —52+T

]
A 5]k A Fuk A F Akl

"Jk

Writing the two other equations obtained by cyclic rotations of j, &, and I in (7.2)
and a,ddmcT up all the three equations and using (7.1) we obtain

i s
(73) qk l+ 1kl ]+Ftl] _( 1skA + wlA k+ isj e)

Equations (7.3) are the generalized Bianchi’s identities in generalized Riemann
space.

8. Psrupo-EINSTEIN SPACE

Let there be a generalized Riemann space V,. We shall call ¥, a pseudo-
Einstein space, if it satisfies the equation.

(8.1) Ty =2g, where I, _I‘;’h
Multiplying both sides by g%, we obtain

_r

T
where
(8.2) I'= gﬁfﬁ )
Therefore for pseudo-Einstein space, we must have

r

Contracting b and k in (1.4), we get the tensor

+AmAh _AmAh

P . o
i 1 ”7 1 mh

T,=R —AL,+A]

o 1Y)

where R;; is Ricei tensor.
Symmetrizing ¢ and j and using A; = 0, we get
Iy=R,+ A’”A

m]

Substituting this value in (8.3), we get
m 1
(Batagay) = (R+a#agal,),
where B = g¥R;, .
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We observe that

m oAl 1/ m 1
B0y =5 (1" 850) 9,

v =

is identically satisfied. )
For if we multiply it by ¢g” and sum on ¢ and j, we get the identity

Gioamal Bk m ol
g-A@AM—g AyA,.ék

v

Making use of this in (8.4), we obtain

1
B = 7 Ry
which is the condition for the space to be an Einstein space.

Hence if a generalized Riemann space is a pseudo-Einstein space, then it is also
an Einstein space.
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