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ABSTRACT

In this paper the general exponential motion superposed on steady Poiseuille flow through
both co-axial circular cylinders and confocal elliptic cylinders are discussed. Solutions are
obtained in two cases :

(1) When the pressure gradient is exponentially increasing.

(2) When the pressure gradient is exponentially decreasing.

The solutions are obtained in the case of circular cylinders in terms of Bessel functions
and that of confocal elliptic cylinders in terms of Mathieu functions and from it the results in the
two extreme cases of very small and very large frequencies are deduced.

The exact analytical solution of linearized Navier-Stoke’s equation by intro-
ducing the assumption of axially parallel flow of a viscous liquid through a tube of
circular section and that of elliptic section under simple exponential pressure grad-
ient have been obtained by Sanyal (1956) and Khamrui (1957) respectively. In
this paper the general exponential motion superposed on steady Poiseuille flow
through both co-axial circular and confocal elliptic cylinders are discussed. Solu-
tions are obtained in two cases, (1) when the pressure gradient is exponentially
increasing, and (2) when the pressure gradient is exponentially decreasing.

The solutions are obtained in the case of circular cylinders in terms of Bessel
functions and that of confocal elliptic cylinders in terms of Mathieu functions
and from it the results in the two extreme cases of very small and very large
frequencies are deduced.

The paper has been divided into three parts. Part I deals with the general
equations of motion while Parts IT and IIT deal with the cases of co-axial ecircular
cylinders and confocal elliptic cylinders respectively.

1. Equations of motion

Navier-Stoke’s equations of motion of viscous incompressible fluids neglecting
the external forces are

Du_ 1 0p 2

A FRAA

Dv 1 dp 2

E""ﬁb‘;}"’”v” .. .. e .. (LD
Dw 1 dp

T Tp TV

where
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and
2 02
Vi= 5;’-+¢'9_;q2+a—22
The equation of continuity is
ou Ov
a:c+ oy + 0z
If the flow direction is assumed to be parallel to the Z-axis, velocity
has Z direction only and u, v are vanished. The equation of continuity (1.2) gives

(1.2)

ow
5;—0

or
w=w(z, Y, 1)

which indicates the velocity to be constant in the direction parallel to the
centre line. This property may be acceptable for the fully developed laminar
flow of liquids. Substituting « =0, v = 0 in the first two equations cf (1.1) we
have :

and

It shows that the pressure is constant across the section of the channel
and becomes only a function of z and t. With these relations third equation
of (1.1) in cylindrical co-ordinates is converted into

1 dp . (0 1 '
?E=——£+V(Tg ;%‘1;) .o . .. (13)

2. Case (). Flow under exponentially increasing pressure gradient.
Let us assume

—1—_a0+20e-t ey
n=1

w = wy+ w,ent .. .. .. {2.2)
nZl

where C, and w, are real and w, is a function of r only.
Substltutlng (2.1) and (2. 2) in (1.3) and comparing the terms of the same
family, differential equations for the coefficients are

d'Ilo 1 dwO 22 9
00— L. .. .. .. (2.3
T Ty dr Ty (23)
and .

dw, 1w, _mo Co_o L (24

dr2 +; T dr v v
Integrating (2.3) we have
2
wo=—%+A log r+B ce .. L. (25)
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for (2.4), let

%’—-"’f"=v ce e 28
then
2
DYty L L L e
The solution of which is
V = D, Jo(rki)+ B, Y (rki) N X

where k = J g Jo and Y, are Bessel functions of the first and second kinds of

zero order.
The appropriate general expression for w is then

W= — ——+A log r4+B+ Z [ "4 D, Jo(rki)+E, Y, (rki)] et .. (2.9)

=1

Since before superposing the exponential flow, we must have the steady laminar
motion. With this condition and with the following boundary conditions

r=7r, w= 0
and

r=ry, w=_0
the unknown constants 4, B, D, and E, are determined.
Hence

log L

(=== — |+ 2 G
log—— =

) { Yo(roki) =Y (ki) }J o(rki) — { Jo(roki) —J o(r1ki) } Yo(rk‘i)] 210
[ - Jo(r1ki) Y o(roki) — J o(roki) ¥ o (r1ke) -+ (210)

when r; — 0, the channel takes the form of the circular cylinder and we have

< C, , Jo(rki)
=22 > ;ee[l_t]:(:zki)] @1

n=1

This agrees with Sanyal’s result (1956).
When £ is small, we have

252
Jorki) == 1-;.’—4’“~

[pore)or) -]

and

Yo(rki) =~

I

where Y is the Euler’s constant. .
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Hence
{ Yolreki)— Y o(riki) } Jofrki) — { Jo(roki) = Jo(riki) } ¥ o(rki)
= 2| 10a"2 kziz Te__ 2 T1, oy Te 2_2}]
—;[log;—l-l-z r210g7—r110g7+r logr1 (r2 7))
and

k2
Jo(riki)Y o(roki)—Jo(raki) Yo(r ki) = [log 24 ¥y {rg log %+r? log :—f — (ri—rf) }]
Substituting in (2.10) we have

lori < C,e

ol =) —(G-) 2+ > =
lg—2 n=14u10gr—2

1

2100 2412 oo - —r2loz 2 2.12
x[rlloo r+r2loo 71 r IOng] .. (2.12)

or
’
log— ® .
—_ ?_Q 2 _ 7'1 C,,e"t
w_4v (r T)+(‘r r Ty +Z e
log -~ n=14vlog—=
1 rl
L 2 2 r
b4 [(rf —-r2) log i+(72—rl) log 7_1]
log — .
L 2 2 2 1 1 ap .
w = Z; (71—'72)"'(7'2—71)1 7o ("‘ ’—’ . a) ‘e .. (213)
oo;;

Thus we find that when the frequency of the pressure gradient is very small, the
motion in the channel at each instant is the same as the laminar motion in the
channel under a constant pressure gradient, this pressure gradient varying slowly
with time,

When £ is large, taking asymptotic expansions of Bessel functions 7k > 10 and

w 4w
-3 < phase rki <§

3 4

wrki

Y~ 2 . 4 1:)
Yorkit) o J i sin (T’Cl i

Substituting in (2.10) we have

Jo(?‘kil) o 2 . coS (rki*— E)

and

a4y logi

2

w=2 1 (r{~r?)+(r;—r) ,: +
log;;

i G [l—: Jg.e—k("—') - Jé.e—k(”-’)] i .o (2.14)
P r r
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When £ is large, it is found that maximums of velocity distribution exist in
the neighbourhood of wall.
Case (b). Flow under exponentially decreasing pressure gradient.
Let us assume

1
_—— = = —nt
2 a +"Zl(]e L (215)
w=uy+ w,e"t .. .. .. (2.16)
nzl

where C, and w, are real and w, is a function of r only.
Substituting (2.15) and (2.16) in (1.3) and comparing the terms of the same
family, differential equations for the coeflicients are

d2wy 1 dwy , ay

20,70 2
et T (17)
and
d®w, 1 dw, nw, C, :
R =0 L (208)
Integrating (2.17) we have
wo = _“0’ +Alogr+B o (209)
for (2.18), let %+”_’VL =V o (220)
then
d'ZV 1 dv P
df2 ; d,+ 'V=0 . .. .. .. (2.21)
The solution of which is
V =D, J(rk)+E Yo(rk) .. .. .. .. (2.22)

where & = ,\/ E, Jo and ¥, are Bessel functions of the first and second kinds of zero
14

order.
The appropriate general expression for w is then

2 o C,
W= — %+A log 4B+ z [-— Z2 4D Jo(rk) +E’,,Y0(rk)Je‘"‘ .. (2.23)

=1

The unknown constants 4, B, D, and E, are determined by proceeding exactly
as in the previous section. Hence

log 1— ®

' r Co _,
(=r)=(rt) —2 |4 >~ Geerm

log;—1 n=1

[1~ {Yo("zk)"'Yo("lk)}Jo(’k)—{Jo(rzk)‘-Jo(ﬁk)}Yo(’k)} . (2.24)

Jo(r1k) Y o(rek) —J o(rek) ¥ o(r1k)
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When r; —» 0 we get

_ao 2 & C,, —n JO(Tk)
_5(r2_r2)_zﬁe t[]...JO(Tzk)] .. (2.25)

This agrees with Sanyal’s result (1956).
When k is small, we have

r2f2

Y (rk)— g [()’-!- lo @) (1— CZL—Z)+T~Z—IL2]

Following the same procedure as before, we have

and

lgl

1 1 °
w= o | (A=) + (1) ( ; af) L. (2.26)

When k is large, taking asymptotic expansions of Bessel functions, 7k > 10 and

og—

- g < phase rk <~g.

|2 ) 17)
N Jo(rk)—.\/mcos(rk—-;
and

Yo(rk)'\'\/ - sin )

Substituting in (2.24) we have
log A

ool o
w= l(r —9)+ (3 —n)logr_f

€x

z _Ci‘e-"f 1— ry sinkrg—r)
n v sin k(rg—ry)

n=1
2 u(_:'_l_).] . (‘) ')2)
r 'sin Ir(rz—rl) ot o ) )

When £ is large, it is found that maximums of velocity distribution exist in
the neighbourhood of wall.

3. Confocal elliptic cylinders

Case (a). Flow under exponentially increasing pressure gradient.
Let us assume

QD

51_’ ao+ZC,e" R & B )|

Com=1

'bl'—'
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w = wy+ 2 w,ent .. .. .. (3.2

=1
where aq, C,, wo and w, are real, and w, and w, are functions of = and .
Substituting (3.1) and (3.2) in
2 2

w_ _10p, (9w ?__uz)

ot p 0z ozt = oy?
and comparing the terms of the same family, differential equations for the coeffici-
ents are

asz asz 20 _
T taEt, =0 . (3
and
a2V oV n
Tty V=0 .. IETEETI (3.4)
where
V= ﬁw,,-—c—"l
v 1 4
If the boundary of the tube be given by
x2  y?
atp=!

we introduce elliptic co-ordinates £, n defined by
x+4-iy = ¢ cosh ({+in), ¢ = ‘\/az--b'-2

In these co-ordinates (3.3) and (3.4) transform into

0%uyg . 02w,  c2a, .

B8 Tty (coshU—cos)=0 .. .. (35
and

®v a2V

e D)2 — = .o . .

57 T o 2k?2 (cosh 2¢~cos 29) V =0 (3.6)

where 2k =¢ J n
1 4

Integrating (3.5) we have
*ag

wg = cos 2n (De* 4 Ee %) — c—gv—(co:sh 2¢+cos 2n)+Aé .. (37

Since before superposing the pulsating flow we must have the fully developed
laminar motion. With this condition and with the following boundary conditions

6 = fl’ Wo = 0
and

E=&w=0
the unknown constants 4, D and ¥ are determined.
Hence

g = c?ay [cos 2y {sinh 2(£ —£;)+ sinh 2(£;—£) }

sinh 2(£;—§&;)

-(cosh2§+cos27,)+g-_°°“_’;—1?§l] ... (38

8y
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and
cosh 2¢, _ cosh 2¢, (3.9)
& &2
For the integration of (3.6), let
V = $(£)¢(n)
As a solution of (3.6), we see that ¢ and ¢ will satisfy the differential equation
d’4
a2 —(a+2q cosh 2¢)¢ = .. .. .. (3.10)
and ~
d
—4(a+42q cos 2n)Y =0 . .. .. (3.11)
dn?

where a is a constant and ¢ = &°.

These are the Mathieu equations. Hence ¢ is a periodic Mathicu funetion and
¢ is the modified Mathieu function.
The complete solution of (3.6) is (McLachlan, 1947, page 160)

V=" DsCesalt, ~0ctsa(n, =)+ D> EraFeyy, (&, —g)oesa(m, —9) .. (3.12)
m=290 m=0
where (McLachlan, 1947, pp. 21, 27 and 165)
cepa(n, —q) = (=1)" D {=1)’437 cos 2rn
r=20
Cegn(£, —g) = (—=1)* > (—1)'4}" cosh 2r¢
r=0
and

682-0 q

Fegg,,,(f: '_q) = (— Az”‘

Z A2"'Y‘,' 2ik cosh §)
r=0

where Y, is a Bessel function and the coefficients A27 are functions of ¢ and real.
From (3.2), (3.8) and (3.12) we have

_ cag [cos 2n{sinh 2(—¢,)+sinh 2(£&,~£)}
8 sinh 2(£g—¢§,)

—(cosh 2¢+cos 29)+€ . @—ﬁ] Z

[%‘..}. Z Dguceon(é, —q)cesn(n, —9)+

2 JFey, (£, —q)cesa(n, —q)] ... (313

We have the boundary oondltlon
f = f 1 w= 0
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ie.
C, S
- ; = ZODZI CeZm (fl’ _q) Conm (7’: —Q)
+ Z E2u Fey2- (fl: _Q) Clom (7’: "9) .. . .. (314)
m=0

Multiplying both the sides by ces, (7, —¢) and integrating with respect to
n from 0 to 27 and using the orthogonality relations and normalization (McLachlan,
1947, pp. 23 and 24) we have

c. :
- —ﬁ' L2n = D2- Ce2m (517 —Q)+E2- Fey2u (519 —'Q) .. (315)

where
Lyw=2(—=1)"42" .. .. .. ..(3.16)

Also, when ¢ = &, w =0
from (3.13)

C @
- _n- Z 2m Ce?m (f": _Q) Cloy ( 7, —'q)+

e./2n| 62) ~Q) Ceap (111 —Q) . . (3.]7)

Ms

Multiplying both the sides by cep, (9, —g) and integrating with respect to 5
from O to 27 and using the orthogonality relations and normalization we have

C, .
— " Lon = Dy, Ceg, (€2, —q)+EBon Feyzy (€3, —9) .. (3.18)
from (3.15) and (3.18) we have
Do — Oulism {Fey,, (&1 —q)—Fey, (£, —q)} (3.19)
7w Cey (b1, —9)Fey, (&, —9)—062,_(52, —q)Fey, (1, —q)
and
E — C,,Lzm . {C@ 52) 06 (fla —Q)} ) (320)

T n Ce, (&1, —q)Fey, (&, — ) Cez,,,(fz, —q)Fey, (£, —q)

Hence the solution is

_ cay [cos 2n {sinh 2(¢—¢;)+sinh 2(¢,—£)}
T 8y sinh 2(¢,—£,)

~—(eosh 2§+cos 29)+€- cosh 2£1] + Z Ca et
fl n=1 "

14+ S L2Q{Fey2m(§1! —9)""Fe!/2-(fz, —9)} Ce2u(£: —Q)Cezn(’?: _q)
me0 062-(51, _Q)Fey2-(521 "'Q)-Ceﬂl(fm _q)Fey2-(£ly —9)

Z LZ-{Ce%u 52’ "Q)—Ce&- §11 —'9 }Fey2- f _q)w2-(7” "-9) (3.21)
Cegn(1, ~q)Feysa(fs, —q)—Cesn(ée, —9)Feysy(€1, —9)

m=0
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When ¢ is small we have (McLachlan, 1947, pp. 15 and 382) as ¢ > 0
ceqln, —g) == (1+1}q cos 2n) 4

ceq(n, —g) = cos 2n+q(gy cos dn—1)
Ceg(¢, —q) = (14 4g cosh 2§)Ag
Cey(€, —q) == cosh 2£+4¢(;%; cosh 4¢—1)
ot
Feyo(§, —q) == pu (3mi+€+3 log, q)
and
16e~2%
Fey2(§5 “‘Q) — qu

Also (McLachlan, 1947, pp. 46 and 25)

1 2m
A3=_\7§: 45 = g+olg®), A" =olg™)

and Ly=1/2 and L= —

[NIEN]

Substituting in (3.21) we have

c%aq [cos 2n {sinh 2(6—¢;) +sinh 2(§,—6)} . . cosh 2¢
w = e [ wnh 2(§12_§1) 2 —(cosh 2é4-cos 29)+£- r 1}

< 0, [eos 29 {sinh 2(6—£,)+sinh 26—8)} _ .
+”Z R t [ RS b 2(£2_§1) L —(cosh 2¢+4cos 27)

=1

+§-°—%] P : :2)

&

" - gy [cos 2n {sinh;éi;(fgzt;l;h 2(¢—9)} — (cosh 26-4cos 29)+-£ coslf).l:?fl]
2]

or - -23, [cos 20 {sinhsi(i-z(ggz-—p;ix;h 25—} _ (couh 26 +cos 20)+ f‘°°82,2§‘]

1 dp
x(—; a—z) .. (3.23)

Thus we find that when the frequency of the pressure gradient is very small,
the motion in the channel at each instant is the same as the laminar motion in the
channel under a constant pressure gradient, which is varying slowly with time.
When gq is large. :

For ¢ large, we have the asymptotic formula (McLachlan, 1947, pp. 230 and 385)

ez}z cosh ¢ ie'”c"s“‘f
Ceo(€, —q) =3 Co [cosh 1£ “sinh}é ]

(3.24)
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ieZk cosh ¢ e—2k cosh ¢
Feyo(f, _q) = %00 [COSh %g - sinh %g ] (325)
and
NA_QL 2k cos 7 _+ -2k cos 7 ] 92
ceg(n, —g) == sin 7 [e sinn+-e cos 7 .. .. (3.26)
where 2k =¢ J%
and
ce(0) (-)
Cp = ———— 1% McLachlan, 1947, p. 210)
0 A0(2wk)i ( P
\/ 7k
Substituting in (3.21) we have
__ c%ag | cos 2n { sinh 2(£ ~¢;)+sinh 2(¢,— &)} _ 2 2 _cosh 261]
-5 sinh 2(y— ) (cosh 2 eos a4,
n gt cosh 3€5 - 2k(cosh £5—cosh §)
+”Zl [ { cosh ¢ e
sinh }€;  —2k(cosh §~cosh f,)} _ ] 3.97
+smh1§ e cegln, —q)| - .. .. (3.27)

It will be found that maximums of velocity distribution exist in the neighbour-
hood of wall when ¢ is large.
Case (b). Flow under exponentially decreasing pressure gradient. Let us assume

1..8_?. o —nt . 328
- az._a0+”210,,e oL (828
w = wy+ Z w,e " . .. .. (3.29)

where ay, C,, wo and w, are real, and w, and w, are functions of x and y.
Substituting (3.28) and (3.29) in

ow_ 1.9, (2 aiv)
N Y\92E T oy2

and comparing the terms of the same family, differential equations for the coeffi-
cients are

asz 3 wo ao . 3’30
ey ay2 =0 .. - o )

and ‘
BV BV "y _o . .. .. .. (331

ataEt,
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where

nWn +%
1 4 1 4

V=

If the boundary of the tube be given by

we introduce elliptic co-ordinates £, 5 defined by
z+4iy = ¢ cosh (£41iy), ¢= \/az—b2
In these co-ordinates (3.30) and (3.31) transform to

alw° 02 Wo 02a0

_8??4-—5‘—,]—2-4-?; (cosh 26 —cos29) =0 ., .. (3.32)
and
02V oV
~a—§-§+a—qz+2k2(cosh 26—cos 2n)V =0 .. .. (3.33)
where

2lc—-—-c~/2
v

Integrating (3.32) and applying the boundary condition in a similar way as in
the previous section we have

wy = 0 [cos 2n {sinh 2(6—£,)+sinh 2(¢,—£)}

8v sinh 2(£,—~¢,)
—(cosh 2£4-cos 29)4-¢ - @—%Eé] (3.34)
1
and
cosh 2§, _ cosh 2¢, (3.35)
&1 €2
For the integration of (3.33), let
V = $(E)(n)
as a solution of (3.33), we see that ¢ and ¢ will satisfy the differential equation
¢ _a—2qcosh 26 =0 .. (3.36)
az2 —2¢ cos = .. .. .. .
and
4 29 =0 3.3
E?+(a-2q cos 2} = .. .. .. (3.37)

where a is a constant and ¢ = k2.

These are the Mathieu equations. Hence i is a periodic Mathieu function and
¢ is the modified Mathieu function. The complete solution of (3.33) is (McLachlan,
1947, page 160)

V= "Zo Dy Cesulé, g)cesn(n, sz)+"z0 By Feyo (€, q)c72a(n, ) (3.38)
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where (McLachlan, 1947, pp. 21, 26 and 159)

, A%" cos 2ry

2m
2r

[\/8

Ce’2m(1]a ‘1) =

(==

r

Cegp (€, 9) = Z Az" cosh 2r¢

r=0

8 il

and

Feysa(t, g) = <225 Q)EA Yy, 2k sinh ), (|sinh ¢ > )

where Y, is a Bessel function and the coefficients Az:" are functions of ¢ and real.
From (3.29), (3.34) and (3.38) we have

_ ¢2ag [cos 29 {sinh 2(¢—¢£,)4-sinh 2(£&,— &) } cosh 2¢ ]
8v0 [ <nh 2(512 —&) —(cosh 2£+cos 2q)+£ - —EI—I
+ Z . l:-— “—‘+ Z D2mOe2m(£ Q)Cezm(’] q)
n=1
+ Z Engeyzn(f,q)cezm(n,q)} (339
m=0

We have the boundary condition
f = fl: w=0
ie,
C ®© e o]
7&- Z CGZm(fl, 9)6621»(771 q)+ Z E2mFey2m(£1! q)ce2m(1]r q) .- (340)

m=0

Multiplying both the sides by ces, (7, ¢) and integrating with respect to n from
0 to 27 and using the orthogonality relations and normalization (McLachlan, 1947,
PP- 23 and 24) we have

C

‘,,f Lo = Dy,Ceonllr, )+ EonFeyanlés, ) o .. (341)
where
Loy =242" .. .. .. .. .. .. (342
Also, when § =&, w =0
from (3.39)

% Z 062"'(52’ 662,,‘(7], q) + 2_.0 EEMFeyZI(E% q)“Zl("]r q) .. (343)

Multlplymg both the sides by ceg, (7, ¢) and integrating with respect to 5 from
0 to 27 and using the orthogonality relations and normalization we have

-n“'L-z-u = Dy ,Cesn(£2, )+ EsaFey,, (s, ) .. .. (3.44)
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From (3.41) and (3.44) we have
O,Lz,' . {Feygm(§1’ 9)—F€y2m(fz, q)}
n Ce2n|(£1; )Feyzm(§2a Q) Ce2m(§2: Feyzm(fla )

Doy = — . (3.45)

and

CnLZu . {CeEm (§2: Q) —062,'(51 ’ 9) }

. (3.46
n CeZm(fl: Q)Feygm(£2y 9)'—062:.(52, Q)Feyg,,,(fl, q) (3 )

E2m='—

Hence the solution is

_ cuy [cos 2n{sinh 2(f— &)+ sinh 2(p—£)}
T 8 sinh 2(£5—£;)

—(cosh 264-cos 29) ¢ - cosh 261] + Z (— % e"")

& =,

{1 & LZm{ Feyzm(fl’ q)—Feyzm(fm ‘I) ;CeZvn(fy q)ce2m(7l: 9)

CeZu(f]: Q)Feyzm(fz, 9)_Ce2u(§2y q)Feygm(fl’ 9)

. (347)

LZm{ Ce2m(§2) 9)—C€2u(§1» ‘I) }Feygm(fx q)chm("h q)
—, Ceenlér, Q) Fey,, (€2, Q) —Ceau(fe, Q)Fey,, (61, )

When g is small,
we have (McLachlan, 1947, pp. 15 and 382)

ceq(n, @) = AY(1—14gq cos 2y)

cea(n, @) =2 cos 2n—q('y cos in—1})
Ceo(£, g) == AY(1—1q cosh 2¢)

Cey(€, q) = cosh 26 —q({15 cosh 46 —1})

Feyy (¢, @ ‘/ § log.g)
and
Feyfe, )~ ~ o
Also (McLachlan, 1947, pp. 46 and 25)
Ag=—7=, 45 =1g+0(¢®), 4" = o(g")

\/z

=14/2 and Lg=}q
Substituting in (3.47) and following the same procedure as that of the last
section we have

and

et [cos 27 {sinh 2(6 —£,)+ sinh 2(§;—£) }
=& sinh 2(£3—¢§1)

~— (cosh 2 +4-cos 2n)+£_cosl§12§1] (—% %g) . .. (3.48)
1
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Thus we find that when the frequency of the pressure gradient is very small,
the motion in the channel at each instant is the same as the laminar motion in the
channel under a constant pressure gradient, which is varying slowly with time.
When ¢ is large:

For large ¢ we have the asymptotic formula (McLachlan, 1947, pp. 229 and
385)

1
Ceplé, q) == (E(-)—:—H—E)Z C, cos [2k sinh £ — tan™1 (tanh }£)] .. (3.49)
Feyol€, q) = (E:h?)ﬁ C, sin [2k sinh §— tan~1 (tanh 4€)] .. (3.50)
and ‘
ceg(n, ) 22 cfso-r; [(1,2‘7a 87 cos ( N+~ )-}- “H s Gin (%n+g)] .. (3.51)
where

ce(0)Ce (g)

AY(2mk)t
or, we can rewrite them

2

1
Ceglé, q) = (-;k) E 6&31—11—2 [cos (2k sinh &) cosh g+sin (Zk sinh £) sinh %J

%
Feyolé, q) = (:]()" cosh E [sm (2k sinh £) cosh § —c0s (2k sinh €) . sinh -ﬁ-]
and

1 2k sin 7 1 La
ceg(n, q) = ———5—— "¢ .cos {4~
ol ¢ (mk)} cos (-’ 7 4)

Substituting in (3.47) we have

__ C%ag | cos 2y {sinh 2(£ ~£;)+sinh 2(§,—£) } N N cosh 2¢

B { sinh 2(£,—&;) —(cosh 2 +cos 2n) 4§ - TJ}
- cosh £
+,,Z] [ { cosh ¢

sin 2k (sinh § —sinh £;) cosh 4 (£+£;) —cos 2k (sinh § —sinh £&;) sinh § (§~§,)
sin 2k (sinh £;—sinh &) cosh & (£;4£5)—cos 2k (sinh £3—sinh &) sinh § (§,—£,)

cosh £  sin 2k (sinh €, —sinh §£) cosh §(£4£&5)—
cosh £ “sin 2k (sinh &;—sinh £;) cosh }(¢;4&;)—

+

cos 2k (sinh £, —sinh £) sinh §(£,—¢)
505 2% (sinh £y —sinth £,) stk b(Ea—Ey) foeotn, q’] e 859

This result does not give the boundary layer character of the motion.
5B
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