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ABSTRACT

Eguations of motion which are deducible from the relativistic field equations have been found
out in a general co-ordinate system. It has been shown how the form of equations of motion
depend on co-ordinate conditions. In general the fourfold arbitrariness in the field variables due
to unspecified co-ordinates leave undetermined parameters in the theoretical counterparts of the
observatijonal results. It has been shown how an arbitrary constant « appears in the perihelion
advance.

1. InTRODUCTION

The principle of general relativity is that the laws of nature must be expressible
in a form which is invariant with reference to the space-time frames of all hypothet-
ical observers. The metric is governed by the field equations which are invariant
with reference to all non-singular Gaussian co-ordinate transformations and the
result of it is that there is a fourfold arbitrariness in the metric tensor due to
unspecified co-ordinates. The field equations are solved in a special co-ordinate
system by subjecting the field variables to four additional conditions which are
usually called co-ordinate conditions. If we make a co-ordinate transformation we
get a new solution of field equations satisfying a different set of co-ordinate con-
ditions. These two solutions represent the same physical situation but in two
different co-ordinate systems.

The numerical results of observation which have the same value in all frames
of reference may be considered as characterizing the objective world. But in
general the numerical results of observation cannot be couched exclusively in terms
of scalar invariants and the fourfold arbitrariness in the field variables due to
unspecified co-ordinates leaves undetermined parameters in the theoretical counter-
parts of the observational results. The advance of perihelion of Mercury at the
rate of 43" of arc per century is a space-time result which is not expected to be
independent of the co-ordinate system used since a hypothetical frame of reference
can always be thought of so as to follow the perihelion.

Under these circumstances one has to see whether general relativity explains
such a non-invariant result. One cannot anchor preferential frames in space so as
to explain the observed perihelion advance because it vitiates the basic principle of
general relativity. The only alternative for the explanation of perihelion advance
is to identify the observer’s co-ordinate system. But there is a fundamental
difficulty here. Since the space-time of gravitational field is heterogeneous, the
theoretically permissible co-ordinate systems are so complicated that no observer
with the instruments at his command can construct an appropriate co-ordinate
system valid over a region of space-time. This criticism is most pertinent here as
the question involved is that of small departures from the Newtonian results which
are to be theoretically accounted for as small relativistic effects. However, for the
calculation of the perihelion advance, the human observer uses such a co-ordinate
system in which the field becomes Galilean as the distance from the material
distribution increases indefinitely. One may be of the opinion that this boundary
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condition may sufficiently restrict the hypothetical co-ordinate systems so that the
numerical results of the perihelion advance may be same up to the order of the
observational error. This may be seen by finding out the equations of motion in
all hypothetical co-ordinate systems, -

2. AsSUMPTIONS AND CONVENTIONS IN THE METHOD OF
APPROXIMATION

In order to obtain the equations of motion from the field equations, the latter
are to be solved by a method of approximations. For convenience the metric
tensor may be written as

Juv = 7)[,Lv+hy,v, ?
hy.v = y,,w"'%"};w("} ‘ypg { .. .. (21)
Moo =1, Mom =0, 7 = ~8i.

We follow the convention that the Latin indices refer to spatical values 1,2, 3
while the Greek indices refer to both space and time running over the values 0, 1,
2, 3. The suffix 0 refers to the time co-ordinate. The dummy suffix summation
convention is followed unless expressly stated. The field equations

ore, are, o po_pe o
B = it gt el nmTuT i =0
e o= Oup  Ogpv Bg,u> (2.2)
w = 497 or’ " oxk 2P
gHog,s = 8’:,

will be solved for quasi-stationary fields, viz. for fields varying slowly with time.
For any field variable ¢, 8¢/8x is of the same order of ¢ while 3¢ 820 is of the order
of A¢ where A ig of the order of smallness of v'c and v is the ' small velocity’ of a
typical particle. The derivative of ¢ with respect to a new time (= Ar?) is of the
same order of ¢. The usual differentiation with reference to the co-ordinates {7, %)
is denoted by a comma. Thus for any entity

36 194
bo= g =Tz | .
; 2,
¢”Eé—§' ’

Equations of motion of particles appear as integrability counditions of the field
equations (2.2). The integrability conditions can be easily seen from the linear
combinations of the field equations, viz.

Do+ 2/, = 2Ry — 4o Roo) = 0, (2.4)
where
¢00 = —700, sy }
Do = ~—Yom, ss+ 05, sms - .. .. (2.5

S
:
!

"“ynm. u+‘yms_ .m+yns_ S,,‘-—S,,,,,Y,,' 19y '
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and
200 = Vs, rs+24"g,
240m = MYms, s0—"00, 0n) + 24 0m ,
Ann = —=XYom, 02 Yor, 0n = 28,705, 05)
~ 2232700, 00— mn, 00)F+ 24 50

In the above formulae all the linear terms are written out explicitly while 24’y stands
for all the non-linear terms in the left hand side of (2.4). The integrability condi-
tions (Einstein and Infeld, 1949) that give equations of motion are

L

(2.6)

|

2A0m, mn = 0: ’k (2 7)
25,0 =0, | '
and
§ 240,71, d8 = 0, ’
k !
° (2.8)

§ 24,1, dS = 0, }
&

S

R
where S is a surface enclosing the kth particle and =, is outward normal to the sur-

k
face §.

The fleld variables are functions of the parameter ) and they are expanded in
ascending powers of A. The expansions for ¥, are of the form

Yoo = )\2;’004')\41’00‘*‘ . +)‘213‘;oo+ cee
2
Yom = A1¥0m+>\3vo.n+/\575'o,,+ .. +,\2’+;y0m. +.., L .. (29
+1 f
Yon = A mn A maF A g+ . T2V L )
2 4 6 242

This expansion is analogous to the power-series development of half-retarded and
half-advanced potentials in electrodynamics. The expansion (2.9) for 4, is substi-
tuted in the field equations. All the terms of the order Y in ¢#V+2A#V are grouped

together and labelled as ) ( ¢#y+2/1,w). The index below an entity indicates its
H 1

order of smallness. The successive powers of A are then equated to zero. The field
equations up to any order ! must determine the field quantities up to the same
order. Since there are four identities in the field equations, field variables cannot he
determined completely.

In order to avoid the fourfold arbitrariness, four co-ordinate conditions

Yom>» n—"Y00,0 = 0, }

v —o .. (2.10)

are used. This would not mean that certain co-ordinate systems are preferred but
it would mean that there exists a hypothetical co-ordinate system in which these
non-invariant conditions are satisfied. In such a co-ordinate system we solve the
field equations and find the equations of motion. Then by using co-ordinate trans-
formations, equations of motion can be obtained in any other co-ordinate system.

The field equations are to be solved such that the field is regular everywhere
except at the positions of the particles and the field becomes Galilean as the
distance from the material distribution increases indefinitely.
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If the masses of the particles are of order A2, the components of energy-
momentum tensor Tog, 7Ty,, T,. for quasi-stationary fields (Einstein and Infeld,
1949) should be of the orders A%, A3, A respectively. This restriction on y’s implies

—Yom, ss+705, sm = 0:
1 1
_Zmn, ss+?‘2’m5, sn+%’ns, sm—smngrs, s . . (211)

"';’om, on—Yon, 0m+28mn'{0$, s = 0. ‘
1

Conditions (2.11) will be satisfied if
= 7°

],m‘

');Om
= —T" —T" +8

ot

7755+8

(2
HiF °

TUO . .. (212)

2 Hmh m

where 70, 7™ are any functions of the co-ordinates which are regular evervwhere.
[
Hence for quasi-stationary fields yy,, ¥, Which appear in the expansions (2.9) need
12

not necessarily be zero. Schwarzschild’s solution
217?)‘1 xtx 2m
192 — It day — — T drtdes— == -012
ds? = ’Y#le dx +[1 (1 " o da p {d29)

also does not satisfv the above restriction on %y, ¥,,. Butin a co-ordinate svstem
5

1z
in which the conditions (2.10) are satisfied, the field variables ¥g,, ¥,, necessarily
12

vanish for quasi-stationary fields (B. R. Rao, 1955). Thus the conditions

’}/Om='}’m"=0 . . .. .. (213)
1 2

irrespective of the co-ordinate conditions would mean a restriction on the co-ordinate
transformations which is against the basic principle. Hence we use the expansions
(2.9) for ¥, together with the condition (2.13) only under the co-ordinate conditions

(2.10).* Such a co-ordinate system is analogous to the isotropic co-ordinate system
Kk
in the case of a single particle. In such a co-ordinate system the presence of —4 My

k
in ¥y, is crucial for the representation of the field of N particles, Here ¢ stands for

¢= [(x‘—-gs)(rs——kf“)]&,

M and £ are respectively the mass and co-ordinates of the kth particle at time 7.

k
the reciprocal of r where

& k
Both M and ¢° will be functions of the parameter A. According to the expansion

* This clarification is necessary in view of Professor Infeld’s remarks in a Jetver to Professor
Nariikar: ‘ The chapter is clearly written and contains at the end the astonishing result that
perihelion motion depends upon the co-ordinate system. This is true, but only by violating our
approximation method. Indeed Yms would then start not from order 4 but from order 2°.
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k k
(2.9) for ¥,,, the expansions for M and & (Narlikar, V. V., and Rao, B. R., 1955)
will be

k & E k
M= MM+ .. + M ...,
2 4 21

k R k k
&= §S+A22§S+ . +/\2’-il§2+ e .. .. (2.13a)

& k
The variables Yo4, Yon, Vme» M and & appear for the first time in the field

20 241 A+ 22
equations at the Ith stage of the approximation, viz.
¢00+2A00 = O, . .. ‘. . (2.14(1)
2 2l

Do, +244, = 0, .. .. . .. (2.149)

20+1 2041
D,.+24,, = 0. .. .. .. .. (2.14¢)

242 243

The co-ordinate conditions at this stage of the approximation are

Youm. m—}’OO, 0= O’ c .. .. .. (2.15(1)
21+1 21
Vomn=0. . .. .. .. (2.150)
2042

Equation (2.14a) can be solved for ¥,,. Equation (2.14b) is integrable for ¥,,
2 2041

only if

¥
§ 20, My AS = 47Cy = 0, .. .. .. (2.16a)

241 2041
k
s
k
Since 24, is a known function of the co-ordinates x5, (', can be calculated and it
20+1 21+1
will be a function of time only because of the relation (2.7). Equation (2.16a)

k
determines M. Then the equation (2.146) and (2.15e¢) can be solved for ¥,,.

2 2041
Similarly the integrability condition of (2.14¢) is
»
k
% 24,,1,d8 = 420, = 0, . .- .. (2.160)
. 2042 2142
S

k
which restricts £. Then the equations (2.14c) together with the co-ordinate
21-2
conditions (2.15b) determine y,, completely. Thus the field equations up to
2042

0(A\2+2) determine the field variables up to 0(x2+2) and the co-ordinates of the
particles up to O(A%-2). At each stage of the approximation we get one condition
like (2.16b). These conditions can be combined together and written as

k
N0, =0. .. .. .. ..(217)
l=1 2142
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b
Equation (2.17) together with (2.13a) determine the co-ordinates & of the particles
at any instant of time . The equations of motion up to 0(A8) are

- N
k k k ;P DR
4 m o = = A0 -1 + ls
A (l})lé 1121 E Jizllﬁ,m) A M E [ Tsrm§§+ § T, sm

Pyt p=1
Lk v g q £k ki p
—4y > M, +¢,s{ £5§m+4£§’"—4§%m—3§s§m}
g=1
k k ! “/ I3 ?
+fb,m{ S RS R JEI"J-FZ 3r'y H 2.18)
gy =1 g=1

where

.k
¢

N

zl = summation for p from 1 to N excepting £,
\

Z = sumunation for ¢ from 1 to N excepting p.

Robertson (1938) has calculated the perihelion advance from (2.18) and this advance
tallies with the observational result of perihelion motion of Mercury. (2.18) are the
equations of motion in a co-ordinate system x# distinguished from others by the
co-ordinate condition (2.10). But since there is no guarantee that the observer's
co-ordinate system is the same as x#.svstem, one has to calculate the perihelion
advance in all frames of reference and see whether this result will be same up to
0(x2).
3. Co-orDINATE TRANSFORMATIONS AND EqQUuarioxs or MoTtiox

Y are the solutions of the field equations in x#.system and the equations of
motion are (2.17). Given a solution of the field equations in the co-ordinate system
a# one can find out the solution in any other co-ordinate system a*# by using the
transformation law of the metric tensor g,,. As the derivation of the equations of
motion imply that the field should be regular everywhere except at the positions of
the particles, we consider only those regular transformations whose Jacobian does
not vanish anvwhere. Let x—2* transformation be

T == ML AN T (), .. .. {3.1)
2n
20 = x*0,
Here it is to be noted that the dummy suffix summation convention does not apply
if one of the repeated suffixes is in a bracket. The transformation law of the metric
tensor g, gives g*,, which is also a solution of the field equations. g*,, are given
by the equations
. 0x% 3.1:B
g'“, - gaﬂ drh L

= Jood 80+00m(808'"+8"'80)+8"’8 Do

21 O mm Omm ” ” 41
£ (170 ) o (1) o
(3.2)
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where
o« T
n = m
In the equation (3.2) 7°/u are expressed in the arguments 2*#* while Juv Bre given in
(2

the old co-ordinates x#. g'v is to be expressed fully in terms of the new co-ordinates
2* . This can be done by using (3.1). We may write

G =G, +X" WT‘H“)( S .. (8.3)
where
g,_,,v = (g;_w)(x“ = x"0%)
_ o7 o
gp,v/p = ax.p (34)
Using (3.3), '; can be expressed in terms of the new co-ordinates z*# to any order

of appronmatwn The analogues of k. ¥,» in the new co-ordinate system are
]l—'-"' ')’pv defined by the equations ) )
g#y = n#v+hluv 3
poy
= h#v-%n.uvn Py - .. .. (3.5)

Using (3.2), (3.3) and (3.5) the new solution )'IW can be expressed in terms of the new
co-ordinates to an arbitrary order of approximation. Taking l)':w as the coefficient

of X in'}’;v, we find '}’:w up to the order A¥* They are given by the following
equations:
Yoo = ¥o0 >
2% 2
yOm = 7—"0»: ’
2a+1 2a+1 > (36)
.y:nn - 'pmn ’
2a 2a
e=1,2...10-1};
Yoo = Poo— 1" ¢ , - o .. .. .- .. (3.7a)
21 20 (2
Von = =T 0= T 48,15 .37
2 o @ ey "2
y(:mz'?m T”’ . .o . . .o ..(3.70)
2+l 2+l (2
00"‘700+7’oo ST .. o . .. .. (3.80)
22 U+2 2
V= Pt T s T3P0 {T’" +1", -8, 1" } oo .. (3.8D)
u¥s 2is 27 @ 2 e e "2
y(;m 70m+’}7’oo 0+70m s T +7, T, .- -« (3.80)

24+3  2+38 (21) 2 3 (2‘)
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'ynm - ymn+ysm T +75" TS —i T +T ]
2/+4 20+4 4 (21 4 (21) 4 21) (2])
+ é (700—7n)[ T + T 8mnT; s]
4 4 (21} (21) @n
+7nm 3 sTs+8nm 703 'Ts; 0
n @) @

2 € X )

mn
+4 2/+4

]

n
where
o= (1)

0f
¢i‘ = ax#s ’

= 9%
¢i0=5;;)

* = \z*0,

(st = %0)

Here semicolon does not indicate covariant derivative but it represents onmly
ordinary derivative with respect to (x*5, *). Since Yu.,,» =0, ¥,. satisfies the
condition

Pansn = 0. . . .. .. (3.10)
Hence '
Funsn = 0. . .. . .. (3.11)
2l ,
From (3.70) and (3.11) it may be seen that
v o==T" . . . . (312)
2 @

In the new co-ordinate system the form of the co-ordinate conditions is different.
Thus it means that if the co-ordinate conditions are changed to (3.12) at the Ith
stage of the approximation we get the new solution (3.7) at that stage (Einstein,
1949). Thus the influence of co-ordinate conditions on equations of motion will be
determined by obtaining the equations of motion in the new co-ordinate system

™. Thus ‘}’ , given by the equations {3.6), (3 7), (3.8) and (3.9) would be a solution
of the field equa.tlons up to 0{A¥**) in the z*-system. That is, ')' , given by (3.9)

2l+4
is a solution of the field equations
o 4245 =0, .. .. .. ..(313)
A+d Atd

where (Dm, A* are those functions of ¥*’s and s*sas®,_ , A, were of ¥’s and z’s.

21+4 21+4 2144 2l+4

By using (2.5) and (3.9) the equations (3.13) may be written as
"'}-’m»;ss+7m;su+'}-’ns;sm Sm '}’vs rs
2U+4 A+t4 20+4

244
®
_.Pmn:ss+Pms,-sn+Pns;:m Sm»va vs+ A =0 s (3‘14)
2I+4 A+4 U+4 244 21+
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176
According to the definition of bar symbols, viz
Y = (y)(x/,, - w*‘u)
we have
')’mn ss +')’ms sn+')’ns sm
2144 ol+4
—Opn Prs: rs+~/1:nn =0, (315)
2144 2044
since the equations
¢mn+2/lmn =0
244 24
are satisfied for 7,,. From (3.14) and (3.15) we find that
0]+
-—/lmn - -Amn+Pmn ss"Pms sn—‘Pns 5m+8mnPrs 7S (316)
2l+1 244 Aty 20 +4 2+4
In the above equation the expression depending on P's is the divergence of an
antisymmetric system. Hence
24 ¥ ds* =@ 24, Y dS* = 4x 0 (3.17)
2l+4 , i ordy
S* Y osw
where
k k
C, = (C... {3.18)
20+1 2144/ (1= 7%)
&

and 2* is the unit outward normal to the surface S* in the new co-ordinate system
This argument can be extended to an arbitrary order of approximation and so
o (319)

24* n* dS* = dr O,
mn n
2a+ 4 "‘1*4
Sk
where @ is any positive integer, Thus we find that the equations of motion are
given by the equations
3
AE O 4 =0, (3.20)
2+4

4; 6;
MO 4250, &
4 6

2044
. .o (3.21)

k
According to the definition of ', namely (3.18), the equations of motion (3.20)

are given in terms of £&™, where
i = (k )
§" f" (T =1%) -

But the equations (3.20) are to be expressed in terms of £*™ which are the co-ordi-
(3.22)

nates of the kth particle in z*-system
According to the equation (3.1}, we have
k % k
g = grn N T,
(2)

(6]
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where 7= ¥
&
T» = [T"] B (3.23)
@ (21 Hz*S = £%5)
Since 7 = 7* we have
k k
™= fm, .. .. .. .. (3.24)

k
By using (3.22), and (3.24) the equations (3.20) can be expressed in terms of £*S.
The equations of motion in the old co-ordinate system are

20+14

IR N r P DR & k
MM [fﬂ— Z M n/:,,,.]+)@0,,,+ XM+ =0. .. (325)
2 o 2 6 )

From (3.20), (3.22), (3.24), and (3.25) we find that the equations of motion in the
new co-ordinate system are

k k N r P Dk k . k
ny [f*-"ho-* > 5[‘*~m]+A60*m+ AR OR, 4
2 ’ o 2 ’ 6 20+4
o | B K E D, b bk kooop ko
IR D7 L 7, Z MYr LT T CRl+ ... =0, (3.26)
2 @’ 2 L @) (2 2i44
where
¢
= ?
21+4 [2t+i] (f"' E*’”),
Py ko
‘/’;rs = [ ;15] (x*m g*m)
and

i = (02 =[] ()]

The form of the equations of motion of particles in the new co-ordinate system
changes from 0()\*+4) onwards.

Similarly we can show that in a co-ordinate system z*# connected to z# by the
transformation

x"'=x*”‘,
W= @ o (32
(@+1)
The equations of motion are
N
: N k g
,\4M[ o— 2 MY f",]+,\°0;“+ +,\2‘“2354+
p=1
e B[ hee 2 Noppky (hy * 2 2
FROM I o b STyt d ey To —gh 1o by
2 U (2+1) 00 p=i 2 ’ T 2l41) FUI4+1)
& .
FAEO YL =0, (3.28)

246



178 B. B. RAO: GENERAL RELATIVITY AND PERIHELION ADVANCE

where

k
70 == TO] &
@+1) [(21+1) (¥ = gn).
When we put I = 1 in (3.1), equation (3.12) becomes

oot (329

Youn; :
fmnin 2y

Then the equations of motion in a*-gystem are different from the equations of
motion in z-system from O(\8) onwards. That is, the co-ordinate conditions

Yuns » = O, influence the equations of motion from the order A% onwards. Similarly

from (3.28) it can be shown that the co-ordinate conditions
Yoms m—%00, 0 = 0
3 2

influences the equations of motion in terms from O(A8) onwards.

4, PErmeLioN MoTioN OF THE PLANET MERCURY

By solving the equations of motion (2.18), Robertson (1938) found that the
perihelion motion is 3M@/p in the relativistic units. The equations (2.18) are the
equations of motion in a special co-ordinate system, viz. the z-system. Here we
consider the perihelion motion in the z*-system given by the transformation.

@) (4.1)

20 = z*0,

= IL'*’"-I-AZT"‘, }

From (3.26) we find that the equations of motion in the new co-ordinate system are

v [ N, b bk k
WM E5— > MY | +20CT +
2 Py 2 ! 6
E ok N,k pok (B p
+28 [MTforZ MM ./;';,{T‘-T‘} FA3 )F..=00 .. (42)
2(2) p=1 2 2 ’ 2 (@

To find the perihelion motion up to the order A2 we neglect the terms of the order

higher than A%, For simplicity we replace x** by 2* and write the equations of
motion for two particles thus:

r [E N,pp,k &k N,kpp,k & » k
Ml gs— s 2 s a | T =T 1 =0. .
(P 2 o - TV (BB ] 0 o

k

Here N =2 and k takes the values 1 and 2. In the above equation ——C,) stands
6

for the expression given on the right-hand side of the equation (2.18). To find the
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peri-astron motion we have to find out the relative orbit of the two stars. We
follow the notation :

Rk
& =btng,
0 2
T2
fs = ( s_fs)’
1 S
p=7=(ECH O ¢ X3
1
v—(b-2)
0
1
e 3
r=—=uyr
We consider a special case, viz.
2y-1 (&)
T" = «B"(1—e ") e , . . .. (4.5)

(2)

where « is a constant, B” is a function of time which will be defined later and

1 E O\
= (o) (=-)]
0 0
With the condition (4.5), the Jacobian of the transformation (4.1) does not vanish
anywhere. This will be shown in the Appendix.
From the definition of T and the equation (4.5), we get
(2)
T"—T’":aLB"', - . .. .. (4.6)
2 @

up to the first approximation. In the first approximation equations (4.3) are
Newtonian equations, the solution of which is given by

&=y,
p=r,
yl=17cos w, Y2 =1 sin w, Y3 =0,
r2w = (Mp)H, ) .. .. 47
721202 v
2M T 20’
1 _
° = ; [14ey cos (w—)],

where

e find)

2 2

p=a(=d), )

(4.8)
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and a and e; are the semi-major axis and eccentricity of the elliptic orbit. From
(4.3), (4.6) and (4.7) we get

A Mer . 3] —Bn 3ymy’
&+ pf = )2 [Oy”+Dy"—ocB"+ocMB" (—7«Te+ ?isy )jl .o (49)

correct up to the order A2. The symbols C and D stand for the expressions given
below :

M2 - .
= Tii" u3([2, l]+[47 6]”’2(—'[0: 3]&])%2),
D= —M[4, 6]2, L (410)

=[] ] () 1)

Now we consider that ¢3 = 0, £2 =0 at an instant of time {. By taking B3 = 0,
it may be seen from (£.9) that the relative orbit is in ¢£2-plane. Since r and w
are functions of time, we define B!, B2 as

Bl = —rw sin w, }

B2 = rw cos w. - 1D
From (4.9) and (4.11) we get
14 ME[p3 = N2[(Cy' +Dyl)+2(ér sin w+2652)]. .. (4.12a)
£24 ME2/p3 = N2[(Cy2+ Dy2)—ulior cos w+2ayt)]. .. (4.12b)
We write (4.12) in polar co-ordinates by defining 8 ax
El=pcos b, £ =psinb. . .. .. .. (4.13)
Let
A= (g2 g28) = ¥,
(g1)2+(§'2)2 1 p24p262 1 .. . (4.14)

=" o p. T 2M T,

In classical mechanics 2 and E are the angular momentum and energy integral.
It may be seen from (4.7) and (4.12) that £ and A satisfy the differential equations,

A 2

i(?l;g = !;—[ (Cri4-D(E2+20Y) ) =222 pantt, .. (1)
d

E/Il =2 —y20). D .. L (4.16)

The equations (4.15) and (4.16) on integration give
1
E=— 5 {1=A2Mu([6, 5]—[10, 15]au4-[0, 1]apu?)} —X2apus, (4.17)

A= (Mp)(1—22Mul4, 6)). .. .. .. . .. .. (418)
From (4.14) we get

A2 [ (dv\*
F o= — 2| -— ¢
QM[(dB) +7;] v . . Lo (409
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From (4.17), (4.18) and (4.19) it follows that

d2v 1 a2y

xM
a= 1 ¢ _T1¢ il 2
it >~ ap (12, N-[12, 18]au)+2ap [0, 3lapu

—A2(20) .. .. - .. .. o .. (4.20)
From (4.20) we find that the advance of the perihelion of Mercury is

,\2(‘@1—1)0. R T30
P

It is noteworthy that the above result contains an arbitrary constant o, introduced
through (4.5). The perihelion advance is thus shown to be dependent upon the
co-ordinate system used. Because of the cumulative nature of the perihelion advance
the observational result may in course of time definitely favour a theoretical co-ordi-
nate system to be identified as the observer’s co-ordinate svstem. But this would
mean that general relativity does not explain the perihelion advance but makes
provision for certain frames of reference to be preferred from the point of view of the
human observer.

APPEXNDIX

The transformation defined by (4.1), (4.5) and (4.11) is of the type

™ = a¥*nf Am e‘(ll?')z’ }

20 = 2*0,

(A1)
where A™ is a function of time only. The Jacobian of the transformation (A.1) is

132
J—:—[Bx#‘a.z:‘vi=I—A"‘Z"'e‘_(R'), N - %)

where

Zm = p*m _é*m’

0 .. .. .. .. (A3
1
R* = (Zs2%)*.

The Jacobian J vanishes only when

R (A.4)

We have to soe for what values of Z™ the equation (A.4) is satisfied. This can be
answered by correspondingly plotting the points in Euclidean space of three
dimensions. (A.4) represents a surface. If there are no real points in space
satisfying (A.4) we say that the surface is imaginary. If the surface does not pass
through any real point we say that there are no real values for Z= satisfving (A.4)
and hence the Jacobian does not vanish anywhere.

The surface (A.4) passes through the common points of the surfaces

1
R¥=b, .. .. .. .. .. (AA)

AmZm = b Y 0 '3
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where b is any positive constant. The surfaces given by (A.5) and (A.6) intersect
only when

b dmamt. .. .. L. L (AT)
It may be seen that
et
3‘>1. - o . . .. (A8)
If we choose 4™ so that (
HAm.AmE < .. .. - .. (A9

the inequality (A.7) does not hod good for any positive value of b, Thus (A4)
would be an imaginary surface znd hence the Jacobian of the transformation does
not vanish anywhere,

Let us consider

41 = —g sin (Aw). sin w. r(1—e")"1,

A2 = a sin (A%2w) cos w. r(1—e7?)-1,

43=0, .. . . . o . o (A
where o is an arbitrary constant such that

] —g-a¥{1—e1)?

la] < FiETA . (A1)
Here », w, @ and ¢; have the usual significance as in (4.7). From (A.10} we get
dmdm)t | = r(1—e=%)"1 [al.] sin (M)l .. . (A2)
The elliptic motion implies
r
ey <]
‘ (A1)

1—(’,’”’2(1—61)2
(1—6”2)

Thus (A.11), (A.12) and (A.13) imply (A.9). Hence the transformation defined by
(A.1), (A.10) and (A.11) is a transformation whose Jacobian does not vanish
anywhere. Up to the order A2 the transformation defined by (A.1), (A.10) and
(A.11) is given by

<l.>

) R (1* 2
2! = ¥l = )\2arw sin cu(l-—c”")‘1 eT\R S
” (1*)2
22 = r*24-220rw cos w(l—c"‘“)‘l ¢cT\R /|
ol = x*3,
WD=a%, . . .. (AlY)

It may be seen that the transformation given by (4.1), (4.5) and (4.11) is the same
as (A.14).

1\2
It may be seen that the derivatives of A™ e‘(R') with respect to z*# tend to
1
zero as R* tends to infinity. This ensures that the metric in the new co-ordinate

1
system tends to the Minkowskian metric 7,, as E* tends to infinity.
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