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ABSTRACT

A simple discussion of the elastic behaviour of the diamond lattice is given leading to the
expressions for the elastic constants in terms of the interatomic force constants. Interesting
variaiions in the nature and the magnitude of the interlattice displacements are elucidated in
detail. A comparison of the theoretical values of the elastic constants with the experimental
observations lends strong support to the new 45 constant theory of crystal elasticity.

§1. INTRODUCTION

Diamond is a very favourable case for testing the various theories of the solid
state, especially the theories concerning the elastic behaviour of crystalline media.
On the one hand, its simple structure and short ranged covalent interatomic bond-
ings considerably simplify the theoretical calculations, while on the other hand,
the large numerical values of the elastic constants permit a clear distinction to be
made while comparing the experimental results with the theoretical predictions.
In fact, a number of workers (Born, 1914 ; Nath, 1934 ; Dayal, 1944 ; Smith, 1948 ;
Krishnamurti, 1951 ; Viswanathan, 1954 ; Saint-James, 1958) have theoretically
investigated the elastic behaviour of diamond to varying degrees of completion, while
diamond-like structures (e.g. Ge, Si, ZnS, etc.) have also been considered by several
workers (e.g. Rajagopal and Srinivasan, 1960). It is obviously important to consider
what information the study of the diamond lattice can give about the recent
question of a number of independent elastic constants for a crystal like diamond
(Krishnan, Chandrasekharan and Rajagopal, 1958). A very simple discussion of the
problem is developed here. Interesting features of the interlattice displacements,
which have not been considered by the other workers, are also elucidated.

The diamond lattice consists of two interpenetrating face centred cubic lattices,
one of the lattices being displaced to one-fourth the body diagonal of the other lattice.
The two lattices may, for convenience, be denoted as the A and B lattices with the
typical A atom at (0, 0, 0) and the B atom at (a/4, a/4, a/4) (lattice constant a=3-56£).
Taking the A atom at the origin, there are 4 nearest neighbour atoms belonging to
type B, 12 second neighbours of A type atoms, 12 third neighbours belonging to B
type and so on. Because of the very short range character the covalent interactions
among the carbon atoms, it is sufficient to consider the influence of the first three
neighbours, The positions of the 28 conveniently numbered neighbouring atoms
of the (0, 0, 0) atom are represented in Fig. 1 in the cubic projection which is
needed in §2. It is seen that the co-ordinates of any atom can be represented in
units of a/4, as (I, lp, Ig) (|l;| <3; Z|}| < 5) where I, l5,.Ig are all odd (B type

s B

atoms) or all even (A type atoms).
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Fra. 1. Cubic projection of the 28 nearest neighbours of an atom in the diamond lattice. The
two interpensetrating lattices are denoted as A and B lattices.

Let the x component of the force constant on the Oth atom due to the y dis-
placement of the sth atom be denoted by f,, (0, s) or, if the co-ordinates of the sth
atom be needed, by f,, (0, [jlyl;). The symmetry operations of the lattice, the
reciprocity theorem wnd the symmetry of the force constant scheme in zy, yz, ete.
(Laval, 1957) give various relations between the 9 elements of f, (0, s). In fact, it
is easily proved that 2 independent constants @, R are required to describe the first
neighbour interactions, 3 constants U, W, 8 for the second neighbour interactions
and 4 constants «, 8, ¥, 6 for the third neighbour interactions. The typical force
constant schemes will be as shown:

Q R R S 0 ¢ 5 B B
fij(O,l)z[R Q R};fﬁ(0,5)=[o U W];f,-j(o,17)=[p o y]
R R ¢ 0O W U B ¥ «

The schemes for the other atoms can be obtained from these by using the symmetry
operations of the crystal. A handy tabulation of the results has been given by
Ramanathan (1947). It may be pointed out that Ramanathan defines the force
constants to be the negative of the present f;;(0, s) and that he has not noticed that
T=V =0; B=¢e. The force constants scheme up to the second neighbours has
been given subsequently by Smith (1948) in a different notation.

§2. THE EXPRESSIONS FOR THE ELASTIC CONSTANTS

The simplest method of obtaining the theoretical expressions for the elastic
constants is to subject the crystal to a strain u; and to calculate the resulting stress
7B
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T'u across the appropriate surface. From this the value of the elastic constant
dry; is directly obtained.

Consider the effect of a strain u,, = u;. The displacement of the sth atom is
Uy(lylols) = liou, /4. The total force on the Oth atom along F,(0) is

+3
FA0)= D> furl0, Lilgly) hauy/4 =0 N €8
lilgly= -3
Since
3
Boo(0, ) = Boo(0, by) where B0, 1)) = > > fo,(0,Lilsly) . (2)
loly= -3

Similarly F,(0) = F,(0)=0. From the symmetry of the lattice, this can be ex-
tended to prove that Fys)=0 (z=1, 2, 3; s=0,1,...28) and hence the
equilibrium condition of the lattice is satisfied.

To calculate the stresses (Love, 1944), consider an area ¢ normal to [100] and
slightly to the positive side of the Oth atom (Fig. 1). The lines of action of the
forces exerted by all the atoms on the positive side of o ({; =1, 2, 3; [, = —3 to 3)
on all the atoms on the negative side of o ({; =0, —1, —2, —3; l,l; = —3 to 3) can
be grouped as follows:
layers separated by

1xa/d4 0 and 1 <. 1 pair
2 and 2

2 Xalt __(1) ;ﬁg i 1 .. 2 pairs
llxa/4 0 and l1

} l4 pairs
—l;+1and 1

The traction which is the resultant of the forces between all such pairs is
3 3
DD eal0, Lilale) a4
=1y = -3

The summation extends over all the atoms on the positive side of o. The effective
area o of the atom in the (100) projection is a2/2. So the stress is

Tp=1T;=3! z 232 Foal0, Llala)l}

Iy =1lly=—3

It can be checked that no other stress acts over . The elastic constant d,; [the
notation used by the authors in this and other papers (Krishnan, Chandrasekharan
and Rajagopal, 1960) is the same as that of Raman and Viswanathan (1955) except
that 23, 31, 12, 32, 13, 21, are contracted respectively as 4, 5, 6, 7, 8, 9] is thus
given by

dyy = T1/uy = [(2Q+4) . 124-4U . 224-28 . 32]/2a

= (@Q+8U 420+ 98)/a . .. .. R )]

The constant dyq can also be evaluated if o is taken normal to [010] and slightly
to the positive side of the Oth atom (Fig. 1). The classification of the forces exerted
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by the layers on the positive side of o (I = 1, 2, 3; l;lg = —3 to 3) and by the layers
on the negative side of o can be done as above and one gets

3 3
Toy=To=32 3 > f,u(0, bilsdg)lyle

lo=1lhly=-3

dip =dy; =[(2R+27).1.1—28.3.142W.2.2. —28.1.3])/2a

= (R+4W —68+7)/a .. .. .. . N )
The calculation of dgq and dy; (note that our d,; is the same as dg; in Raman
and Viswanathan’s notation) needs the application of the u,, = ug strain. The dis-

placement of the sth atom is wu, (I)ll3) = Laug/4. Con51dering the equilibrium
of the lattice, it is ea,sxly shown that F,(0) = F,(0) = 0, since B,,(0, I;) = B, (0, ;)

and B,,(0, [;) = B,,(0, I;). In contrast B, (0, l;) = —B,,(0, ;). For even I, (i.e.
A-A and B-B 1nteract10ns) both sides are zero and so only A. B interactions contri-
bute to #,(0). One has

3 ,
F0) = > B.,(0, hhaug/t = (R+28—37)aus.
L=1

This unbalanced force on the A atoms due to the B atoms results in an inter-
lattice displacement. Let the relative displacement of the B lattice with respect
to the A lattice be L = {aug/4 in the positive z direction. This displacement pro-
duces a force only along z and hence can balance #,(0). The condition for this is

(Q+2u+0)laug+ (R+428—3Y)auy =0
or
{ = —(R+2B—-37)/(Q+20+3) .. .. .. (®

The displacement is along the negative z direction. Thus, in addition to the dis-
placements due to ug which are common to all the atoms, the B atoms have an extra
displacement in the —z direction.

One can now easily calculate the stresses and the elastic constants Taking
an area o as in the calculation of dy; one gets

d44—d77——{ Z zz F o0, llale) B+ z ?Z Fye0, lills) zlz}
ly=1 lply=~3 3 loly=

= —(; { (204 20+28).124 (28 42U ).224 20.32 4 L[(2R+4B8).1 —27.3] }

= {Q+4U 4485+ 100+ 8~ (R+ 28— 37)2/(Q+ 204 3) } [a .. .. (6)

If one takes the elementary area o as in the case of dy4, one has

3 3

Lo =dss = 5 {Z ZZ Jol0 st S S D ful0, lllzlsﬂzc}
3

lz’lllla_ ll=ﬂ:1,ﬂ:3 l2=1l3=-
1
= 5; {2R+27).1.1-28.3.14 27 2.2—28.1. 34 {(—27.3+ (2R +28).14+28.1)}
={R+4W —68+7—(R+28—37)%/(Q+22+8}a .. .. .. .. (D
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If one takes the elementary area to be normal to [110] as in the classical defi-
nition of a shear stress the elastic constant is easily obtained as

(Aga+d47)/2 ={Q+ B+4U +4W +45+10a+5—68+7
—2(R+28—37)2/(Q+22+8)}/2a ..  (8)
The method of calculating the stresses directly is easily applied to find the
expression for the bulk modulus. Here one must assume a strain u,, =u,, = %,, = u;.
Then the displacement of the sth atom is (1,8, 418, +1383) au, /4.
It is easy to show that there is no interlattice displacement and that 7T,, =
Ty=...=0whileT =T, =T,, = P hydrostatic pressure. Then one finds

E = (Q+8U+8W+2R+20+2Y—1284+98)/3¢ .. .. (8a)

The expression is identical with (d,+2d;,)/3.

§3. INTERLATTICE DISPLACEMENTS

Though the interlattice displacements are well known in the dynamics of crystal
lattices (Born, 1923) they have not been investigated in detail, since these ‘inner
strains’ can be eliminated from the equations describing the elastic behaviour.
Some very interestjng results emerge on calculating the interlattice displacements
along various directions and for different strains. The method of calculation is
already discussed above and the results are collected in Table 1. The motion of

TasLE 1

Interlattice displacements under vario¥s strains

h

3 External Motion | L i Motion of
Planes strain under . in unitsof | B atoms in
; ! | strain :
hd i | '
Octahedral long z” L= aJ36 . -~z
(111) Ua"z" i - i
trans z” oaJd312 z*
W :
Cubic (100} long x ;
Uzx i i
trans y ! —alt —z
Uyr ‘
Dodecahedral long I’ : al4 -’
(011) uy'y’ ; ‘
trans ; x’ : aft —y’
ug’y’ ; i
trans z
uz/y/
_{B+2E-3v)

m=[100] y=[010] z=(001] TI= ~ 05

(Q+2ax-+38)
2 = (100] o =[011] 2’ = [011] long. = longitudinal

2" =[111] 4" ={211] 2" = [011] trans. = transverse

all the atoms under the impressed strain and the wholesale displacement of the

B lattice with respect to the A lattice under the inner strain are indicated clearly.
The interlattice displacement along the [111] direction for a uniform dilatational

strain #;” = 0-6 is illustrated in Fig. 2. The A lattice (full lines) and the B lattice
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(broken lines) atoms are separated into alternate layers of unequal spacing —ay/ 5/ 12,
3a\/ 3/12, a\/ 3/12, 3ay/ 3/12, ..... The origin is taken for convenience to bisect

the layers spaced 3ay/ 3/12 (Fig. 2a). The positions of the planes under a hypo-
thetical uniform extension (%37 = 0-6) is shown in Fig. 2b. The displacements

— a/j§~—+
[+

R AR RE R
28 B b
BEREERNER

[«] 1 2

F1e. 2. Interlattice displacements along the octahedral direction for a longitudinal strain. (¢
-~first, line): Initial positions of the atomic planes. (b—second line): Position after
a hypothetical uniform strain. (c—third line): Actual position after the strain, with
interlattice displacements (see text).

are proportional to the distances from the origin and this state results in unbalanced
forces on the atoms. There is a differential displacement of the entire B lattice
with respect to the A lattice. This displacement is along [111] itself and is given by

_aV/3(R+28—3) v
6 (@+2a+9)

The —ve sign shows that the B atoms move in the —ve z” direction. Keeping the
centre of the lattices fixed at the origin, as in Fig. 24, the B atoms move through
|L]|2]to the left and the A atoms move | L{2] to the right, the resulting configura-
tion being illustrated in Fig. 2e¢.

The expression (B +28—37)/(@ 420+ 8) may be called the interlattice coefficient
I"and it has a numerical value of ~ 0-5. The interlattice displacement is appreciable
for the first few atoms. The ratio of the displacement | L/2|suffered by the pth
atomic plane under this inner strain to the displacement under the uniform strain is

av/312 2T(8p+3).
aV/3 (p/3+1/8)
For the Oth B plane (Fig. 2) the ratio is ~1/3. Forlarge p the interlattice movement
is negligible and the resulting strain is homogeneous.

Another interesting fact emerges on caleulating the effective elastic constant
in this direction [111]. By the usual procedure, the value comes as

{3Q+4R+16U+16W +85+ 220+ 116—2484- 4y —4(R+26~37)2/(Q +2u+5) } /3a
= (dy1+2d12+ 2dyy+2d,5) /3.
However, the local ‘microscopic’ constants for the alternate planes separated by a
1/8/12 and 3a4/ 3/12 show surprising variations. In the case of the B-A planes of

separation a4/3/12, the constant is (d;;+2d;+2d,4+2d,7)/2 while for the A-B
planes of spacing 3a\/3/12 it is 3(dy3+2d10+2d,4+2d;)/2. It appears puzzling

L=
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at first sight that, in the latter case, where the interplanar distance is larger the con-
stant is also larger. But this is easily explained with a model of the lattice by con-
sidering the nature of the binding in the two cases. In the latter case, the defor-
mations tend to increase the length of the C-C bond while in the former only changes
of bond angles are involved.

A simple mechanical analogue to exhibit this interlattice displacement (cf.
mode] for anisotropic conductivity, Maxwell, 1954) would be to consider the strains
in a rod made up of alternate sections of, say, iron and brass pieces. The iron pieces
are three times longer than the brass pieces, but are of the same cross-sections.
Though the bulk property of such a rod is similar to that of a homogeneous piece,
the microscopic strain will show the behaviour presented in Fig. 2.

§4. DIscUSSION OF THE EXPERIMENTAL VALUES
The expressions for the elastic constants may he collected as
dyy = {Q+8U+20+95}/a
dis = {R+47W —6847}/a
dyy = {Q+4U +45+100+3— (R+28—37)%/(Q+2¢+9) } a
dyg = {R+4W —6B+7—(R+28—37)°[(Q+2a+3)} [a )

and they agree with those of Viswanathan (1954). According to the 45 constant
theorv they are connected to the static irrotational constants through the relations

{\- )

I I
‘h = dll y G = d12
6, = (A +de7)/2 = {Q+R+4U +4W 445410045 —68+7
—2R+28—3(Q+204+8)}[2a .. (10)

The expressions agree with those of Krishnamurti (1951). The wave constants are
given by

C,ull = dll 5 CZ = d44
oty = (digFdyg—dyy) = {2R4+8W —1284-2y—Q—4U —8S—10a—8}/a .. (11)

The expressions agrce with those of Smith (1948) if second neighbour forces are
taken as central and the third neighbour interactions are omitted. Also one has

ofot2e, =ch+2e) .. .. .. .. (12

a relation true for all crystals of 7', O, Oy classes, irrespective of the atomic force
constants. The utility of this relation in the analysis of the experimental data
seems to have been pointed out first bv Krishnan et al. (1958).

If the atomic forces are central, Q =R; U=W,; 8=0; 9 = —38=203=Cua
and then o'.l]. = cfj as anticipated. Further in the absence of any interlattice dis-
Placement dgy = d;, as proved in a general way by Laval (1957).

In principle, one can calculate the numerical values of the constants but the
usual handicap is the lack of knowledge of the values of the force constants. It is
seen from equations (6-7) that the weight factor for the pth neighbour is p2 (or pq)
and so, in spite of the decrease in the values of the force constants with distance, the
distant neighbours have an appreciable contribution to the elastic constants. Omis-
sion of the distant neighbour interactions distributes their contribution among the
near neighbours if the expressions are fitted to the values of the elastic constants.
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From the limiting frequencies of diamond in the [100] and [111] directions, one
can evaluate the values of some of the force constants (Chandrasekharan et al.,
1960) as: @ = 1:390, R = 0-858; S = 0:005; U = 0-131; W = Q 114; 20+ = 0-180;
284y = —0-015 x 105 dynes/cm. (Note that the force constants are defined here
to have the opposite sign to those of Ramanathan, 1947). It may be remarked
that the limiting frequencies of Germanium determined by neutron diffraction
(Brockhouse and Iyengar, 1958) have the same sequence of frequencies as in
diamond. One sees from (9) that

(d11+2d12+2d44—2d47) = (3Q+16U+SS+22a+118)/a .- (13)

The experimental values (Krishnan et al., 1958) give the L.H.S. as 220-7 X 1011 dynes/
cm.2 while the R.H.S. is given by the force constants as 232-7 x 1011 in reasonably
good agreement. It may also be noticed that the force constants decrease rapidly
with distance. In the case of the first neighbours the force required to change the
bond length (@42R) is nearly 5 times that needed to change the bond angle (Q-R),
as is generally the case for single bonds of diamond. In the second neighbours,
U-W a S ~ 0 and the small deviations are known to be due to the presence of non-
central forces.

Now to calculate the d;;, individual values of a, B, 7, 8 are needed. The following
two approximate methods have been used. _

Method 1.—Valence forces are assumed for the third neighbours. Changes of
bond lengths and bond angles produce forces in the same direction. Transforming
the force constants to a set of co-ordinates along and perpendicular to the bond
(length [311], [G11], [233] directions) one gets the relations

(a—~7) = (20494 97+128)/11 ; (—65+6a46¥—148) = 0.
Using these two relations in addition to the values of 268 and 287 one gets
a=0052; B= —0009; ¥ =0-003; & =0-076x 106

TaBLE 2

Theoretical and experimental elastic constants of diamond

!
. Experimental Theoretical
Constant | Krishnan et al. -
| (1958) i
| Method I : Method II
dyy =}, = b | 1019 907 - 1019
dyo 36-6 385 399
dag 54-9 587 | 545
dy7 ! 32-1 261 | 289
ey é 36-0 385 | 399
¢4 435 424 | 4LT
oo t2¢), } 123-0 1233 123-3
—- S
w
Clo ; 13-8 6-0 14-3
oh i 54-9 587 545
W, W | ) . :
oypt2e,, | 123-6 1234 123:3
i

Elastic constants in units of 1011 dynes/cm.? Figures in italics are used in the caloulation,
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B is opposite in sign to the other force constants as can be seen from a model
(Krishnamurti, 1951).

Method 11.—Using the experimental values of
oy = ¢ =d,, =1019; ¢, 420}, = ¢l +2 = d,+d,,+d,, = 123-3x 10"

one gets
o= 0-027; 8= —0-015; ¥ = 0-015; 3= 0-126 x 105,

The values of the elastic constants calculated by these two methods are com-
pared with the experimental values of Krishnan et al. (1958) in Table 2. There
is very good agreement between the calculated values and the observed ones. It
must be borne in mind that Method I involves absolutely no knowledge of the elastic
constants while Method II does not require the individual values of which show wide
variations in the irrotational and wave constants. The agreement of the theory
with the experiments presents a strong case for the validity of the 45 constant theory
of elasticity of crystals. (Added in proof : A rigorous study of the foundations of
crystal elasticity will be published by the authors soon).

One of the authors (E. S. R.) thanks the C.S.L.R. for the award of a senior
Research Fellowship.
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