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ABSTRACT

In this paper the general pulsating viscous flow superposed on steady Poiseuille flow
through e tube of elliptic section, which causes transmission of fluid mass in one direction, is
solved in an exact form.

The solutions are obtained in terms of Mathieu functions and from it the results in the two
extreme cases of very small and very large frequencies are deduced. The sectional mean
velocity, surface friction and balance of force, total work and dissipation of energy are fully
discussed.

The exact analytical solutions for the case of the flow of a viscous liquid
through a tube of circular section and that of elliptic section under the influence of a
simple periodic pressure gradient have been obtained by Sexl (1930) and Khamrui
(1957) respectively. Uchida (1956) investigated the case of the flow of a viscous
liguid through a tube of circular section under the influence of a general periodic
pressure gradient and discussed sectional mean velocity, surface friction and
balance of force, total work and dissipation of energy, etc. In this paper the general
pulsating viscous flow superposed on steady Poiseuille low through a tube of
elliptic section, which causes transmission of fluid mass in one direction, is solved
in an exact form. In this case the sectional mean velocity, surface friction and
balance of force, total work and dissipation of energy are fully discussed. The
solutions are obtained in terms of Mathieu functions and from it the resuits in the
two extreme cases of very small and very large frequencies are deduced.

1. Equations or MoOTION

Navier-Stoke’s equations of motion of viscous incompressible fluids neglecting
the external forces are

Du_ 1 ap
E = _‘; ‘8‘5+VV2?‘,
Dv 1
Ei"“;'ﬁ"'”w”’ e B )
Dw__ 1 9p
 Anim maad A
where 3 3 3
D d
= at mt "yt
and
0t 9% o2
Vi=sataataa
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The equation of continuity is

ou ov ow

st =0 .. . (1)

If the flow direction is assumed to be parallel to the z-axis, velocity has
z-direction only and u, v are vanished. The equation of continuity (1.2) gives

dw
Pl =1
or
w=1w(z, y, 1)

which indicates the velocity to be constant in the direction parallel to the centre
line. This property may be acceptable for the fully developed laminar flow of
liquids. Substituting # = 0, v = 0 in the first two equations of (1.1) we have

and

It shows that the pressure is constant across the section of the pipe and
becomes only function of z and ¢, With these relations (1.1) is converted into
ow_ L, (P L) (1.3)

A p 0z ox2 * Oy?

. . ow .
In the uniform pulsating flow, where =— = 0, pressure gradient becomes only

0z
function of t, hence using Fourier series we can express
o e o]
—1 —af = a3+ z a, cos nt+ z b, sin nt - ..o (1.4)
P a~ n =1 n=1

or for the sake of simplieity in calculation, complex form
o€
7’2: Z c et ¢, = a,—1b, .. .. (1.5)

is introduced, where a, and b, are constants, representing the amplitudes of ele-

mental vibrations. ] ) )
As the corresponding solution following expression of Fourier series will be

assumed

a0 [
= o+ z o, cos ni+4 z B sin nt .. .. (1.6)
n=1 n=1
or in the complex form
L
w = W+ Z W, aw, = o, —if, .. . .. (1.7)
n=1

is assumed, where coefficients «, and B, are functions of x and y only.
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Substituting (1.5) and (1.7) into (1.3) and comparing the terms of same family,
differential equations for the coefficients are

39400 39100 22 -
= —a?ﬁ-+—;—-0 .. .. . .. (1.8
02w, 0%w, in Ca
o +ay2 -——~—w,+—v-=0. .. o (1.9)
If the boundary of the tube be given by
) z2 g2
atp=!

we introduce elliptic co-ordinates £, 5 defined by
z414y = ¢ cosh (é+i7), ¢ = \/az—-b2
In these co-ordinates (1.8) transforms to
a Wo az’ll/'o
5 o
Integrating (1.10) we have

+< °* % (cosh 2f—cos 29) =0. .. .. (L10)

= A cos 29 cosh 26—

9 (cosh 2£+cos 29)+B.

For the fully developed laminar flow we have the boundary condition

f = fo: w= O:
which gives
Czao . 1
4= 8v cosh 2,
and
2
B= % - cosh 2&)
14
i.e.
c2a, cos 2q cosh 2¢
Wy == T [eosh 2£p—-cosh 26 —cos 217+W] (1.11)
In (1.9) put
V= T FWy— & )
we have
oy, otV Vin _
Ox2 + ay2 v
in elliptic co-ordinates, it transforms to
| 2V, 2V _in o
3_£5+_372— - — (cosh 2{-‘-—008 2V =0. .. .o (1.12)
Let

V =¢(EWxn)
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as a solution of (1.12); we see that ¢ and ¢ will satisfy the differential equations

%4 in(C'2
and
g'ﬁ-'—( +—— cos 2q)¢ 0 . . .. (L.14)
17
where a is a constant.
Hence, ¢ is a periodic Mathieu function ceq,(n, —i8) of order 2m and ¢ is then the
modified Mathieu function Cey, (¢, —is), where s = %?
We have
Ceonln, —18) = (—1)"'2 (—1)’A§:" cos 2ry .. .. (L15)
r=0
and
Cegp(, —is) = (-1)’»2(—1)242;" cosh 2r¢, .. .. (1.16)
r=10
where coefficients Ag:” are functions of (is).
The appropriate general expression for w, is
1Cy . .
Wy == == — [1_ Z 02n0e2m(§ 78)“2'.(77.- -—’L-S)] . . (117)
=0

Hence, the solution is given by the real part of the following expression —

2
W o= 68;"0 [cosh 2€o—cosh 26—cos2n+4
14

C elnt 2 . i
1—- 02m0e2m(§’ _13)062111(779 —'1'5‘):‘ . . (118)
Z [ mzz()

If ¢ = £y, w = 0 on the boundary of the ellipse, then

cosh 2¢ cos 27
cosh 2£,

h=1- Z C2mce2u(f, —7-s)ce2m(77.~ ’_78)
m=0
Multiplying both the sides of this equation by ceg,(n, —is) and integrating with
respect to 5 from 0 to 2o and using the orthogonality relations (McLachlan, 1947,
page 321), we get

w A2m
2r(— 1) A3

(,2”’ = Ce2m(fov _"'8)12:» ’

. (1.19)

where

12,,,=-.f ces, (n, —is)dn. ee e (L20)
0
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To separate the real and imaginary parts of (1.18) we have (McLachlan, 1947,

page 55)
Ce’Zm(n’ —l8) = Cer2m(7’)+icei2m(n)
and

0627»(&3 —7’8) = 0672m(f)+i06{’2m(f)

also, writing the complex coefficients in polar form

Azm e”*"zr
we have
ceran(n) = (—-1)"‘2 ‘ Ag:" ] COS ¢y, COS 277
r=20
and
ceigy(n) = (—1)® Z IAZ"' sin ¢,, cos 2ry
r=0
also,
Cerg,(§) = Z ’Ag:” l c0s ¢g, cosh 2rf
and

Ceiga(£) = (=) > | 42" |sin g, cosh 2r¢
r=0

from (1.20) (McLachlan, 1947, page 23) we have

= 21r[A0m] +7 Z [Azm

r=1

= n[ 4-"”2 27’¢0+ Z ]A2m12 e2%g,
r=1

-

hence, from (1.19) we have

2_1,"A2m
0, (=) A4,

|

r=1
_ 2(=1)n| 47"| (cos $o-+i sin ¢o) (Paa—i Qo)
(P2, +Q5,) (Cergutoti Ceigyto)

where

P2m=2|A§m120052¢0+ Z ]Ag:".zcosztﬁg,
r=1

and

Q2n = 2"43’"

sin 249+ Z ’AZ"' % gin 24,

r=1

(Cery, o1 Ceiy) [2|Agm|2e2i¢o+ mz jA§?}2e2i¢2r

|

. (1.21)

. (1.22)

. (1.23)

. (1.24)

. (1.25)

. (1.26)

. (1.27)
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using these relations, from (1.18) we have

w = E%? [cosh 2¢y—cosh 2¢—cos 21)+C—O—Sh—2—£M]

cosh 2¢,

S 10, e 2, 2(—1)m | A2™ | (cos ¢o+1i sin dp)
3 SR
n=1 m=0 2m 2m

x (PZ-—i‘Qim){C€r2m(£)+i Ceizu(f)} {09"2,"(7))+i 03772-("7)}]

{ Cery,(£0) 47 Ceigg(£o)}

where R denotes the real part
or

2
w = —68;‘0 [cosh 2€p—cosh 2¢ —cos 2y +Mc_os_22]
1 4

cosh 2¢,

+Z [ {Sgp cos nt4(1—R,,) sin nt}

+;"{Sz,, sin nt—(1—R,,) cos m}J .. . .. (1.28)
where
2(=1)" | AT" [ (P cos do+Q sin go)[Cersa(és)
Sy (Po+Q3,) (Ceran £0)2+(Ceizy £0)2}
{ Cergp(£)cerga(n)—Ceigp(£)ceign(n) } + Ceign(£o)
{Ceigy(€)ceran(n)+Cergy(€)ceisa(n)} ]+

(@ cos do— P sin ¢g)[Cery,(£o){ Ceigy(£)cersa(n)+
Cerg,(£)ceiog(n) } — Ceign(Eo){ Corg,(€)ceran(n)—
Ceign(E)ceisn(n)}]) R 1)

RZm =

and

5. i 2(—1)"'21A§'" l ((Q cos go—P sin @[Oerzm(fo) o
o (Pot@y,) {(Ceranfo)2+(Ceigao)?)
{Ceron(£)ceran(n) — Otigy(€)ceisn(n) } + Ceizn(éy)
{ Ceiza(£)cerga(n)+Cerga(€)ceisn(n)} 1=
(P cos $y+Q sin o) Cerg,(£o){ Ceiy, ( f)cerzm(ﬂ)
+ Cerg,(€)ceign(n) } — Ceign(€o){ Ceran(é)ceran(n)
—Celg,(€)ceiog(n }]) .. . .. . .. (1.30)

Total mean discharge K, which is transmitted in the Z direction over eross-
section of the pipe, is given by
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1 2m 27 afy
K= P J. dt j j we2 (cosh® £—costy) df dy
0 0

0
_ g et coshd £, sinh3 £,

4y cosh 2¢,
_ met coshd €y sinh3 £, [ ?2) (1.31)
- 4p cosh 2¢, 0z ” N N T

op .
where | — 5, = Pdo represents mean pressure gradient. .

It is found that the total mean discharge in pulsating motion is similar to that
Poiseuille flow subjecting the same amount of pressure gradient as the mean pres-
sure gradient in the pulsating flow. Hence the mean velocity across the section is

W= K
" (#C? cosh ¢, sinh &)

__ag c2 cosh? £, sinh2 £,

&’ cosh 2£,
__c® cosh? £ sinh? &, ( gg) 1.32
o 4p cosh 2¢, T 9z) " -+ (132)

Taking W as the standard of velocity, non-dimensional expression of velocity is

obtained from (1.28)

W Y W
F=wtw
wy cosh? £ cos®y  sinhZ£sin®y

where = 2 (1-— coshEE, sinh? ¢, .. .. (1.33)
we _ cosh 2¢, < LA Ve

and W ~ cosh? £ sinh? &, [n21 say {(1=Rga) sin nt+

Sy, cos nt} 4 z ;baLo {(Rgy—1) cos nt+8,, sin nt}]
n=1
.. {1.34)

Corresponding pressure gradients can be obtained from (1.4) and (1.32)

2¢ cosh2{ysinh2f,  dp 64 1 m LI
T p(W2[g) cosh 2¢, cosh2} &, 0z Re +”Z1 a ' +

Zﬁsinm] R § B ;)
@o

where Re is the mean Reynold’s number of elliptic pipe defined by
_ 2a(14e)W

1 4

Re
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where a and e are semi-major axis and eccentricity of the section
4¢ cosh2 } [y W

v

or Re = (1.36)

Z" and b are ratios of amplitude of periodic variation of pressure gradients to that
0

of constant pressure gradient.
If any variation of pressure gradient is given by the form dissolved into Fourier
series, the corresponding velocities can be calculated by (1.33) and (1.34).

2. For SmarL FREQUENCIES

When » is small, we have

667’0(1]) =1
ceto(n) = 48 cos 2n
Cerg(§) =1

Cety(€) = 48 cosh 2¢
cerg(n) = cos 2y
ceig(n) = s(y cos 4n—13)
Cer,(£) = cosh 2¢

and Ceig(€) = 8 (11 cosh 4£—1)

Also, |4g| =1, ¢=0, Po=2 and Q=0
and | 42| = 1o, ¢§=12’-, Py=1 and Q,=0.

Substituting in (1.29) and (1.30) we have
By=1 and 8= ~}s(cosh 2£+cos 2n—-cosh 2¢;)

cosh 2¢ cos 27
cosh 2¢,

Substituting in (1.33) and (1.34) we have

o cosh2¢ costp  sinh2¢ sinZy
T cosh2§, sinh2¢,

and By =0 and Sy;= +1is

__cosh 2§, o . >
+ Z 3 coshiZ, sinheg, (oosh 2¢4—cosh 2¢—cos 2y

cosh 2¢ cos 217) (

Oy
cosh 22, o CcOs nt+— sin nt)

0 Qo

o f; cosh®€ cos®n  sinh2€ siny i a, < be .
=2 (] — co-heZ, - “inhg, } 14 Z “_o cos nt4- zla:; sin nt

2 ) inh2¢ sin%n®
=2(]_cosh§cos1l smhfsmq)al_[ lap]” N e
)

corh2¢, - sinh2¢, —; 9z

The velocity distribution is as that of steady Poiseuille low, while the magni-
tude of velocity varies periodically in the same phase with that of pressure gradient.
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3. Fom LARGE FREQUENCIES

When 7 is very large, we have the asymptotic formula (McLachlan, 1947, page 385)

Ceg(t, —is) = Co [é {2(i8)} cosh £ —} tan ™! (sech §) }
(2 sinh &)}
—i.e—] 2(is)? cosh £~ § tan™! (sech &) }]
or '
. ~_ Co ef{+/2(1+9)s cosh £~ tan~ (sech §)} @3
(2 sinh &)}
and
C 2(1+13)s ¢ .
ceg(n, —i8) = uinov; [e‘/ (Itascosn in (1;/2)] .. .o (3.2
where
e—l‘ﬂ/R
Cy = 3.3
0 (4'1728)i (3:3)
Thus we have
eyimsh ¢ . -
Ce =-—————, CO 2scoshé— =) .. .. (34
o) = (amts)t o g2 (‘/ scosh§ x) (34)
e1/2_5 cosh £ /\/_ a
Cei =———————-——.sin( 28 cosh ———) . .. (35
“iolé) (64725)* cosh £/2 y ¢ 8 )
V25 cos 1)
e = 7
cer, = — (08 25 cos p— -) .. .. (3.6)
ol (64m28)* cos /2 (\/ T8
and
V25 cos g 3
e — n
cei = ’in 28 cos 7 — —) .. .. (370
o) (64n2s)t cos 7/2 (\/ T8

Alsoas s » o0
Ay - (—1)".2 (McLachlan, 1947, page 47)

hence
¢0 = O, ¢2r =0
Py=6,Q;=0.
Substituting in (1.29) and (1.30) we have
B V% (cosh € — cosh §o + cos 7) cosh (£6/2)
°- 6(4m2s)t "cosh (£/2) cos (y/2)
cos [\/2_8 (cosh ¢ —cosh £y 4-cos n)— g]
and .
< e~/ 28 (cosh £ — cosh £y+ cos ) cosh (£o/2)
D = —

6(472s)! " cosh (£/2) cos (9/2)

X sin [\/5& (cosh § —cosh £g4-cos ) — %]
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hence for large frequencies from (1.33) and (1.34) we have

w9 ( __cosh®£cos?y  sinh? £sin? ,,)
W cosh? &, sinh® £,
+—"’*®Sh—250_' i L sin. 7f — eJE}(ccth-COSh fotoosm
cosh? £ sinh? £ iz 5% i 6(4n2s)t
cosh (3 &) . { 5 - ' - }
X Co (3€)cos(yn)’ sin /28 (cosh £ —cosh £+ cos y)— g+7d
+ i 2e ~—-CO0s nt+eJ28 foosh e oo een ) cosh (4 &)
=50 6(4n2%)* " cosh (3 €) cos (39)
X cos%\/%(coshf-—cosh §o+cosn)-—g+nt}” .. .. (3.8)

It will be found that maximums of velocity distribution exist in the neighbour-
hood of wall in the rapid vibration.

Motion near the foci of the elliptic section of the pipe will be given by putting
€o—> 0, €0, we have, Ry — 0 and Sy — 0, hence from (1.28) we have

2
w = %@_ [oosh 2€o— cosh 2€ —cos 29+

1 4

cosh 2¢ cos 21;]
cosh 2¢,

0

®
+Z%sinm- Z l—;!cosnt

n=1 n=1

—_ cz‘J [Qosh 2&, —cosh 2§ —cos 20+

8v
E a. » = b- .
+Zl;t—cos(nt—7—27)+z ;sm(nt—g) .. .. .. (3.9

=1

cosh 2¢ cos 27,]
vosh 2€g

It will be found that the fluid flows at the line joining the foci of the elliptic
section of the pipe with the phase lag of 90° from the wave of pressure gradient and
its amplitude diminishes with increasing frequency.

4. SEcTiONAL MEAN VELOCITY

The flow is under the periodic pressure gradient, hence the sectional mean
velocity will also change periodically and its relation with pressure gradient will be
of practical importance.

Sectional mean velocity w, is given by

) 2m oo
w, = J. j w (cosh 2¢—cos 2q) d¢ dy
o Jo

27 cosh &g sinh &,
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We
W = 2= cosh &, sinh &
. 0

X (cosh 2¢—cos 2q)dé dy

8¢

. 27 50 ©
cosh 2§, J J ‘ Z g’i(Szm cos nf 41— Ry, sin nt)

cosh? £, sinh? §&,
0

n=1

cosh® ¢, «inh?® &,

: 27 £y . .
1 j J g (1 cosh? & cos? n  sinh? £ sin2 4

+ Z b (82, sin nt—1— Ry, cos nt)[ (cosh 2€—cos 2n)dé dq} (+.1)
ol S

we have (McLachlan, 1947, page 259)

¢o
j Ceraq(£) cosh 2¢ df = | AL | £ cos ¢o

0

1] 42| cos g sinh 2o+t D (=175 { |42, ] os daris

r=1

r

+; Az": . ( cO8 g2 } sinh 2r§,

fo
j Ceign(€) cosh 2£df =} | 47" | &y sin ¢,

0

+i]A§"'\sin o sinh 2£,+1 Z (—1). i { |A§f‘+2js'm Porie

r=1

+ A7, |sin dg, s } sinh 2ré,

2
f cerga(n) cos 20 dny = 'rrl A3 | cos ¢y
0
2n
f ceiza(n) cO8 2ndy = | 47" |sin ¢,
0

£o
J Cersa(€) df = | AZ™| £ cos o
()]

+ (=17 5| 43| cos by sink 2ty

rm]

(4.2)

(4.3)

(4.4)

(4.8)
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£o ®
J Cetgn(€) dE = IAﬁ"' l &g sin o+ Z (-1 %‘i A::"i sin ¢q, sinh 2r€, (4.7)
’ 27 =
f cerga(n) dn = 2m | A" |cosdy .. .. .. (48)
0
and
2
f ceiga(n) dy = 2m | A" | sindy .. ce .. (49)
0

Using {4.2) to (4.9) we can determine G and H, where

2T g
G= J j Ry, (cosh 2£—cos 2v) dé dn
oY o
and
2m oy
H= J. J. Sgn (cosh 26 —cos 2n) df dy
0 Yo
and Ry, S;, are given by (1.29) and (1.30).
Hence from (4.1) we have
Wa cosh 2¢, X N .
W 1+2 cosh3 &, sinh3 &, [ Z 8ag {(sinh 2£o—G) sin nt

n=1

+H cos nt} + Z 8%—"0 { H sin nt— (sinh 2¢,—@Q) cos m}] (4.10)

n=1

No numerical discussions can be given at this stage as the values of the
coefficients A::" involved are not available. For the simple periodic pulsation given

by
1 9p _ cmt L 55) 1(_91_’)'
_;,-a-;:—ao+a,(:0am—P(—a—x +P oz,
where
1 5}3)_
2= 32) =
and
1(_?2) =a,cosnl .. . - .. (4.11)
p\ Ox

In the case of simple periodic pulsation (4.10) is reduced to

e, coh2%  a
W = " T2 cosh8 & sinh® &, " say

[(sinh 2£,—G) sin nt+ H cos nt] .. (4.12)

=l+g—;x.cos(nt——8,) . R TR )

where

cosh 2§,

= inh 28— +H? .. .. (414
Xo = 35 cosh® £, sinh3 ¢, V/ (sinh 2£o—G)+ (4.14)
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is the coefficient of amplitude and’

Sw=tan‘l(rsgl—h—-§§°—__q) .. .. .. .. (4.15)

is the phase lag to the wave of pressure gradient.

5. SURFACE FRICTION AND BaALANCE oF FoRCE

- The force of friction acting on the wall is given by

)
T=_#(i;"_§)£=£o .. e .. .. (8.1)

where
h = ¢ (cosh? §—cos2 )t

or

_ m [%02 . sinh 2£; (cosh 2¢,—~ cos 27)

" ¢ (cosh? §g—cos® )t | 4w cosh 2¢,

2 w
+ zl%"- (M cos nt++L sin nt)+ z %"(M sin nt—L cos nt)] {8.2)
n = na=1

where

=3 A=A [(Pen cos d+@un sin g)
= . - - . 2m COS 2, SIN
" (P, 445, { (C(rszv)z"' (Ceig,éo)” }

X {0‘-’7’2,,."1 (Cer,, & Cer;mfo-i- Cei,, & C’ei;mfo)

+ceiy,m (Cei2m£0 Cer;mfo- Cei, £o C’eiémfo) } + (@24 cOS dho— Py, sin )

x { ceiy, n(Cer,, £oCery, £otCeiy, EoCely, £o)
—cery,1(Ceig £oCor, fo—=Cein foCein £ ]~ .. .. (53)

and \
< 2(—1)" [ 45" ]

M= S (
=0 (P @) § (Cery o)+ (Ceiy, o) } [

X { ceiy m (Cerz,”foc' 67'2/,,,50 +Cei, & OCEi;mf O)

P2l| UOS¢+Q2. Sin¢)

—cer, 1(Cei, £oCer,, Eo—Ceiy, £Cein, £0) }
— (@2m €Os $o— Py 5in ¢) {087 2] (0972.50097' ;Mfo+Ceiz.§oCEi;mfo)

Foeisny (Cez'z,foCer;mfo—Ceiz.foCei;mfo)}] R - X
Also,
v 32 cosh?}§p(cosh? £y —cost )t 32 cosh? } £, cosh 2§,
p(3 W2) Re . sinh 2, Re (cosh® £y —cos® n)! sinh? 2¢,

X . ; < b, .
x [ Z ;f—l—o (M cos nt4Lsin nt)+"21§a—o (M sin nt~L cos nt)] (5.5)‘

n=1
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In a simple periodic pulsation given by (4.11),

T _ 32 cosh? § £,(cosh? ¢, — cos? ,’7)&
p(3 W2) Re . sinh 2¢,
COSh 2&’0 a, .
X [1 + (Cosh2 £, —cos ) SnhZ I, sa, Y 08 M+ Lsin m)]
- 32 cosh? 1 £, (cosh? £, — cos? "I)i
Re . sinh 2¢,
" cosh 2§, a, _
* [1 + (coshE £;—cost ) sinh? 2Eg sag X~ °°% (M—30) .. (58

where
4 X, = /L34 M2

represents the coefficient of amplitude of shearing stress at the wall and

L
— -1 .
8, = tan (M)

the phase lag from the wave of pressure gradient.
The equation of motion (1.3) in elliptic co-ordinates is

e __1 3,y (Bt 2
h2 \9€2 " on2
Multiplying both the sides by ph?dédn and integrating from £ =0 to { =£,

and % =0 to 5 = 2=, the relation of balance of force and acceleration of mass
enclosed in the elliptical cylinder of unit length is obtained.

(5.7)

2 2 ?
—-w.%—sinh2§0.z—zz)=n.%sinh%o.p.—%'-+lr. .. (b.8)
where 7, is defined the mean force of friction acting on the wall is given by
2m 3
=k ( “’) d (5.9)
Ty = — — ] . . .o .
! jyo a§ £€=1£o
and
2m
l= [ hdn
Jo

6. ToTaL WoRK AND DissipaTioNy OF ENERGY

Energy is dissipated in a viscous liquid in motion owing to internal friction.
Consider the liquid in the volure ¥V within the closed surface S, having the external
forces, the normal pressure on the boundary and the viscous stresses. The rate at
which these do the work be W,, and W, be the rate of dissipation of energy due
to internal friction, then we have the relation (Milne-Thomson, 1955, page 543)

ar
= . . .. . .. (81
W, =+W, . (6.1)

where T is the kinetic energy.
6
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In our case the liquid is enclosed within fixed boundary of the elliptic cylinder
at which the velocity is zero, for there is no slipping of viscous fluid at the fixed
boundary, we have

W.-=‘uf 2dv . . .. .. (6.2)
v
where £ is the vorticity.

In this case elliptic cylinder ¢ = £, with unit length is taken as the volume V,

W, is given by
2 fo
W,-=,‘J J [( g) +(aw)]d§dq ce e .. (83)
0 0

Multiplying equation of motion (5.7) both the sides by ph2wdfdn and integrat-

ing we have
21 50 a , 2w §0 a
J J phtw S dg dn = J J h2w (— 515’) dt dn
0 0 0

0

b 2w 2w

+#J J (agz )dfdn
0 Yo

or

2w £
. 0 e 0
3 mc? sinh 2§, . w, (—- 5{;’) = J J hza (4 pw?) dé dny

ovYo

27 o \ 2
+”J J [(glf) +(aw) ]dgd .. (8.4)
0 0

where the work done by the external forces is

W, = }mc? sinh 2¢,. u'm(-— %Zz—)) .. .. .. (6.5)

the rate of energy of dissipation is

2m 50
W;= #J J [(aaz;)) + (aw) ] d¢ dn (same as 6.3) and the

(L]

rate of increase of kinetic energy is

2m Ly
Wg = J‘ J h2 % ($pw?) d¢ dn .. . .. (6.6)
0

0
hence (6.4) identifies with (6.1).

The total mean work or change of energy concerning (6.5), (6.3) and (6.8) are
defined by

2
1
Wj,,=EJ' Widt (j=e i k). .. .. .. (8.7

0
6B
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Hence, from (6.7) we get the total mean work from the external forces, the total
mean dissipation of energy and the total mean change of kinetic energy as follows

Wam = Wl'm

_ cosh 2¢, 2 cosh 250 <\ H
= 8muW® sinh 2¢, [1 “sinh3 2¢, 2¢, Z l (ao) (ao) f E] (6.8)
and Wgm= 0. .. .. .. .. (6.9)

(6.8) shows that the pressure gradient does work equal to the loss of energy
by dissipation after full cycle of motions and the amount of energy dissipation
is increased by the existence of components of periodic motion. Hence there is
disadvantage to send the mass of fluid by pulsating motion. (6.9) shows that
there is a change in the kinetic energy instantaneously but as a total it causes no loss
of energy.
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