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ABsTRACT

In a recent paper, Flett (1937) extended the definitions of Absolute Abel summability and
Absolute Cesdro summability to the index %, where k2> 1. The author, in this note, extends
the definition of Absolute Riesz summability to the index k and proves its first theorem of
consistency, which includes, as a particular case, a theorem of Flett.

1.1. Let Za, be an infinite series and let {A,} be an increasing sequence of
positive numbers, such that
O<H <A <. .. <A~ o,
asn—>c0. We write
Hdy, =apta+ ... Fa,
and if
w>0, A, <w <Ay,

then

Ayw)= A, = Z a
v=0

and for « > 0,
A:(w) = Z (w—/\,,)xa,,

0
We define
Af(w) = Ay(w)
A (w)
100 — A
O ==

Also let a: denote the nth Cesaro mean of order «, « > —1, of the series Ja,.
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A series 2a, is said to be summable |C, |, & > ~1 (Fekete, 1911 ; Kogbetliantz,
1925) if the {a:} is of bounded variation, that is to say, if the series

2

. . - k .
And if the series »n*~! o:-af_l , where £ > 1, « > —1, is convergent, then the

o
G—n1|<w

"

series Za,, is said to be summable | U, o}, (Flets, 1957).
If C;‘(w) is of bounded variation in (k, o), that is to say, if the integral

(1.1.1) f |dCY(w) | < oo,
h

where % is a convenient positive number, then the series Za, is said to he
absolutely summable (R, A, «) or summable | R, A, «|, & >> 0 (Obrechkoff, 1929).

1.2. The object of this note is to extend the definition of Absolute Riesz sum-
mapbility to the index %, where % > 1, and to prove the first theorem of consistency
for it.

We shall say that a series Za, is summable [ R, A, 2|z, k > 1,2 > 0 and ok’ > 1,
if

A

(1.2.1) J Wt
h

d o 1
%Cx(w)! dw < co,

1 1
where -k-{-l—c—, = 1.

It is obvious that summability | R, A, 2| and summability | R, A, «}; are the same
for a > 0.
Tt should also be noted that for the definition to be valid at all, it is necessary

that ok’ > 1, where k—{-—k—, = 1, since, writing
A, = n, no== [w}
we have *
d o ld 1S
%C"(w)l=;%~7ﬁ. (w—v)"a,
ve=1
=aw 7% Z (w—v)*"va,
]V=1 i
n-1
> aw” M w—n) "l a, | —aw” T Z (w—1)*"va,
jv=1 i
or
akw'““‘k)(w n)(l ~ Dy, [a,,i

In-1
<2k'1{wk"1 %Cz(u’)‘ R Z w—v)*"la

* See Lemmao 1 below.
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Now
x
f w™ M P gy ) * Ve g,
' [X]1=1 ,n+1
> D f w0 —n)* V0 |, [ dw
n=1
[X]-1 n41
Z (1)~ Tk g, f w—mn)*VF duy
=1
= co unless F{x—1) > —1, ie ak’ > 1.
Since
n X n—-1 3
{1+ 0k) A~

is finite, it follows that
e
il d It
J w' [,—C’ (w)| dw
dw !
1
is infinite uniess ak’ > 1.

2.1. The first theorem of consistency for Absolute Riesz summability is due to
Obrechkoff (1929), who established the following theorem.

TugoreM A. If a series Za, is summable | R, A, |, > 0, then it is also sum-
mable [R, A, B], for every § > a.

In order to extend the ahove result, we prove the following theorem which, by
virtue of the equivalence (Mazhar, 1960) betieen summability | R, n, «. and |C, oclk,
includes a theorem of Flett (1957) as a particular case, for values of « given by

, 1.1
a >0, ak >la,nd]—c+F—1

TaeorREM. If Za, is summable |R, A, afe, k> 1, > 0 and ak’ > 1, then it is
also summable | R, A, Bly, where 1 > k and B > a+%€ — L Fork =1, the result holds

S

when B > a+1—717.

2.2. We require the following lemmas for the proof of our theorem.

Lemua 1. (Hyslop, 1936).

If Sy{w) is the Rieszian sum of order = for the series Za,A,, then for « > 0,
we have

d d
wrt! T C; (w) = o S —1(w) = T Sx(w).
Lemma 2. (Hyslop, 1936; Hardy and Riesz, 1915).
If k>—1, 8>0, we have

5 T(k438+41) i}
Aw) = T TG )J (w—u)3-14 (u) du
0
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Lemma 3. (Hardy, Littlewood and Polya, 1952).
If f(x)eL#(0, ), p > 1 and is non-negative and if

) = 55 f (z—y)*=1f(y) dy,
where ’
I<a< %andq: 1fcx.p’
then
fu(x)eLq(O, )
and
® 1 ® 1
fadel' <k} | feyd=l’
(], el <k [ serae]
where

k= k(p, o) = k(p, q).
3.1. Proof of the Theorem.
Case (i). When 8 =a-+8,8 > ]—t - ;and r>k>1.
From Lemma 1 we have

®
k-1
J w
h

It is therefore sufficient to show that

{Jm w-1+B
h

where A(«, B8, 7, k) is a constant depending upon «, 8, r and k.
Now from Lemma 2, we have

8 (w) r dw.

o—

d
@Oh(w)

o
R

1
S, _1(w) lk dw}k R

1
Sﬁ_l(w) " dw}’ < A, B, 7, k) { (. w=(1FoR
L

Sg_q(w) =0 f ) 8, _y(w)(w—u)?~ " du,

where
oo L@

(0I'(8)
So that

‘Sﬁ_l(u_)) l<c [} (w—u)¥"1] 8, _,(w) l du

% l P
= J {(w_u)@:ﬁ%m-l(u) l”}k { (w—u)m—p'l“)} du,
) _

. L]
where p > 1 and—+~l—, =1,
S
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Taking
r
H = 1+P
we have
BB _ _(1_.1...1)
r k k r
So that if
5511
Eoor’
we find ,
(3.1.1) ' (5—1)>—§=-—%.

Applying Holder’s inequality we have
1
8-k

I

AT 8-k k ® (5‘}"}" %
[Sg-a1(w)| < C{ ’ (w—u) * [Su_l(u)[kdu} {f (w—u) ¥ du}
v h

= ('xI;xI,, say,

where
@ (3-1)%
%
1f=f (w—=u) ¥ | Syr(w)[ du
h
@ (8-1k (xk+1){r~%) 12
(3.1.2) =J I N O
B
~(ak+1){r~k) k(r—k)
Xu ’ [Su-1(w)] 7 du.
Again applying Hélder’s inequality with index* g , ;»%
we have
w BV (@k+ljr—h) :
L< U ) & w0 | Sacifu )
h )
fr=h)
X {f u—(akﬂ)jSa_l(u)gk du}
h
Therefore
w (8-1)r (ak+1)(r—k) ?
I = {f (w—u) * u k | So-1(u) [kduj
h
{r—k)
A .
X %f w0 S, ) du}
A

(r—#)
= LyX Ly(w) * , say.

*When r == k, the second factor on the right hand side of (3.1.2) is to be omitted.

ly I, is to be omitted when k = 1,

Similar-
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So that
(oK)
iSﬁ-l(w) ]' =01 XLy X Ly(w) k I;, where C is a constant,.
Now
w B=1F 7
I;={J (w—u) * du}k
h
Or
(B 1)7 ¥
X . d—1)L
12 < Bw ¥ A,*smce(———})—>—l.
Therefore
(6~I)r 14 (rk)
0 oo {4 §) -1 ——
—(1+78) | T tR %
w .Sﬁ (w)l éBw “ Ly Ly(w) }
Bl a1 [l e 8-1r
TR ‘ 5 =
=Bw * { L)} J (w—1u)
P
Ok Dr=h) | F
X U & iSCL 1 (]N
Or
y v (r=Fk) (8—])r+:_’(a+8)_1
,(;*rg v Bl 3 v e
|Sﬁ Jw) b dw = (Low)} w
i h
w (§-1)r (2E+1Y{r-k)
k , .
XJ (w=—u) ¥ u S, ()| Fdu dw
3
-t “ a¥ (xk+1)r
~(h41) A
<B (L} " J s e '
h
oy G=1r G-Vr v _ ey
XJ (w—2u) Py ¥ dw.
= U
But

8 b4 %»r<1+8>—1 (-1

(w—1u) * dw

Id 8 ‘L
(w—u) dw

J 5 ] (5-1r

(8- 1t £+1-r(2+5) -1

= A {a,B,7, k) u

* Where B denotes a constant, not necessarily the same at each occurrence.
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Jp
=Ad(a,B,r, k)u k, since (®—1)r

> ~—1 and
I(k+1)I(m)
T(k+m+1)’

a
J ph-m-1 '(x—u)’"‘l de = u-1-*%
un

where m and k are positive numbers.
Thus
y (r=k) v

f w8 | 8g 1) o = B{Lolw)} | w0t [Sga(w)] Pau

h h
4

= B{Lz(y)}k
¥y 4

= B{f w R Sec-1(u) }kdu}Z .
h

This proves the required result.

Case (ii). When &= }——i and r>k>1

From Lemma 2, we have
w

| Sg-1(w) | < CJ‘ (w—u)s_ll Se—1(u) ] du
.2

or
®

_0+B) _{147p)
w7 !Sﬁ-y(w)l < Cw v j (w—u)®™! [Sa_l(u) l du
3

v (1+78)

<OJ (=P 7 | Syos(u) | du,
h

1
rde'

a (1+rB)%

< A(r, k) j u " Seci(u) | fdu %
’

Applying Lemma 3, we have

s J w (7P | Sg-1(w)
( h

1

k

1

)
= A(r, k) Ju | S |*du k,
A
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since

A+rBk _k
=tk

k k
(2+3) = ~Fkat1——

= l4ak.
This completes the proof of the theorem.
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