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ABSTRACT

A sixth degree velocity profile has been used to investigate the behaviour of the boundary
layer thickness variation with the corresponding suction velocity distribution by the use of Von
Karman Integral equation. The resulting equation has been integrated for a constant boundary
layer thickness for a flat plate with no pressure gradient. For the sake of comperison, the
corresponding equation obtained by Torda (1952) for a fourth degree velocity profile has also
been integrated. The effect of taking higher degree terms in the velocity profile and the changes
in boundary conditions to evaluate the coefficients has been pointed out by drawing graphs for
the two cases.

INTRODUCTION

The problem of controlling the boundary layer thickness § has been investigated
by using a sixth degree velocity profile. The coefficients have been determined by
applying the following conditions :

(1) At the plate, ie. y =0, u=0, v=1;(x)
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where the last two conditions have been obtained from the equations of momentum
and continuity.

(ii) At the edge of boundary layer, i.e. y = §(x),
u = U(x),
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The resulting velocity profile is substituted in Von Karmén Integral equation
for the incompressible viscous fluid and a first order ordinary differential equation,
governing the behaviour of the boundary layer thickness §(x) with the corresponding
suction velocity vg(z) has been obtained. This differential equation is integrated

for the case of constant boundary layer thickness for a flat plate with no pressure
gradient and the distance z, measured along the length of the plate, has been

{-’—o—(:—)s . For the sake

of comparison the corresponding relation has been calculated for a fourth degree
velocity profile as obtained by Torda (1952).

expressed explicitly in terms of the suction parameter M =
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It may be mentioned here that in the first part of this paper two boundary
conditions besides the no slip condition have been used at the plate while four at the
edge of boundary layer. The difficulty pointed out by Torda (1952) that the co-
efficients in the velocity profile become infinite for a certain suction velocity and
separation becomes independent of suction velocity if one uses Pohlhausen’s
boundary conditions, viz.

(i) At y =0, u =0, v = vy(x),

’ 2.
vo(a) (gg) = U@)U' () +v (%’;) ,
0

0
(i) Aty =3,

2
u = U(z), (E;_u) =0, (%—22) =0, ete.,
Y/s Y75

does not arise in the present case in spite of the fact that four boundary conditions
have been taken at the edge of the boundary layer.

However, it may be remarked that at least two boundary conditions at the
plate should be used in order to avoid the above-mentioned difficulty.

1. First, we investigate the problem by Pohlhausen’s method by using a
fourth degree velocity profile,

u;*;yr)=ax<x)y+a2<x>y2+as<x>y3+a4<r>y‘: SRR LR

where z and y are the distances measured along and perpendicular to the wall of the
body, u(z, y) is the tangential component of the velocity inside the boundary layer
and U(z)is the potential flow.

The coefficients as determined by using the boundary conditions :

(i) At y= O’ U= O’ v = 7"0(2:))

ou , 9%
vo(x) (a—y)o= Ux)U’ (z)+v (@-2)0, , ",
. ou 0%u
(i) Aty = 8(x), u = U(2), (@): 0, (;)-y—z): 0,
are
N2 QM —N)
ajfr) = o5’ = z) = L6
\
_ —8M+3N—12 _3M—XN46 [ (1.3)
W= arres M rEew |
where
M=§£9,N=82U .. (1.4)
4 v

We note that the denominator of the coefficients is of the form (3 4 K) where
K =2 4, 6 for a second, third and fourth degree velocity profile respectively.

Therefore, if vy == :'_gl , the coefficients become infinite for a particular suction
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velocity, This situation does not arise in the absence of suction or in the case of
injection. Secondly, the point of separation is given by

ou
°“\—o
(ay)o

ie. N+12=0

. (1.5)

’

which is independent of suction velocity., These results do not conform to the real
situation. Torda attributed these shortcomings to the use of three or more bound-
ary conditions at the edge of the boundary layer and only one at the wall.

2. In the present paper, we shall assume a sixth degree velocity profile

) = aaly-+ay(@lyt o)y aeyt oD et (21)
and evaluate the coefficients by the use of the following boundary conditions :

(1) Aty=0,u=0,v=uvyx) .. .. .. . .. (2.2q)

ou , 920 .
l'o(x) (53})0 = U(T)U (x)-l—V (—37‘/5)0 N - .. (..)4217)

02u d3u .
1)0(27) (a—y-z)o =y (@5)0 .. .o - . . (2.20)
(i) Aty =38, u= U(x) .. .. .. .. . .. (2.2d)

du) a2u\’ _ (a3u) _ .
(5—3/«)6-—-—0, ('é;é/s—-o, gﬁ 8-—0 . . .. (2.26)

Under these boundary conditions, we can show that the coefficients are given
by

120+ 12N+ MN

a’l(x)=—LD8—+‘—“ .. (2.3a)
30(—N+2M

ay(x) =*(—_p-a_2t““) . (2.3b)
10(—~N+2M)M

as(x).:-—(——,%—)— . (2.30)
5[— 60+ 12N —36 M +4MN —9M2 \

ag(r) =2 T3t ] . (2.3d)
3[120—20N +64 M —5M N +12M2

ag(x) = 2L + i + 1207 . (23¢)
—120+18N —60M +4MN —10M2

a.,(x)=[ 1)86+ : L .. (2.3)

where
D=60+12M+M2 .. .. .. .. (24)

We note here that the denominator of the coefficients has imaginary roots so
that for no real suction velocity, the coefficients become infinite. Also, the point
of separation is determined by
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a,1=0
ie. 120412N+MN =0 .. .. .. (25)

and depends on the potential flow as well as the suction velocity.
3. The equations of continuity and momentum under the usual boundary
layer approximations are :

ou  ov
mtH=% - . @Y

ugz Ua—y=—;ﬁz+v(é-~y2), . . o (3.2)

In the case of suction also we can obtain Von Kérméin Integral equation by
the usual method allowing for the suction veloeity at the surface : '

5() 3(x) .
;ﬂj wrdy—Uz) L wdy = 8(2)U (@)U (@) () U () — (%)O (3.3)

0

Substituting in (3.3) the expression for the velocity from (2.1) with the co-
efficients (2.3) we get on effecting the integrations,

e O LR XY
where
B, = 72000(42N2+ 171N —5910)
+ 720 M (1743 N2— 3280 N —377400)
424 M2(8071N2—92310N —3117600)
+12M3(1183N2—30078N —938280)
+6M47TTN2—~4160N —181020)
—6M5(131N 4-10800)
—~1800M8, .. .. .. .. ... .. (3.0
B, = 1600(756 N + 2565)
+80M(6741N +315)

+32M2(3066 N — 14265)

+12M3(721 N —9166)

+4M4(TTN —2703)

—393M5, .. .. .. .. .. .. (3.b
By = 120(777N2+420310N + 68400

+8M (6447N2+105750N 41800)

+18M2(413N24-1720N —45600)

+4M3(TTN2—1869N —23940)

—3M4(131N +600), .. R . ¥ 1)
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By = 1440(14N24 524N 4 22325)
+12M(413N24 14521 N 4 945840)
+4M2(77N24-3387N 4-482094)

+3M3(167N 4 55800)
+6696M4, .. e . . .. (3.5d)
and
By = MN+12N+4120. .. .. .. .. .. (3.5¢)

The differential equation (3.4) with the coefficients By, By, B;, By, Bs above
yields a relation between the distribution of the suction velocity vy(z) and the
variation of the boundary layer thickness 8(z).

4. Application to flat plate at zero incidence—If on a flat plate, from a certain
point onward, the boundary layer thickness 8 is kept constant, then &(z) =0 and
also, in case of no pressure gradient in the potential flow, i.e. U = constants so
that N = 0, the equation (3.4) reduces to the form

dvy _ 18018D3y2 B,
dz ~  $UB;, [M ﬁ]’ D
or
dp = 20U82 [ 228004400 —2280M2 266 M3 —5M* | . 49
T 1001y | (M2412M 4 60)2(M34-12M24-60M +120) ;o (42)

in view of the relation (1.4) between M and v,.
Splitting R.H.S. into partial fractions and putting — M for M in case of suction,
we get

d

_ Us  [1399M—10100 , 162401 416800
¥ = 15x 1001y | M2~ 12460 ' (M2—12M +60)2

76-14 1322-86.M —3399-09

T 6443T— M ~ ME—7-355630 1258377

]dM, L (43)

which on integration yields

Uz

= 15x 1001y

[699-5 log (M2—12M+60)

—661-43 log (M2—17-35563 M +25-8377)
—76-14 log (4-64437— M)
22400 — 2380
M2—12M +60

—137-5796 tan~1{(6—M)(-204124))

-

+417-852 ta,n‘1{(3-67782-—M)(-285002)}] +C.. 4.4)

With a view to study the effect of taking higher degree terms in the velocity
profile and changing the boundary conditions, we deduce, under Torda’s conditions,

the following equation corresponding to an equation (4.2) with no pressure gradient
for a flat plate :

P gf[ 1324 88 M —132M2—28 M3 — M4
T35 v |(M2+6M418)2{M3+6M2+18M +24)

] aM, .. (4.5)
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Putting — M for M and integrating (4.5), we get

1 Us

—15-0961 log (M2—3-37419.M +$-14002)
—11-0072 log (262581~ M)

_612—-110M
3(ME—6M +18)

20 -1
— _f)"t‘a'n (3~ M)(-333333)

+6-42655 tan"1(1-6871—M)(-438471)}

N P C !

5. Conclusion—The figure represents the relation between x and M as given
by (4.4) (upper curve) and (4.6) (lower curve). The dotted parts of the two curves
represent decreasing magnitude of the suction velocity which become zero and finally
negative. These parts are not relevant to the present problem, The continuous

curves represent the magnitude of the suction velocity multiplied by;§ . In the case
14

of sixth degree profile the variation in M to maintain a certain thickness 8 of the
boundary layer is approximately from 4-30 to 4-64 from a certain value of x toz = co
(semi-infinite plate), while the corresponding variation in M for the Torda’s case is
approximately from 1-0 to 2:62. This suggests an important effect of changing the
boundary conditions and of including higher powers of y in the velocity profile on
the problem. -
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The figure represents the relation between —(7531’ z and M = -—;ﬁ for the sixth degree and

the fourth degree velocity profiles. The constants ¢ and C; in (4.4) and (4.6) are so chosen
that z minimum is equal to zero.
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