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ABSTRACT

The co-ordinate transformations under which the real scalar massless wave equation
02y = 0 is invariant are examined. It is shown in an elementary straightforward way that
among continuous transformations the equation admits only the 15 parameter relativistic
conformal group of transformations and no others. The infinitesimal and finite forms of the
acceleration transformations are discussed at some length. In general, the new co-ordinates, o,
are determined by the equations O2(ax*) = 0, O2(xx¥2") = 28g*¥, and 012a = 0, where « and
B are two arbitrary functions of z saatisfying these equations, A possible singular solution of

. D)
these equations is & = D()(x), xat = e

However, other possibilities are not ruled out.
i

1. IxTrRODUCTION

The present theory of the elementary particles is in a very unsatisfactory state.
Besides the infinite expressions that one encounters in the calculations, there is no
natural way to include in its scheme the many new particles that have been dis-
covered in the last decade. We have therefore to look in all directions to find
ways of constructing more powerful theories. We should search for possibilities of
modifications in the formalisms both of the quantum theory and of the theory of
relativity (Vachaspati, 1956, 1958). Perhaps closc examination of electrodynamies,
where the renormalization procedure has been most successful, can provide some
clues. With this in mind, we have started by making a systematic search for the
possible co-ordinate transformations that leave the various equations of physics
invariant.

It is well known (Cunningham, 1910; Bateman, 1910a, b) that the widest
continuous group of transformations under which the electromagnetic equations
are invariant is the 15 parameter group of relativistic conformal transformations,
This can be proved by considering the characteristics of the differential equations.
When there are interacting or non-linear fields, the method becomes difficult to
apply. It is then simpler to consider the differential equations themselves rather
than their characteristics. It is an easy matter to find out whether or not a given
set of differential equations is invariant under given transformations; it is more
difficult to discover all the possible transformations for which the equations are
invariant. As a first step towards analysing the problem of interacting and non-
linear ficlds, we have thoroughly examined the case of massless real scalar wave
equation. While the discussion below will be helpful in understanding the more
complicated problems later, we hope also that it will clarify in a direct and elemen-
tary way without the use of group theoretical language why this wave equation
admits only the relativistic conformal group of transformations and no others.
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II. WavE EQuaTioN AND Co-ORDINATE TRANSFORMATIONS

We write the wave equation as

(2 =0 .. .. .. .. .. (IL1)
where
02
Dz:m;ﬁ’

Greek suffixes take the values from 0 to 3, Latin indices range from 1 to 3, and
we use

Joo=1,911=gas=gs3 = —1,c=1,
W=zyg=trl= -y =2, 02 = —xy =y, 23 = —yq =2,
Let us make the co-ordinate transformations
= a# (20, 2}, 22, 28) .. - .. ({IL2)
and suppose that (x) becomes ’(z') where
Plx) = alz) P'(x"). .. .. . .. (IL3)

Here a(x) is some function of z# which we shall adjust so as to make the equation
(1) covariant. An easy calculation shows that

do. 8r”’) oy
g ox,/ 0x¥

gx" ox?’ oy’
81 Ot 0P O

O = (aDzl"’-}- 2~ + ([C2a)y’

R (11.4)

This is identically true. We now require that, as a consequence of (1), we get the
wave equation

/2 = 0. .. .. .. (Lp)

Multiplying (5) by the Lagrange multiplier f(x) and subtracting from (1), we obtain
the identity

O%—B % =0, .. .. . .. (1L.6)

Comparing (4) and (6) we find that we must have

8::*"' oxf’

= BgvP
ax o By . (I11.7a)
a2 2 0% 7 _ ce L. (L)

dxn 8

and 2z = 0. .. .. .. .. (I1.7¢)

[Please see also (V1.16a, b, ¢).]

II1. INFINITESIMAL TRANSFORMATIONS

We can simplify our problem by considering the infinitesimal transformations

xH = gh48zk, o = 148x, B = 1488 .. .. (IIL.1)
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Retaining terms of the first order in the infinitesimal quantities, we find that the
equations (I11.7a, b, ¢) become

0dx¥  9oxf
== p - .. .

T e P (8 —8a)g .. . (IT1.2)

08y

28V = =2 2
28« 2 7w .. .. .. (IIL.3)

and
]2 =0. .. . .. . .. (II1.4)
Contracting v and p in (2) we get

06zv , ~
o = 2(88—0a) . .. .. .. .. (I1L5)

If we differentiate (2) with regard to «f and sum over p, we find

(202745 (58’“’)— (88~ 5x)

oxf
or

' ?
(P00 = — o (3f=da), .. .. .. (IIL§)

[on using (5)].
Comparison of this with (3) yields
0
ax,, (68—38a) =0. .. . .. .. (IIL5)
Hence

3B —38x = constant. .. .. .. (IIL.6)

For simplicity we shall take this constant to be zero since it does not make any
essential difference even if we take it something different. Consequently (2) and
{3) now become respecetively:

gdrv  0daf

Fort o = 2o ¢ 0§ )
and
25a¥ = —2 gi“ . (ITL.8)

IV. SoLuTiox OF THE INFINITESIMAL EQUATIONS

For the equations (IIL.7), (ITI1.8) and (II1.4) we try solutions of the form
Sa¥ = b"+b"°‘xu+b"1ﬁxaxﬂ+b”'gy.vaa‘ﬁxy-i- U, o (@V.Y
da = a+a°‘x1+a°‘ﬁxaxﬂ+ e .. .. .. .. (IV.2)

where 0, 0** etc. and a, a*, a8 etc. are constants. When (1) and (2) are substituted
n (IT1.7), we get

PP b (BYP* 4 V2P b 4 B ),
+ %(bvlﬂp+ breB 4 prpxB . vBep 4 prBeE 4 B
5Py g pprvB g peva B ppBav o pefra 4 bﬂvﬁa)maxﬂ.*. el
= 2g"P(a+a°‘xa+a°[ﬁxamB+ L) . .. .. (Iv.3)
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Hence
bP b = 2ag*P - .. .. .. (IV.4a)
BYIP 4 BYPE L DPIY L HPVE = 2q%g*P - . .. (IV.4b)
%[bvlﬁp 4 pveB - prexB . pvBae | pvBP . ppB ‘
+bpxﬁu+bpavﬁ+bpv1ﬁ+bpﬁocv_i_bpﬁvat_i_bpvﬂa:]
= g"P(a“B+aﬂ°‘) . .. .. .. (IV4c)
etc.

If we substitute (1) and (2) in (II1.8) we obtain

»x. vaf, | rpa , vBs
b a+xa(b PR B)+...

= —[a"+(@"*Fa*)xe+ ... ]

Hence
bm:'l = —a, . (IV.5a)
U“é+U§1+bw%==—4w@+aW)., .. .. (IV.5h)
etc.
On using (2) the equation (I11.4) gives
o, [ af. Bor. B.o. _
otz (0" ta }+ =0 .. .. (V.6
so that
=0 .. .. .. .. .. (V7
xf. Bx. g
a ﬁ+a ﬁ+aﬁ =0 .. .. . (IV.7)
etc.

From the equations (4a-c), (5a, ) and (7a, b) we see that there are no restrictions on
the constants b” which correspond to a translation of the origin of the co-ordinate
system. The next coefficients, 5", in (1) are related to a in (2) by (4a). However,
(4a) prescribes only the symmetric part of & ; the antisymmetric part of b**,

P =107 ="), .. R ¢ A3
is still arbitrary. Considering " alone, 82" becomes on using (4a) and (8)
8a” = ax*+€Pxp. .. . .. . (IV.9)

The first term corresponds to a change of scale of the co-ordinates and the second to
the usual space-time Lorentz transformations. The four parameters b* and the six
parameters € together constitute the inhomogeneous Lorentz transformations. As

these are familiar transformations, we do not consider them here any more.
V. ACCELERATION TRANSFORMATIONS

We consider now the term bmﬁxaxﬁ in (IV.1). The restrictions on 5**# are
given by (IV.4%) and (IV.5a). If we interchange » and « in (IV.45), we get

LR B LB LB — og¥g (V1)
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and if we interchange « and p we find
DUP% L BV EP OOV 4 pOP = 2aPg¥*. .. .. o {(V2)
Adding (IV.4%) and (V.2) and subtracting (V.1), we obtain
2pP 4 5"P%) = 2(a*g*P+alg** —a’g™). . .. (V.3)

If we contract o and p in (3), we see that (IV.5a) is automatically satisfied.
When (V.3) is substituted in (V.1), we get on account of this term

dz¥ = }(ag*P +aPy**—a’g™F) 2,2,
= (a“xa)z"-——%xza" . . . .. (V4
where 72 = T, TH,
Finite transformations
For simplicity let us consider the case when a# has only one non-vanishing

component, ¢g. Let us write this component as 8ay to emphasize its infinitesimal
character :

at = (8ag, 0,0, 0). .. .. . . (VD
The equations (4) then become
-
dzy = %(z§+12)8a0, .. .. .. .. (V.8a)
and or; = xgxibag,1=1,2,3 .. .. .. (V.8b)
’ -, 2, 2, 2
where 22 = 2+, +7.

From (8, b) we can construct finite transformations by observing that, if f is
any function of x*, we can write

fla') = flat, ag)

= eaqUf(xn) .. .. .. . (V.9
) . ozt 0 .
where U= (_E)TJ,;)H():O 5o .. o s (V)
For (8a, b)
AN .
U= .z(xo+'r )a_ro+ Zxoxié;. .. .. .. (V1D

i=1

These transformations can be reduced to a group of translations in the variable 7
which we shall presently find out.  When this happens, (11) can be written simply as

d
— T 19
=3 (V.12)
Writing (12) as
drt 9
= —‘E oy (V.13)
and comparing with (11}, we obtain the following differential equatjons
d ‘ dry d
T _dn_drn _drs o (V)

2 ZoX ToZ XoX
%(10 } .’122) 0*1 02 03

i i iii iv v
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From ii and 1ii we obtain
2 _
s cy .. .. {V.150a)
{c; = integration constant).
From ii and iv we obtain
T3 _
= Cy - .. (V.15b)
(co = integration constant).
Therefore
> 2, 2 2
22 = (1+cl+cz)x‘l‘ . (V.16)
Using this in the equation obtained from i and ii we get
d: x
2 T02 N ) (V.17)
o+ (1+a+e)a] %o
or
d (% 2, 2
(—i;l‘ (E{) = l+cl+ci
whence
2y 2
af = (143 +c)ai+en, (V.18)
(c3 = integration constant).
Lastly, equating ii and v we find
d.’l'l _
Ty -
or
(fg_‘l — . f]'f)
7,/ (e ) 4o,
[using (18)].
Hence
2, 2 2
o 1 \/chl—{-(l-i—cl-i—cz)xl
== C3 x?
(¢ = integration constant)
—c— L%
€3 Ty
[on using (18)]
=0 (V.19)
z
[using (18) and (16)].
It follows that if in place of z# we introduce the new variables
%o T o ¥, %o V.20
.El—xl;gZ—‘xl:fd"xls‘T)"'c z2 . . ( . )
(V.21)

we shall find on making the transformations (9)
b =61, 8 =&, & =&, =n+1da, ..
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-

The transformations (20) give the inverse expressions A
Ty = G, Ty = Gf], g = sz, fvo = G(O*—2T))§3 . . (V22)
where ' » .
G = “53 S - oo .. (V.25)
(=208~ (14 E+E)

The transformations (21) can be put in an alternative form if we first write
them as

T2t (V24e), BT .. (V.24b)
Ty ry 1 1
v _ a2 w 5, :
=g o (V2o ="3-da .. (V.24d)
—
(=* = xﬁ—-rz) :
From (24c)
xl’=%x’2. A A 21 7)
Using this in (24a) we find
2y = %x’z . .. . .. .. (V.25b)
Similarly (24b) and (25a) give
’ x ’ -
x3=x—3x2. . .. . . (V.25¢)
(244) gives
. x A
z, = (ig —%ao) z’®, - .. .. (V.25d)

If we square (25d) and subtract from it the sum of the squares of (25a), (25b) and
(25¢), we get '

or
2 z?
—W- . .. .. (V.26)
Therefore the transformations (25a—d) become
o 2
x, = ‘I'W; . . .- -« (V.27a)
i=1,23
and
gy= —So=iT L. (V.2Th)

1—agzry+ iaﬁxz

We can easily generalize the above expressions to the case when all the com-
ponents of @, are non-zero. Obviously, we shall have in that case .

= Tu—izta,

(0% = a%ay)
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These are the well-known acceleration transformations (Page, 1936 ; Bateman, 1910 ;
Cunningham, 1910). The corresponding transformation of i is
¥ = (1—(a.x)+ta2z2). . . .o (V.29)
VI. RecrprocaL Raprus TRANSFORMATIONS AND ALTERNATIVE FoRM
or EqQuaTtioxs
(II. 7a, b, ¢)

We shall here write the acceleration transformations (V.28) in a different way
which throws new light on them. From (V.25a-d) it is clear that it may be useful
to introduce new variables

=T
V=73 (VL)
so that those equations can be written as
y,=y, .. (VI2) and y, =y,—3a,. .. .. (VL2b)
When all the components of a, are non-zero, (2a, b) generalize to
yﬂ:y#—%a#. .. .. .. .. (VL3)
Here
-
= #
Y= . . . .. (V14)
The inverse of (1) is
Yu
a:“=?72 .. .. . . .. (VL5)
2 ->
(¢* = 4,—v?)
and of (4) is
C Y,

(6) and (4) are together completely equivalent to (V.28). Therefore we can write
the transformation (V.28) in three steps as

%,->y, through (1) e .. .. (VL7a)
y'u—>y’; through (3) .. .. .. (VL7b)
and
y;—> z, through (6). .. .. .. (VL7¢)
Denoting the reciprocal radius transformation (1) by R so that
Y, = Rz, .. . .. .. (VL8)

the translation (3) by 7', so that
y# = Tay“, .. .. . .. (VL.9)

and the acceleration transformations (V.28) by A,, we can write on account of
(7Ta~c)
x, = A,

=RTRz,. .. .. .. ..(VL10)
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From (5) and (1) we see also that

R1=R; .. .. .. .. (VL11)

therefore (10) can be written as
Az, =R 1T,Rx, .. .. .. .. (VI1.12)
or A, = R"'T R. .. .. .. .. (VIL.13)

From this way of writing it is clear that, since obviously

T To="Toi, T;'=T_,, and Ty =1,

—-a’

we have also

A4y = Aoy, A71=A_,, and 44 =1,

which shows that the acceleration transformations form a group.

It is easy to verify that the transformation (1) is an admissible transformation
in the sense that it preserves the form of the wave equation (II.1). This can be
verified directly from (I1.1). However, it is desirable to include it in our general
scheme of transformations governed by the equations (IL.7a, b, ¢). We shall do
this here. It is clear that (1) cannot be included in the scope of the infinitesimal
transformations not only because it cannot be developed from the unit element, but
also because it is singular on the light cone

5 ->
2% = x;-——ﬁ = 0.

We have therefore to go back to the finite transformation equations (11.7a, b, ).
The equation (I1.7D) is
0% | Oa 02V
* Oxidxr,  ~ Oxt OuH

We can write it as
Oea¥' ) =22 =0
which becomes on using (IL.7¢)
O%(ex®’) = 0. . .. . .. (VL14)
Similarly (II.7a) can be written as
C12(ax”'zP’) = 289™. .. .. .. (VLl5)

We thus see that (I1.7¢), (IL.76) and (I1.7a) can respectively be described in a quite
symmetrical manner as

O2a =0, .. .. .. (VI.16a)

O2%oaxr') =0, .. .. .. (VI1.16b)

and O2(aar'zP’y = 289" . .. .. .. (VI.186c)

If « satisfies (16a), it is clear that Bas: will also satisfy it. It then suggests itself to
write

axr = g;—v. - .. . .. (VL17)

However (16¢) imposes a fairly rigid requirement on « and the only satisfactory
solution we have been able to find is

= D(l)(;x)
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where .
DW(z) = 1 rB(k‘Z)e'ik’d4k
(2m)3
- 11
T 2m2g2
This leads to the rceiprocal radius transformations when (17) is used. We recognize
that (17) is not a necessary assumption and it should be possible to give it up. This
can open new possibilities.

VII. REMaINING TERMS IN EXPRESSION
We now consider the term ()Vlﬁy.t'a.EBl‘y in (IV.1) so that
dav = b"“BV.leBzy . .. . .. (VIL1)

The conditions that "7 satisfies are contained in the equations (IV.4¢) and
(IV.5b). (IV.dc)is

bvap+bvapﬁ+bvplﬂ_*_bvﬁup_*_bvﬁpx_*_buptgl
+bp:xﬁv+bp1u3+bpv7.,3+bpﬁlv_l_bpﬁvz_*_bpvﬁx
= 2¢"(a*Baf*). .. . . . .. (VIL2)

This equation is symmetrical in v and p as well as in « and f. Let us interchange
v and « in (2); we obtain

povBe L prveB L poevB L poBe y paBev y papBy
4 BPvBL L ppaB ey ppfve 4 eBuv 4 peBe
=2(a*B4dP). .. .. .. .. .. (VIL3)
Next we interchange p and « in (2) getting
bvPBa  prpaB L yvaeB L prBe y |pBap 4 praBe
+ ey . paovB L povel 4 p*Bov B o f,%vBo
= 29" (aPB+-aPP) .. .. . . .. (VIL4)
Adding (2) and (4) and subtracting (3) we find '
5v<Be 4 pr2PB e B pvBee o prBee 1 preBo
= g""(a*P 4+ aP*) + 9" (PP +-a)

—g*P(a*B +-aP?). e . .. (VILS5)
If we contract B and p in (5), we get
S LS L A I 2 )
However, from (IV.7a)
o, =9,

so that (6) gives
b”“ﬁl‘3+bvﬁ°fﬁ+bvﬁﬁ°‘= 0. .. .. .. (VILD
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From (IV.5b) the expression on the left hand side also equals

Xy VoL
—(@ +a).
It follows that we must have
o +ad*=0. ... .. .. .. (VIL®)
When this value of a* is used in (5), we find
0B 4 BB LB B LB PR = 0 .. (VILY9)
and consequently
VB gy xpy = 0. .« .. .. (VIL10)

We see that the term (VIL1) vanishes and thus cannot give any transformations.

The srgument can be generalized to other terms in the expansion (IV.1).
Consider, for example the term

Su¥ = H*1%e% - % To X Ty - T, .. .. (VIL1la)

1 L i
= (Zp - ‘")xal Ty, (n>2) .. .. (VIL11d)
T the expression (118) the term §”*1 - - + *# has been symmetrized and X denotes sum
of all such terms, # ! in number, in which all indices except the first one, namely v,
have been permuted. The sum over oy, &y, ..., &, is, of course, understood. The
expression for du corresponding to (1la) is

Oy Uy

Sx = a1 Tog e X,y .. .. (VIL12a)
1
= (72—-1) 1 (Z(Z:xl o l) .1711 Ca .Tx"_.l (i? > 2)
. (VIL12b)
From (11b)
8.

' H
: 1 22 x
S == - 1 FnY g X oo )
FX Z n!(Zb )Jll“'lxi—lsaf‘lizﬂ oy,
i=1

Hn
1 .
il yd.l.‘.d,_lpx. Ly . i
Z n! (Zb ’H )'T“1 R - ER I
1=1

(VIL.13)
Since (Zp™1 - =1 Pt ) g symmetrical in all its indices except the first index
v, it is immaterial where we write p provided it is not in the first place. It is conven-
ient to write it in place of «,. However, all the » terms obtained by giving the
various values to i yield the same expression. Hence (13) can be written as

a8 1 (o, ...
T =, 77_!.(21) =9 1,14143)_1,&1.' . @,
1
- (n—l) ! (vaal B .a”‘lp) Tog - - 'zan»l : . (\VII]'})
Similarly
08xf 1

iSRS (5 3/ PR, Xy gV .
or, (nm-l)!(“b ' )'T'“l”'l'“"-l‘
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Using these expressions and (12b) in (TI1.2), we get

1 o s
TS AR 22t ECTPRE
- 99" = 1) : (Za%e- an—l)xal T, .. (VIL.15)
We must therefore have
vaa o, 1P+26Pa L1V ngpZa,al R P . . (VIIl(j)

We now interchange v and o, in (16) :(—
Sp e B 1P g P 1%y 9 P gy e
or
T Ea1P L P et 9P rge st (VTLIT)

In writing the left side we have used the fact that, because of symmetry in all indices
(except the first), the order of the last » indices is imimaterial. Next we interchange
pand o; in (16): »

Eva:t2 e an_lal_i_Zbalpaz RS L 2gvoc12aP12 B M)

or
I Ot g % Tn1P o 9g" i P e e Fn .. (VIL18)

(see remark above)
If we add (16) and (18) and subtract (17) we now get

P AR R U gvPEaal o 1,,;1+gv112apa2 R l_gxlpzavcxz R (VIL19)

We now consider the equation (IIL1.8), viz.

657.
2RV = -2 - . .. .. .
%3 2 3, (VIL.20)
From (14)
n-1
1
(128" = w1 (X1~ %n=1P) T, -« Taty_y GopToyyy - - - Toy_y
i=1
-1
— z bva ai—ll‘;ai+1‘..an—1p) o e Loy Ty e Tty
- 1 '(vaal...a,,_zl‘;l") Ty« o Ty co ... (VIL2Y)

[compare derivation of (14) from (13)].
The equation (12b) gives in a similar way
n-1
3o R | v
i Zl =1y (Z'a 1 )xal. . 'xai_18aix°t~;+1' N
1

— ( T (Zaou SOy Zv)x Y PTEE . .. (VII.22)
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From (20), (21) and (22) we find
P i EEER T L ) A TR .
P
= —2%g"%1- %2 .. (VIL23)

[cf. remark after equation (17)]
Next we take up the equations ({1[.8), namely

MZa =10, .. .. .. .. (VIL24)
From (22) /
WZBO( - 1 ] iy (2(10(1 o 1”_21/) ) Sv .
- (n—2)! - ‘ Fog o Ty O Ty Ty
1 - T .~ -
= =i (2 Vi ey e, o o Lo (VIL25)
[ef. derivation of (14) or of (21)]
Equating (25) to zero, we find
Sa*1- -~“n—u"1; =10, . .. .. (VIL.26)

Notice that this relation would be absent if n < 2.
Let us now see whether (23) and (26) are consistent with (19). Contracting
o,_1 and p in (19), we get

vaorl Xy P — Zail . u,,_21'+g;'112aP12, R _Zavlz co Xy g%y
P P
= Xt e ‘—’1'+‘(/V112(l13 SR PN R R St PR s
p
[¢f. remark after equation (17)]
= Sg*1 =2y Fme {on using (261]
=0. . . .. .. . .. (VIL27)
Comyparing this with (23) we see that we must have
Zav1] N .DC,,_;, — 0
or .
Sa¥r =0 (w2 L. . S (VIL23)
Consequently (19) gives
B e R T S T V1) B . .. (VIL29)

Thus all the terms in (11a) for » > 2 vanish and do not give any new co-ordinate
transformations. The terms with n < 2 are not zero because in their case the
relations (26) are ahsent. Hence no further co-ordinate transformations beyond
those given by the first three terms in (IV.1) are possible (¢f. Engstrom and Zorn,
1936).

VIII. CoxcLusiox

We have shown in a straightforward wayv that the widest group under which
the real scalar massless wave equation is invariant is the 15 parameter group of
(i) scale transformations characterized by the parameter a :
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(ii) inhomogeneous Lorentz transformations characterized by the ten para-
meters ¥ and € (= —¢e"); and

(iii) acceleration transformations characterized by the four parameters o+
(see concluding paragraph of section IV and section V).

The transformations that cannot be developed from unity must still satisfy
the equations (VIT.16a, b, ¢). The reciprocal radius transformations satisfy them.
The question whether theie are other transformations which satisfy them is still an
open one ; it seems quite possible that there are.
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