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ABSTRACT

This paper endeavours to evolve an alternative method of determining the geodetic azimuth
of a referring mark close to the observer’s horizon, and the %- and ¢-components of the devia-
tion of the vertical from observations of only two pairs of stars—one of lower altitude lying
near the prime vertical and the other of higher altitude near their times of elongation. The
method is also applicable in higher latitude. The geodetic azimuth is used as azimuth control
to a survey while the deviation of the vertical is required for the astronomical levelling to
determine the general figure of the earth.

DEFINITIONS

The deviation of the vertical at any point is the angle between the normals
to the geoid and the reference spheroid. ‘The geoid, being the equipotential surface
of the earth’s gravitation and rotation, coinciding on the average with the mean sea
level all over the carth, is everywhere perpendicular to the direction of gravity as well
as the axis of the observing theodolite’ (Bhattacharji, 1959a) and is thus a physical
reality. ‘The reference spheroid is on the other hand an arbitrarily defined geomet-
rical figure involving as many as seven constants, The minor axis is defined to be
paralle] to the earth’s axis of rotation. This involves two constants and is a unique
definition, the minor axis exactly coinciding with the direction of the celestial pole.
Two more constants are involved in assigning the lengths to the major and minor
axes. The remaining three constants are contained in defining a point on the
reference spheroid, usually the origin of survey, by assigning its geodetic latitude
and longitude and height above or below the geoid. The reference spheroid is
thus fixed in space with respect to the geoid. Now the direction of the normal
to the spheroid at any point being defined by the geodetic latitude and longitude
of that point, as obtained in a geodetic system, becomes comparable to that of
the normal to the geoid as deduced in a similar manner from the astronomical
co-ordinates of that point, determined by astronomical observations’ (Bhattacharji,
1959a).

As may be secn from Fig. 1, the deviation is then:

In meridian
n= ZaX = qsa_qsg:
7 being small, and in prime vertical
E=XZ,=L,L;.cos ¢,
= (Aa—Rg) . 08

¢ being small, where ¢ and A denote latitude and longitude and the suffixes @ and
g stand for astronomical and geodetic.

Now the components of the deviation along and perpendicular to a direction
of azimuth A4, being £ sin A+ cos 4 and —» sin A4+£ cos A respectively, the
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directions as indicated by the observing theodolite lyving in the plane containing
the norinal to the geoid are subject to corrections similar to those required for the
tilt of the horizontal axis of the observing theodolite, in order to reduce them in
the plane containing the normal to the reference spheroid. Consequently the
astronomical azimuth of the celestial pole needs a correction of —¢ tan ¢ which
is constant for the latitude of the observing station, the component of the deviation
i the direction perpendicular to that of the pole being ¢ and the altitude of the
pole é. This correction in fact represents the angle hetween the geodetic and
the astronomical north lines and is therefore to be applied like some sort of an
index correction to all astronomical azimuths in addition to what are ordinarily
necessary for the altitudes of the points observed.

PRELIMINARY DESCRIPTION OF THE METHOD

‘Let us consider a point B of elevation . Then the actual correction needed
to reduce its astronomical azimuth to the geodetic azimuth, will be —¢& tan ¢+ tan %
(€ cos A~n sin 4) where 4 is the azimuth of the point and ¢ cos 4 —v sin 4 the
component of the deviation in the direction perpendicular to line of pointing.
Similarly if we consider another point S of elevation A" and in the direction of
azimuth 4’, the corresponding correction to reduce the astronomical azimuth to
the geodotic azimuth will be —¢ tan ¢ + tan &' (¢ cos 4'—x sin A’). Hence the
resultant correction required to reduce the observed horizontal angle 8, say, between
B and S to the corresponding geodetic angle becomes tan k' (£ cos A'—7 sin
A')— tank (£ cos A—n sin 4). Obviously, on adding this reduced geodetic angle
to the geodetic azimuth of 8, we obtain straight away the geodetic azimuth of R.
Now if S be a heavenly body of declination 8 and altitude 2" and R a reference mark at
a very small elevation b the geodetic angle between R and S becomes f+tan k' (£ cos
A’—mn sin 4’) which is a function of the altitude and azimuth of the heavenly body S.
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As is evident from the spherical triangle SPZ in Fig. 2, we can compute the geodetic
azimuth of S by observing time and horizontal angle and using geodetic latitude
for the side ZP and geodetic longitude and rhythmic time signals for the correction of
the clock time of observation. To this computed geodetic azimuth of 8 if we add the
geodetic angle §4tan A’ (£ cos A'—=x sin 4’) we obtain as before the geodetic azimuth
of the reference mark R. But for computing the geodetic angle we require to know
the deviation of the vertical at the observing station quite accurately, which is not ordi-
narily possible without special observations to determine the astronomical position’
(Bhattacharji, 1959a). An attempt has been made in this paper also to surmount this
difficulty by giving special consideration in the matter of selection of stars for observa-
tions, as in the following manner. Instead of a single star S, let us consider a pair

Fl'g-Z‘

of stars S, and S of lower altitudes %; and %y (between 15° and 20°) and lying near
the prime vertical so that their azimuths are 90°+ 4, and 270°+ 4, where 4, and
A, are small angles < about 5°. Ifthe observed horizontal angles 6; and 8, between
the reference mark R at nearly zero elevation and each of the stars §; and S,, the
geodetic angles 0; and 0; corresponding to the observed horizontal angles 8, and 6,
become 8;+tan hy(F & sin 43— cos A;) and fyztan hy(€ sin Ay+7 cos 45). In
a similar manner, by considering » intersections of the stars §; and S,, the mean
of all the geodetic angles 01 and 02' corresponding to the observed horizontal angles
between the reference mark R and each of the # intersections of the stars S; and
8,4, becomes

, 20,+20,__, (X tan by sin 4;—2 tan hy sin 4,)

(Z tan hl cos AI—Z tan kz [0 1] x4.2)

— - Lo

0
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where tan b and sin 4 being small quantities, the second term can very easily be
eliminated by proper selection of pairs of intersections of stars though the third
term may not be done so easily in which case the value of  computed from sub-

sequent observations may be substituted and the angle 0:” deduced quite accurately.

The angle can be further improved by substituting the value of ¢ obtained from
subsequent computations in which case ¢ has got to be recomputed using the

improved value of B;n. The geodetic angle B;n thus obtained, when added to the

mean of the geodetic azimuths of each of the n intersections of the stars S; and Sp,
reduces to the geodetic azimuth of the reference mark R.

Again let us consider a second pair of stars Sz and Sy of higher altitudes Ay
and k4 (> about 55°) and lying near their times of elongation so that their azimuths are

Ay and — A, where A3 and A4 should preferably be between sin~! (E_Q;_h ) and 45°.

Proceeding exactly similarly as in the previous case of the pair of stars S; and Sy,
we have the mean of all the geodetic angles 0:; and 0; corresponding to the observed

horizontal angles between the reference mark R and each of the n intersections of
the stars S3 and 8y, equal to

0 = 203+Z'04+§ (X tan kg cos Ag+ 2 tan hy cos Ay)
m 2n 2n
(Z tan hgsin As—2 tan by sin 4,) >
-7 2n o 2)

Now the gcodetic azimuth of the reference mark R being aiready determined
from observations of the stars §; and S, and the mean of the geodetic azimuths
of the n intersections of the stars S; and Sy being known by observing time and
horizontal angle and using as before the geodetic longitude and rhythmic time
signals for the correction of the clock time of observation and geodetic latitude
in the computations for azimuths, the mean geodetic angle 0:” can be deduced and
the relation (2) written as

A¢4By=C N £

A method of determining astronomical latitude from errors estimated by com-
paring the observed horizontal angle between intersections of a pair of stars like
Sy and 94 lying near their times of elongation and the corresponding difference of
azimuths computed with geodetic latitude from observations of time {corrected
from geodetic longitude and rhythmic time signals only) has been described in one
of my previous papers. The estimated error is obviously due to the difference
of the geodetic and astronomical latitudes only, the effeet on azimuth of any differ-
ence between the geodetic and astronomical longitudes being always inappreciable
because of the pair of stars being near their times of elongation. Thus on deter-
mining the astronomical latitude of the station of observation, we obtain the 7-
component of the deviation and then on substituting the value of 5 in the relation
(2) the €-component of the deviation is also derived with sufficient accuracy.

OBSERVATIONAL PROCEDURE

A carefully made programme showing the names, aspects, magnifications,
varying from 2 to 5-5, approximate altitudes varying from 15° to 20° for pairs of
stars lying within 5° on either side of the prime vertical and more than 55° for
pairs of stars lying within 30 minutes of their times of elongation, along with approxi-
mate azimuths and L.S.T. of observations, is always found extremely useful in carry-
ing out the observations successfully. ‘Both the stations of observation and the
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reference mark require to be triangulated stations of nearly zero elevation from
each other (otherwise a necessary correction must be applied). The astronomical
theodolite Wild 74 or the Geodetic Tavistock fitted with shutter eyepiece, a correctly
rated good chronometer, a chronograph and a wireless set are all that are required
for carrying out observations. Bubble readings should invariably be taken along
with the horizontal circle readings from a striding level fitted on the theodolite
for the determination of the trunion axis tilt and dislevelment error of the
instrument. Observations require to be taken on both faces of the theodolite
so that any slight change in the collimation may not affect the observational results
appreciably. The following procedure may be followed with advantage during
observations’.

Frrst SET : before crossing the prime vertical or the time of elongation.

Horizontal

Face Object circle -Bu(?ble

readings readings
FL | RM ' .
FL Star ( * 3 to 5 intersections) N "
FL | RM . »
FL | Star (* 3 to 5 intersections) . »
¥FL | RM . 5
FR | RM . ’s
FR | Star ( * 3 to 5 intersections) . o
FR | RM ) ’
FR | Star ( * 3 to 3 intersections) ’ 2
FR | RM 2 »

SECOND SET : after crossing the prime vertical or the time of elongalion—same as in the first set,

*In case of Wild Ty only. For similar observations with Geodetic Tavistock, reference
may be made to the author’s previous paper, ‘ A method of determination of astronomical latitude
and longitude when only time and horizontal angles are observed’ (Bhattacharji, 1958).

The instants of each intersection of stars is to be recorded in the chronograph
by means of the tappet.

When the star is within a short distance of elongation, either east or west, its
intersection is especially favourable, as the motion in azimuth then is very slow.
Even for the stars lying near the prime vertical, the intersection is not very in-
convenient, its motion then being comparatively slow especially in lower latitudes——
in any case much eagier than the intersection of stars near the meridian.

COMPUTATIONS

Geodetic azimuths of stars arc to be computed by the usual formula

cos ¢, tan d—cos £ sin ¢, (4)

cot 4, = i

where A, is the geodetic azimuth (counted from north) of the star of declination 8,
¢, is the geodetic latitude obtained from existing survey,
and ¢ is the hour angle of the star at the clock time of observation corrected
with the help of the geodetic longitude of the observing station taken
from existing survey and the rhythmic time signals.

Though the clock time is quite in conformity with the geodetic longitude of
the existing survey, ¢ is, however, likely to be subject to accidental errors. Hence
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differentiating (4) with respect to 4, and ¢, we have the effect of accidental error
Aton 4, as

A Ay = (cos ¢ cos A, tan h—sin p) At

This shows that the geodetic azimuth of a star near prime vertical may be
obtained correct to nearly 0”-1 provided the recorded time of intersections are
correct to 0°:05, 0°-03 or 0501 according as the observing station is at low, moder-
ately high or high latitudes respectively.

The astronomical latitude is to be computed for deducing the value of 5 by the
formula

A'¢=[A,—A4,)—{(H,~H.))/[sin 4, tan h,—sin A, tan h,] .. (5)

where 4, and 4, = astronomical azimuths of stars near the eastern and western
elongations respectively computed with geodetic longitude of
station.
H, and H, = horizontal circle readings to stars near the eastern and western
elongations respectively,
and %, and h, = altitudes of stars near the eastern and western elongations res-
pectively,

For details of the method reference may be made to my previous paper, ‘ A
method of determining astronomical latitude and longitude from observations of a
star-pair near their times of elongation’ (Bhattacharji, 19595).

The clock time in this case is liable to a certain amount of error in the absence
of observations for astronomical longitude of the station of observation. The conse-
quent effect of this clock error on 4, or 4, is, however, negligible, the motion of
stars in azimuth being very slow near their times of elongation. The computed astro-
nomical latitude by the above formula is not appreciably affected by any small clock
error of accidental character.

Again it is evident from relation (5) that the precision of the latitude determina-
tion is at least of the same order as that of A,—.4, since 4, or 4, is greater

t h -, .
00_7 ) Now that ¢,—¢, = 7, the precision of 7 is also of the

than about sin-1

seme order as that of ¢,.
Geodetic azimuth of the reference mark is to be reduced by adding the geodetic

angle 6 obtained from the relation given below, to the mean of the geodetic
azimuths of all the intersections of the stars near the prime vertical

¢ 26428, _ (2 tan hysin Ay —2 tan hysin dy)

b = n ¢ 2n
2 tan hycos A;—2 tan g cos A
_'7}( 1 l2n 2 2) . . (6)

where =2 "2"2 {5 an observed quantity and is therefore known.

20,42
2n
7 is deduced from the geodetic and the computed astronomical
latitudes and therefore the third term of the R.H.S., though small,
can be easily computed,

and the second term being the difference of two small quantities is itself either
negligible or may be actually computed with the help of ¢ deter-

mined provisionally from subsequent computations.

Hence G;n is obtainable and its accuracy is of the same order as that of the

20,420,
s

mean of the observed angles , which is about 0"-1. Hence the accuracy of

the geodetic azimuth of the reference mark deduced therefrom is also about 0”1



158 J. C. BHATTACHRARJI: A NEW METHOD OF DETERMINING

Geodetic azimuth of stars near their times of elongation is to be computed
by the following formula for deducing the value of ¢

cos ¢
cos ¢’ " tan$

. o1
dy—a, = sin 28 . sec k s:n i(t,—1)
sin 1

. 8 : )
—sina, = cos _ lan de }

(7)

where ¢, is the geodetic latitude obtained from existing survey,
tis the hour angle of the star at the clock time of observation corrected
as before with the help of the geodetic longitude of the observing
station taken from existing survey and the rhythmic time signals,
and a, and ¢, are the azimuth and hour angle at the time of elongation of the star.
Though here also ¢ is likely to be subject to accidental errors, we find on differen-
tiating (7) with respect to 4 and ¢ that the effect of a small error At on 4 is quite
inappreciable. Hence the mean of the geodetic azimuths of stars near their times
of elongation is more easily obtainable correct to about 0”:1.
Now the geodetic azimuth of the reference mark being also known from observa-

tions of stars near the prime vertical, the mean geodetic angle 0; can obviously be
deduced from relation (2) correct to about 0”-1.
Thus from the relation :

C'— By
A4

we have E= (8)
where 4, B, C and % are all known quantities.

In the above relation B being the difference of two similar smaller guantities
and A4 always greater than unity, the accuracy of the determination of ¢ is likely
to be of the same order as that of C. But ¢ being the difference of the two quan-
2834286,

2n
of £ is also likely to be correct to about 0”-1.

tities 0:" and each of which are correct to about 0":1, the reduced value

APPLICATION

‘ In an extended traverse or triangulation survey, errors in azimuth accumulate
much more rapidly than errors in either longitude or latitude. Hence we require
to observe geodetic azimuths at intervals of about 500 miles to provide adequate
azimuth control to the survey. The observed geodetic azimuths as determined
by the method described in this paper are to be used to get rid of any accumulation
of error in the angles of the triangles in exactly the same way as the measured base
lines for the purpose of eliminating any accumulated error in the lengths of the
sides of the triangles of the traverse or triangulation survey.

The two components of the deviation of the vertical as obtained by the present
method provide not only the astronomical positions but also, when known at an
extensive network of stations at convenient intervals, the data required for
obtaining the relative shape of the geoid by means of a sort of astronomical levelling,
and for other geodetic purposes contributing to an advance in the determination
of the figure of the earth’ (Bhattacharji, 1959a).

CoNCLUSION

The simultaneous determination of all the three astro-geodetic elements, e.g.
the geodetic azimuth and both the %- and £.-components of the deviation of the
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vertical, with the precision of the geodetic standard is the special feature of the
method. The method is applicable in higher latitudes as well.

‘The method should thus prove useful in providing rapid azimuth control
and astronomical positions for a survey or the - and £-components of the deviation
of the vertical at a large number of stations for geodetic purposes’ (Bhattacharji,
1959a).
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