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ABSTRACT

In this paper, influence of a uniformm magnetic field on the couple resisting the rotation of a
circular disc in an electrieally conducting liquid has been examined, the field being applied
perpendicularly to the dise. Basic equations of Hydrodynamics as modified in such cases,
together with the Maxwell equations have been solved to suit the boundary conditions by
constructing integral solutions. It is found that, when the field is weak, the field helps the
rotation on one side and retards it on the other side.

1. INTRODUCTION

In a recent paper Stewartson (1957) has considered the effect of a vertical mag-
netic field on the motion of a dish of mercury, part of whose base is rotating while
the rest is fixed. His paper gives s partial theoretical explanation of an experi-
ment of this type carried out by Lehnert (1955).

In this paper the effect of a magnetic field imposed on an infinite liquid inside
which a disc is rotating about iis centre is considered. The field is taken to be
weak and it is found that the field helps the rotation on the side of the disc on
which it falls and retards the rocation on the other side but on the whole the
couple resisting the rotation retains to the first approximation its value obtained
in the case when there is no magnetic field. There is, however, one limitation
of the solution. The solution obtained here is valid up to the approximation
considered only when the magnetic diffusivity of the field is of the same order of
magnitude as the kinetic viscosity of the liquid. Such a possibility may, however,
occur inside cosmic masses.

2. Basio EQuaTions

A circular disc of radius @ is rotating in its own plane with angular velocity £
about its centre in an infinite mass of liquid, which is taken as an electrical conduec-
tor; the liquid being under the influence of a uniform magnetic field H in a direc-
tion perpendicular to the plane of the disc. In cylindrical co-ordinates (r, 8, z),
taking the plane of the disc as z = 0, and the axis of rotation as z-axis, we take the
radial (r), and the axial (z)-components of velocity to be zero, the azimuthal compo-
nent v, and the pressure p to be independent of 8.

Assuming steady motion and that there is no external force other than electro-
magnetic, the appropriate Maxwell’s equations and the modified ¢ Navier-Stokes’
equations are

curl ﬁ = 4713: ;: a(i+yi’>x§)‘ (1)

- -
divH=0, curl E=10 !
- > -> - -> -
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- -
where H is the intensity of the magnetic field, E the intensity of the electric field,

- =
j the current density, V the velocity of the liquid relative to the observer, u the
magnetic permeability, o the condnetivity, p the density, p the pressure, » the
kinematic viscosity of the liquid. We are adopting the electromagnetic system of
units.

Because the liquid near the disc rotates about the z-axis, the field acquires a
component A in the f-direction. We therefore take

V=000, H=(0,h H) @
where H is constant.
The above set of equations then reduces to (Chandrasekhar, 1953)

v2  p A2 @
— =" e O
_# 0h (0% 0% l10v 3)
4anaz_"($5 o2 ror 12 ©)
(]
0= — % .. .. .. .. .M
and
ov 0%h ¢2h 1ok h
—n = (TS 2 - ®
where
u';=p+ih2; - .. .. .. o9
87
and
= 1! (10)
1 drpo
is the magnetic diffusivity.
The boundary conditions are :
on
=0, r<a, v=10 (I
and at infinity,
dv ok
D o= = = - == . e . e ‘e P 2
O=h=z == (12)

) Equations (6) and (8) are exact but equations (5) and (7) lead to a contradiction,
since the left-hand side of (5) is a function of both r and 2. To remove this con-

tradiction we will have to make some plausible assumption regarding the nature
of the liquid and of the field.

3. SorvuTIioNs
To solve (6) and (8) we put

ve=—e %Ry h=dn(pw)e ¥Ry .. .. .. (13)

where R, and R; are functions of r only, vanishing at infinity.
Then we get

d*R, 1dR, R,

Ha M
gty g~y retR = dalp)' g

Ry = aR, .. (14)
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and .
dsz ]. dR2 R2 2 - 41T[LO'HIZ — _,M- 1
dre ;71—‘_——1_‘?-'-0( 2™ 4w (pro)t 1-_amR1 a - (18)
where
o t
M=p,Ha(;;), N 0 1)
is the Hartmann number.
We satisfy (14) and (15) by taking
R1=R2=CJ1(A7') e .. .. .. .. (17)
where ‘
/\2=12—¥a, .. . . .. .. (18)
a
giving

M 1 M2
= z 24 .
* 2a + 2 \/4'\ a2

Since « must be positive in order that at z = 0o, v = 0 = A, we can have only

M1 M
—_ b0 U
a_2a+2\/4,\+a2 9

For a weak magnetic field, M is small so that we can take

M
a=atd @)

Thus the solutions are
v =ce”®J,(Ar), b = dm(pro)tv . .. .. @

These are elementary solutions satisfying the boundary conditions (12) at infinity
but they do not satisfy the conditions (11) on the disc. Before we construct solu-
tions to satisfy the conditions (11), we look into the contradiction arising out of
the equations (5) and (7). We get from (21), the left-hand side of (5) as

2
v2—~ :%P = (1—4novpu)r? .. .. .o (22)

If therefore 4wovp is of the order of unity, the left-hand side of (5) can be neglected :
hence from (5) and (7) we will have @ an absolute constant

2
ie. p+%%=po O 2 )

where py is the pressure at infinity.

Now 4wovp ~ 1 gives n ~ v, i.e. R, ~ Ry where R, is the Reynolds number for
the flow and R, the magnetic Reynolds number.

In cosmic masses, for example in the sun (Cowling, 1957), v ~ 5X 108 cm.2/sec.
and 5 ranges from 108 cm.2/sec. in the photosphere to 102 cm.2/sec. at the centre;
thus in some part of the sun, n may be of the same order as v.

This is the limitation of the solution.

We now come back to equation (21). Correct solutions satisfying eonditions
(S 11) can be found by constructing integral solutions of (21).

1ncee

500 =T +L0m . . @)
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we assume (Ray, 1936) for v,

o

e” ¥J4(Ar) sin @A d—/\A+J

+BJ e” ¥ Jy(Mr) cos ad (?
0

Therefore from (20), we have

or since M is small, we can take

v = Ar (1— %%) [J e *Jo(Ar) sin ad dT/\+J e ¥ J,(Ar) sin a) —
0 0
+B (1— %) J e ¥J () cos a/\@
2a A
0

This gives
on

on

Mz
v=Are 2a

a0 €L
[J e™MJo(Mr) sin ad d—;\+J
0 0

Al

Mz
+Be""2'a'J

0

z=0,r<a,v=Ar.

=01 >a. L"‘.—lr[blll e

Thus from (11) and (27) we get

1oy

e™MJ,(Ar) cos a

A

A

0

P

We also find
on
ov oM 1
z=0,r<a, 3= —Ar [40 +\/a2-—r2
aZ—7? —
B\/a r2—a
rat—r2
on
61 M . a
it gin-t Sa—
z2=0,r>a,. 3 Ar[2asm r+
CPY ]
- B [Jll_‘\l:__a_.*__l]
2q r r

T
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Va2
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A7) 8in @A —

A

’)

2 g2 Z_g2
a\/)2 a]+B\/M a
r T

]

e ¥ Jy(Mr) sin al dﬂ
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A
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We now construct solutions for the negative side of the z-plane, which are found
to be as

ve=dr [ J €% J o(Ar) sin aA (i—'\+J €% J 5(Ar) sin a)(‘—?
0 U
) da
+B J €% J 1 (Ar) cos a/\—-/\— .. .. .. .. .o (32)
U

where
ac2+ac g —A2 =0
a
giving as an approximation

a:‘:A——é};. . s . .o (33)

There we have, similar to (26),

£ A0
v = Ar (l— £2) [ f eXJo(Ar) sin @A (?+J e, (Ar) sin a/\(-?
0

2a
0
+B (l— %[—z) J e | (Ar) cosa)(ii-)‘ .. . .. oo (3
2a A
0
Evidently v is continuous on z =0, r > a, as secn from (25) and (32) or from (26)
and (34).
Also from (34) we have
on
oo_ _ fmm_ 1 la=VaE-r)) o yeEmr
=0, r<a, %= —Ar[—ZE — Vo Yy +B Y
.. (35)
on
ov M ¢« Mar\/rP—a® 2a
z= —=wdr|—sin 1 -4~ ¥
z=0, r>a, 5 4r[2a~un r+2a e r2]
M y/ri—az 1 e
SEEELL L
Now gg on z = 0, r > a, must be continuous. Comparing (31) and (36), we see that
the above condition will be satisfied only when
2044+ B = 0. . .. - o (37
4. Resurrs

The disc experiences a resisting couple which tends to oppose the rotation. Its
value for the upper side of the disc is given by

2
N1=—2ﬁpvJ rz-a-gdr, .. .. .. (38)
0

where %g has its value as given by (30).
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Calculating the above integral we find

16 300
N1=§pv9a3(l+é—irrM). e (39)

For the lower side of the disc, we get using (35)

16 3 )
-0 31— 2 .. .. -
N, 3 pvia (l 6l an . (40)

Hence the total moment of rotation is

Qe

N=Tmow. . @y

<

This is the couple resisting the rotation when there is no magnetic field (Ray,
1936). Thus the rotation is helped by the field on the lower side on which the
field impinges and is retarded on the other side, but on the whole the rotation is
unaffected by the field in the first approximation.
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