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ABSTRACT

By replacing the condition of bounded variation with that of bounded rth variation, the
author, in this paper, has obtained some theorems on the absolute convergence of a Fourier
series satisfying a certain gap condition. His main theorem generalizes a result of Noble
(1954).

1.1. The absolute convergence of a Fourier series with ' Hadamard gaps’
has been studied by a number of mathematicians like Szidon (1927) and Zygmund
(1931). Recently Noble (1954), while studying the coefficient properties of a
Fourier series under a less restrictive gap condition, has proved a theorem analogous
to the well known result of Zygmund (1928) on absolute convergence. Hix
theorem requires the generating function f(x) to be of bounded variation.

In the present paper we have tried to replace the condition of bounded varia-
tion by a less stringent condition, namely that of bounded rth variation, r being
a positive integer. Theorem 1 of this paper is a generalization of the result of
Noble (1954), while Theorems 2 and 3 are corollaries of Theorem 1,

1.2. A function ¢(z) defined in an interval (a, b) is said to be of bounded rth
variation*, if xy, 23, s, ... ¥, being arbitrary values in arithmetical progression
such that a = 7y < z; < 2, < ... < x, = b, for every integral value of »,

> o)<,

1=0
where A%(x) = AT $ai)— AT $(r),
A‘ﬁ(xi) = ¢(a:,~+1)--¢(x.-),

It is obvious that every function, which is of bounded variation in the classical
sense, is also of bounded rth variation ; but the converse is not true. This can be
shown by the example of the continuous function

f@) = > b cosla (> 1),

y=1

which, inasmuch as it satisfies the condition
(1.2.1) | flz+-h)+f(x—h)—2f(x) | = O(R), as h - 0,

pniformly in z, is of bounded second variation (Zygmund, 1945), but on account of
its being a non-differentiable function (Hardy, 1916), it cannot be of ordinary
bounded variation.

* A similar but not identical definition is given by Ohrechkoff (1924).
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2.1. Let f(x) be integrable (L) over (—m, ) and periodic with period 2« and
let its Fourier coefficients a,, b,, 2 = 0,1, 2, . . . vanish except for a sequence n = nx
with
(2.1.1) Min. {(nk+1—nx), (nk—nx-1)} = Nk.

Noble has proved the following theorem on the absolute convergence of a
Fourier series satisfying a certain gap condition.

THEOREM A* Let Lt Ny
K-« logng
satisfies a Lipschitz condition of order «, where 0 <2< 1, in some interval
| #—xy | <&, then 2(| @, |+]| bs |) < c0.

2.2. The object of this paper is to prove the following generalized theorem :

== oo, and if f(z) is of bounded variation and

N . . .
Tagorem 1. Let Lt X = o0, and if f(x) is of bounded rth variation and
, K> logng
satisfies @ Lipschitz condition of order a, where 0 < a << 1, in some interval |x—z|

< 3, then Z(| a, |+b, |) < .

3.1. We require the following lemma for the proof of the above theorem.

LemuMa (Noble, 1954). If 8 > 0 and n is a positive integer, there exists a trigono-
meltrical polynomial T ,(x) of degree not exceeding n with constant term 1 such that :

(i) For all x and some absolute constant A
| Tu(z) | < 4/3,
(i) If s<jz|<w
| T.(x) | = O(exp—B(3).n), B(8) > 0.
(iii) For all x

. An
| T@) | <5
3.2. Proof of the theorem : The proof of the theorem is based on the fact that
Ay 1 i cos
3.2.1 K=z
( ) B "J' J(x) P(x) sin ngx dz,
-7

for any trigonometrical polynomial P(z), with constant term 1 and that of degree less
than Min. (ng;1—nx, ng—ng_1). If « and B are given such that —z < a < B < =,
one can choose P(x) with the help of above lemma, so as to be very small in (~m, «)
and (B, ). Thus | @ny | and [b,.K[ are made to depend mainly on the behaviour of
flz) P(z) in («, B).

Without loss of generality, we can suppose that r is an even integer and zy = 0.
We write

(3.2.2) g,(2) =f<x+ o ) - (;) f(x+—"-’— - 1)+ .

2nk 2ng  mg
mef T r . ow
H=U (,/2) fert ... = (r_x)f (”' éz;ﬂ?)

oz

* Noble (1954).
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80 that
g,(z) ~ Z (a, cos nx+b, sinnx). 4,,
1
where
o)
flz) ~ {a, cos nx+b, sin nx),
2
and
_ N LA L (=13 (7
(3.2.3) 4,=2 [cob o (1) cos (2“ nK) +o S (r/2”
Take a sequence u, such that
(3.24) Ola, 8) log ng < Mg < 20(x, 8) log ng,

where ((«, 8) is a positive constant depending only on « and 3§, to be specified
later on, so that if ¥ is large enough,

N
(3.2.5) pr < 5L,
2
. Ng
when —§«<np<n‘,\..

By the choice of u, if k is large enough and g,(x)TFK(x) has Fourier coefficients

aﬂ’ﬁﬂ

oty =A, .a, .
nP ﬂP IlP

Bay=An, b .

Now by hypothesis f(x)eL? and therefore by Bessel’s inequality,

ﬂK

(3.2.6) D (@ +82). 47
7‘1\'
2

”1\“
< (5 +8)
nK

b}

2 2
< - f—ﬂg, (.T)T#K (x)dxr.

Also
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o
—_— +-7
r P+"—1‘” y r y 2 )
- (1>f(:c+— ng )+ e (=1 (’/2>f ¥+ ng

(AP ) o

On account of periodicity, replacing z by x+¢ does not affect the value of the
integral and so all the integrals formed from the left-hand side are equal. Hence
the above expression becomes

= (2ng—r) J'” TZK(.T) [f(:c+§%) — (;)f(x+£:—7; _;l—;{_{)_'_ .

+(=1)™ (T;)f(r)+ co = (,il)f (I_ 2%:-"%)

+ () =gz )]

™
(3.2.7) =(2n,\-—-r).[ i ()9 (v)dx
-n PK
Hence from (3.2.6) and (3.2.7), we have
"H
(328)  (2ux—r) > (a3 +b)4;
715
e (e
..VIK—Y p -7 >
! S S e VU as
<;[ ,Zl [T A {“(”E)}Jh

2""{—:' 2 P57 pw 2
(3.2.9) E(z, k)= Z T;K r4e [A'f(.r-{-‘)] dx

ny
2 -1
= Z ela, kb, p).
P=1

Now considering a group & of terms of E(r, k) in a manner analogous to one
used by Noble (1954), we have if ¥ is the total rth variation of f(x) in x| <8,

J Ze(;r.k.p)dx':j. +J
- G E CE

= 02 g% ¥)+0(22ng—r exp—2Bx)
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= O(n;*)+O0(nx exp—2Bpx)
= 0(7&1;& s

for an appropriate choice of C(«, 8) in (3.2.4). Finally, we have

(3.2.10) f E(x, kydz = O(n.").

From (3.2.10) and (3.2.8) we have
"K

@nx—r) > (a5+8)) 47 = 0(n").
ng

)

or

K
> (@45 42 = 0(n*Y).
nK

P 2949
Sinece 4, < 9% +2 we have
"K

> @45 =0,
"R
Putting ng = 2"*1 we have
gm+1
> (@+b) = 0.
om
By Schwarz’s inequality

om-t+1 [ om+1 gm+] §
2 (ai+b§)*<( > (ai+bf)) ( > 12)
”n=2"

om

_,,,Q_‘g.?‘l ' 2'-/2)

Finally
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=0 Z 2 %

= O(1).
This completes the proof of the theorem.

4.1 We deduce the following theorems as corollaries of Theorem 1.

THEOREM 2. Let Lt Nk
N K > log nyc .
satisfies @ Lipschitz condition of order «, where 0 << o << 1, tn some inderval |z —zq| < §,

then Z( |a, |P+1b,|B) < o0, for B >

= o and if f(x) is of bounded rth variation and

2
24a’
THEOREM 3. Under the hypothesis of Theorem 2 we have

Zn5/2.(fa,,{+|b,,§) < o0, forB< =
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