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" ABSTRACT

A particular case of stress-free boundaries with the strains giving rise to dislocations is
considered. The case considered here is the dislocation of the material whose cross-section is
bounded by two concentric ellipses. The method adopted is in using the conformal transforma-
tion which gives for an ellipse the mapping of a circle, The complex potentials giving the
required dislocation are found in the new transformed co-ordinates and also the necessary
complex potentials satisfying the boundary conditions. The complex potentials thus got are
found to be in the form of an infinite series.

INTRODUCTION

A perforated body such as cylindrical tube may well be in a state of strain
although under no boundary stresses, giving a dislocation. Using the notation of
Stevenson (1945), for the displacements as

D = u+iv, = x4y, Z=ux—1iy .. oo (D

and for the stress combinations in plane strain of an isotropic body, in terms
of complex potentials 2(z) and w(2),

wtyy = H2E+2@)} (i)
ze—yy+2ry = —}{22°G)+a"(2)} @rpr - @
and 8uD = (3—4n)Q(z)~2Q'(z)—a'(z) (iii)
giving the boundary conditions as
oF = Q(2)+22'(2)+ @' (2) N G )
we require for the dislocation of translation (Coker and Filon, 1931)
CyD = a,
where o = ayfiag, .. .. N ]

with the resultant stresses
X+iY = —5HOyF =0
and the resultant couple,
N = Re}Cylw(z)—20'(2) }

=0. P 153
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1. The conformal transformation
z=c(l+MNE) .. .. .. .. ... (6)

for {f = r® transforms concentric ellipses (except the segment joining the foci)
into concentric circles (Muskhelishvili, 1953). Let the two ellipses be denoted by

4 =1 and 4 =1
Al 21

transforming into concentric circles of radii @ and b (2 > b) with the origin as
centre.

Then we have .
o = c(atA/a), oy = c(b+A/b)

By = cla—)/a), Bs=-clb—Ab) .. . (7
provided that a2, b2 > ).
2. Consider the cyclic complex potentials

(z) =) = —Min log {

o(2) = w(l) = Miazlog L .. .. .. .. (8)
where M = p/m(1—7) giving rise to, using 2 (iii),

Cy8uD = (3—duy)(~ Mio2mi)— Mia2ni
= 2n Mo . 4(1—n)
giving
CyD =«

and from (5)
N = Re}(2niMaz~22miMa) = 0.

3. Now we must get suitable non-cyclic complex potentials which together
with (8) make the boundaries of the concentric circles stress-free. The boundaries
are given by _

{L=r2 r=uab, a>b, .. .. )

where { = re'? and a, b are given by (7) which means, from (3),

2F = .Q(z)+z§'(§)+u';'(§) = const. or using (6), and

2(l) = ZiZ = o(1—A/Z2) and writing Q'(z) = E%Z) )

we get, after taking the conjugate,
2F=?(—;—{z(£ Q)+ () +e'(D)} .. . .. (IQ)

Substituting (8) in 2F we find

oF = iM# log r2 — “”‘“{ A }+’M°‘“ 4N .. .. D

() (&2 0
Assume the non-cyclic complex potentials
AP =0

o) = —iMac(l~AL) .. .. .. .. (12)
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which give on substitution in (10)

= 1
= —— i Mu 2
oF z'(;)‘M“C(l""‘/‘:)' R ¢ £ )
Assume further the non-cyclic complex potentials
=ZA,,§" I 70
(g)='cZB,,gn+1 ce e (04e)

with 43 = B_p = By = 0 and » being even only,
and 4,, B, being complex constants expressed by

4, = a,+ia,, B, = b,+ib,,
where a,, @, b,, b, are real constants.
(14) gives
20 =D AL, o) =0 m+DB.LI
—® —w

Substituting (14) in (10) we get, on using {f = r2,

2F—-——{ZA§ N+ (+§)§m”cﬂ+§3ﬂ<n+1)zﬂ}

4, Now using
9 ;i
C = 1‘6’ R C =7re s

and collecting the coefficients of ¢,

’ ° _
2F = ;,—f—) z A=A _,_or "t (n 224, o nA" 24,

+B.Yn+1)}  (15)

)"0 O ¢ ()

where .
$u(r) = A n—M__ ™"t (n2p™ 24, b mdrn24, 4 B (n 1) (17)
5. Now combining the complex potentials given by (8), (12), (14) we get from

(11), (13), (16), on using 2F =k, = k(z) ( ?2) where k, is a constant,

—itMac (- _2ig, A o mG ke A
Sl e g 2,40 z(é)(l'cz) - U8

Putting for convenience —iMa = L, we get

(_z.a )+z¢" _ (l_z\er':‘”) .9
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We get putting n = 0. —2,
A
L 7,_2+¢0(r) = kr

AL,
L4 _ofr) = — -5

which gives, on eliminating k,,

A 02 72
L (ﬁ+7\»)+¢0(7‘)+x ¢_2(r) =0 on r=a,b . .. (20)

We have from (17) using 14(a)

¢_olr) =12 1o—22 447‘;2
and substituting in (19)
/\ 7'2\’ 2 :—IA‘) )‘422 )ii_f)
Sl ored,— ) 2 L
L (7.2'{- 3 +2r2d;—2 1 =+ 3 2 )

Now, using
L= —iMs= Mr,—iM=z,
and :
[42 bS] a2+?.(12
A Lo = /Ir_2+ 7"('_ o

we get

Mos+ay (VQrZJ,—';)-{-n‘ o {-— A - E) =0

2
Aos ?‘4) y ('/\ 2
—ZV[7.]+02(-,-— SRR P _}_2,) =1,

From the above equations a,, ¢ ,, a,, & , and hence A, and 4 _, can be evaluated
easilv on r = a, b. Hence the constants 4., 4 _, are known,
From (19), we must have for the dislocation

¢,.(r) = 0 for even n execept w == 0, =2,
For all even n except n = 0, —2, we have

g_"r‘"—,\g_n_zr‘""l—{-(w+’2)7‘"+2‘~'l,,+2+77)\7"’"2AH+ B+ 1" = ¢ (1)
and
g"+2r"+2—/\/-1—,,7‘""2—m”'A~,,—(77+2)/\r‘" A oD g+ ) = o(7).

Putting ¢,(r) =é_,_o(r) =0 on r =a, b, we get the values of .|, 0. A4_, o B,
B_,_, (in terms of A, and 4_,).
By a similar process, we get 4, and 4 _, from .

¢n—2(r) =0

b_a_g(r) =0 andso on,
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If we take, for example,
$a(r) =0

d_y(r)=0
we get - -
A_or 224 _y 844744, 4204343728, = 0

A47‘4-AA27‘2+ 27‘“214_2-‘4*"’614._4-"37'_4.3_4 = O

which on r = a, b, gives By, B_,, A, and A_, in terms of «; and a5, since we
have already found 4, and 4 _,. .

Similarly, we get B, B_g, Ag, A_g in terms of A, and 4_, which are known
and so on. There does not seem to be much simplification gained by their explicit
substitution and evaluation.

6. Hence we finally get the complex potentials, satisfying the dislocation of
translation as

QAz) = Q) = —iMa log l+ZA,,{"

w(z) = w(l) = iMaz log L+c Z B, —iMas({—A/L)

where 7 is even,
Ay=By=B_ =0 and M = p/n(l—7y).

BIBLIOGRAFHY

Coker, E. G., and Filon, L, N. G. (1931). Theory of Photoelasticity, Camb. Univ. Press.

Ghosh, 8, (1926). Bull. Calcutta Math. Soc., pp. 185.

Muskhelishvili, N. I, (1953). Some Basic Prohlems of the Mathematical Theory of Elasticity.
P. Noordhoff Ltd.

Shivakumar, P. N. (1957). Studies in Elastic Dislocations. Thesis submitted for the M.Se.
Degree of London University

Stevenson, A, C. (1945). Proc. roy. Soc., A 184, pp. 129.



