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ABSTRACT

Invariance of the two component neutrino equation under continacus co-ordinate transfor-
mations is examined. The widest group under which the equation is invariant is shown to be
the relativistic conformal group. Explicit expressions for the transformed wave function and
equation are given. It is shown that, in contrast to the four component case, the wave
function and its complex conjugate cannot mix,

I. IxTRODUCTION

In a previous paper (Vachaspati, 1959) the author has examined the continuous
co-ordinate transformations under which the four component Dirac equation for
massless particles is invariant. The case of the two component neutrino equation
is discussed below.

II. NoTaTioN

We write the neutrino equation in the form ! (Lee and Yang, 1957 ; Landau,
1957 ; Salam, 1957)
9y
a ——-—=(’: .. . . .. (II.].)
IS c'):L"1
where
oy = I, 005 = aij—i.eijk o,
900::1, gll=g22=g33=—-1’g“v= O,‘.L#ll, .. . (II-2)

and €, is the three-dimensional alternating symbol with €jp3 = 1. The explicit
expressions for o, are

; 1” cl (Ui
= [ = , Oy = 0, = ], 09 = = . s
7 01) 1 0) LA )

0
%=%=C ).“ S ooa

1 Greek suffixes run from 0 to 3; Latin indices take values 1, 2, 3 only. Whenever a suffix
in a product is repeated, no matter in what positions, summation over it is understood.

Raising and lowering of suffixes, both Greek and Latin, is done by means of g"* and We

g v
prefer to use xy = ci, (x,, &9, ¥3) = (x, ¥, 2) in this work instead of our usual practice of c{‘enoting
(x, ¥, 2} by (21, x2, 28). - The contravariant indices therefore occur below and covariant indices
above,
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The complex conjugate of the equation (1) is

Gu aa_;f; =0. (1I1.4)
The spatial components of G, obey the relations
3:6; = O;+tieor .. .. .. .. (IL.5)
and are connected with the o-matrices by
;= —Co,C1, .. .. . .. (IL6)
If the representation (3) is used for the spin matrices, it is easy to see that
C = o R ¢ & O )|
Therefore (4) can be written also as
gf—;—(;),gradz[z‘)=0 .. .. .. L8
where e = C-1¢, .. .. .. .. (IL.9)
The equation (8) is not of the same form as (1), the latter being
g—;’; +(o,graay)=0. .. .. .. @

III. Wave EQuatioNn 1IN NEw CO-ORDINATE SYSTEM

We suppose that, if we make an arbitrary non-singular co-ordinate transforma-
tion

, ’ xl
x“ = x“ (xo,xl,xg, Is), -a—:-t:‘—: #0, .o . (IH.I)
the wave function ¢ transforms in a linear homogeneous way to ', that is,
= Sz} +T(x)'. . .. .. (II1.2)

Here 8 and T are 2X2 matrices whose elements are functions of z. One can,
of course, add to (2) inhomogeneous terms which obey (II.1); we omit considera-
tion of such possible additions here.

Differentiating (2) with regard to x,, multiplying by o, from left and using the
resulting expression in (I1.1), we get

0z, 3y’ oz, 04" oS T -
%, oy o 08 T g, .. (113
0z, ax;+°“T 0z, ar;+0“ 0, v +0ft 0z, v=e ( )

In order that the equations (II.1) and (IL.4) be invariant, we must have in the
primed system

oS

Oy?£;=0, 6#%=0. . . .. (II1.4)
oz, oz
i [z
If we multiply the first cquation by the Lagrange multiplier P and the second by
@, where P and Q are matrices which may be functions of #, and subtract the
resulting equations from (3), we obtain
8
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ax; a,/,' ox o
(—) o —on)

oT
+aua '/’+"a =0 .. . .. .. (IIL.5)
This equation must be identically sa.tlsﬁed. Hence, it follows that
oz, _p
"Sa_z# o, =0, .. .. .. (II1.6a)
ax'
aF a —Qa, = 0, .. .. .. (I11.6b)
oy aaf 0, .. .. .. .. (IIL6c)
“
oT
#%"‘O . .. .. .. (I11.6d)
i

IV. INFINITESIMAL TRANSFORMATIONS

We can simplify our problem by considering the infinitesimal form of the above
transformations. We write

z;‘ = z,+43zx,, .. .. . .. (IV.1)
S=1+4+88,T =387, P=I1+38P, Q = 8Q, . .. (IV.2)
so that (III.6a—d) become

o,
oy 3; =8Po,—a8S,.. .. .. .. (IV.3a)
0,87 —-8Qc, =0, .. .. .. .. (IV.3b)
oy gSS 0, .. . .. .. (IV.3¢)

98T

o, Bx =0. .. . .. .. (IV.3d)

V. SoruTioN orF THE EQUATION (IV.3e)

If we multiply (IV.3a) by oy and take the spur of both the sides, we find, since

that 1 SpO‘A = 280)? Sp(ahop) = 28N" .. . . (Vl)
&
a;x (8Po,—a,39)]. .. .. .. (V.2

1 If % is thought of as & contravariant entity [cf. equation (IL.1)], A on the left side occurs
as a covariant suffix and on the right side as a contravariant suffix in the equation (V.2). It
is, of course, not meaningful to ascribe contravariant behaviour to the matrices ¢,., This

fact should be kept in mind in the following discussion where many of the equations look oddly
unbalanced.

8B
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The most general matrix that one can form from the o, is a linear combination
of the latter. Let us therefore write

where pt and s# are arbitrary functions of z.

With help of the multiplication rules (IL.2) for the o-matrices, one gets

S p[c’\(a#cy + o-yc)] = 4-[:30 ’\8 w» + 80/-'-5"/\+ 80v8,\y,

3P=])“0'F,
88 = &',
s

08z,
a:l? A

1
=3 Sp[c/\(p“ cpcv—sp' cvo")]

1
= ZSp[(pF_Fs")c,\ O'Fo'v-—cvcy)

+ (p“ -—&u)c/\(crytrv+ o'vo'p_)] .

Sp[c/\(cl_‘ov—cyc I»‘-)] = —4i50,\yv ,

Thus (2) becomes

—25,.8

(V.3a)
(V.3b)

(V.4)

(V.5)

(V.6a)
(V.6b)

Here v is the four-dimensional alternating symbol with ey;33 = 1; only the

components with p = 0 are used in (6a).

o0,

Therefore

ete.
Or

ete.
Thus, in general

o5,

=p'—¢,
axo

B i (P4 98— (95 +59)32]
1

+(p°0—s%)81+(p!—s!)0v ,

881'0 ol 33:171 0 0
ﬁl— = ) %‘1‘ =57,
3 . 03 .

%—fj = iphsd), 5,0 = —ilp+ ),
08z, .
Bz P
0% )
_aTx.o —_— p' S!,

If one substitutes (€a, b) in (5), one obtains

5 = — € (2" +8") +(0" =88, + (#*— 8, + (1°—s0)[3,,— 28,8 ,,]. . (V.7)

(V.8)

(V.9)

. (V.10)

(V.11)

(V.12)

(V.13)

(V.14)
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One can write these equations also as
38270 - 382:1 382:2 88273

= = e = E =P - (VS
9;;‘9_3%‘; e e .. .. (V.15b)

aai;‘ aa—s::—j=2(p0—s°)8,-j, . . .. (V.15¢)
%§;_‘°+gi?=2(pf—si), e ee .. .. (V.16a)
a;;‘_%i’.?= —Ziea(P N .. .. .. (V.16b)

Raising and lowering suffixes appropriately with the help of the metric g,, and its
inverse, these equations can be seen to be equivalent to

0%z,  00x, o

E:_”—-i_ﬁ = 2¢,,(p%—$9), . . o (V.17)

35:130 35:1:,- _ -
S 0 = +2(p;—3y), .. .. .. (V.18q)

0dr; 6dx; . . ,
W — e = 216,]);(1) +S ). e .. (‘ .18b)

The solution of (17) is 1 (Vachaspati and Jauhari, 1959)

8z, = byt+az,te, ‘4 (a. )T, —Ya%a,, .. .. (V.19)
po—s0=a+(a.2z) .. .. .. .. (V.20)

{(a.2) = a%ry; 22 = 2%4] ;
by, a,a,, e#'f = -—-e'fp) are constants.2 From (19) we get

00z, 20, 0 ,
N = [a+(a. x)Jb,‘+€#. +a0r,—~2%,. .- .. (V.21

1 The proof given in the paper by Vachaspati and Jauhari {1959) assumes also that

0bax

8 — e O o—

0%z, = ~2 ozr
[see eqns. (II1.7) and (IT1.8) of that paper]. In the present case 3a would be pg— 5;. However,
it can be shown that this condition is not necessary; the eqguation (V.17) alone of this paper
guarantees the solution (V.18). Also, the proof of the section VII of that paper can be con-
siderably simplified and shown not to depend on the value of (3%3xz, mentioned above. Thus,
if one looks at the equation (VII.4) of that paper, one notices that the left side is symmetric

in « and B; hence the antisymmetric part of the right must be zero:

, 7" (a"P4aPP) = gB(aP%4 a*F),
Contracting » and «, we get
PPiraff =0,
This is the desired result necessary to establish that no other transformations beyond the
acceleration transformation are possible [see eqn. (VII.8) of that paper].

2 14 h: . . .
€, has nothing to do with the alternating symbols ik OF S



OF MASSLESS PARTICLES OF SPIN HALF 331
Using this in (8), we find

P =[a+@.2)] 8 +e, +a"r,—2%,. .. .. (V.22

This agrees with (20) for the zeroeth component. The contravariant and the co-
variant indices of the two sides in (22) do not agree [see footnote 2]. For the
spatial components of (22) we can write

pr—s' = Ef+a°x,-—z°a,. = —e'0—q0rit 200
= €l'0+aoz‘—xoa‘ . . ae P ‘. - S (V.23)

One can see by differentiating (19) and using (22) that the equations (18a) are
satisfied. 1If we use (19) in the left-hand side of (185), we get

e;j+a,-:t,-——a,-zj = ie,'jk (]'k+'5k) . . . (V24)
which is equivalent to
pi+8i = - %fijk (ejk—ajrk-l-akzj) e .. . (V25)
From (23) and (25) we now get
p=— ifijk (ejx—ajxr+ar))
+ 1 (ejoFapri—2a;), .. .. .. (V.26)
and
: )
# = — o € (€jr—a;xe+ar;)

— 3 (eq0Fagr;—xou;). . .. ..o (V.27)

VI. DETERMINATION OF pg AND 8

The equations (V.26) and (V.27) determine the spatial components of g# and
s ; however, (V.20) gives only the difference of the time components, p® and s°.
We shall now determine the latter separately by employing the equation (IV.3c).
Using (V.358) in (IV.3c), we have

ds¥
o'ucr,.a=0, . . . .. (VL)
or
0s0 | 0s'
aT0 oz,
050  ds! . (632 _ ggf)
o oz, ' 0xg ' Or; 07,/ |
0s0 0s? ; (E _ _a_f_l)-
to2 [or Yo, T o, T 9y
[9s0 958 . (Os! asg)- ,
ik ki = =]l =0. .. .. (VL2
+03 azs a.’to i Ty a.'l?l ] ( )
Now, from (V.27)
os! . 0st 98 1 9t 1

Bm, ‘Oz 0z 2 m

ete.
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Thus (2) becomes

dos® 3 0s0 3
F 5 %101 (é};"'ﬁ 41)

0s0 3 0s0 3 \
+O’2 (8—1'2+§a2) +G’3 (E-'-é (13) = 0. .. .o (VI.3,
Equating the coefficients of the various o-matrices to zero, we get
0s0 3 0s0 3
— = ———— .. .. .. I.4
g = 2 ay, and o, 5% (VIL.4)
Hence
SO = b+‘g—a:0xo_%aix.-
= b+ 3(a.2) .. .. .. .. (VL5)
where b is a constant. Using (5) in (V.20), we obtain
PO =b+3(a.x)+a. .. .. .. .. (VL®)

The equations (5), (6), (V.26) and (V.27) completely determine p# and s«

VII. DETERMINATION OF 8T AND 8@

We can determine the extent to which the equations (II.1) and (IL.4) may mix
by solving (IV.3b) and (IV.3d). Actually we shall find below that ¢ and i cannot
mix and that (IV.3b) alone is enough to establish this.

Using (11.8), we can write (IV.3b) as

v=0: T—-86Q =0 .. .. .. .. (VILD)
v=1i: o804+8QCe,C~1=0. .. .. .. (VIL2)
If, therefore, we write
8T = 8Q = gto,, .. .- .. .. (VIL3)
where g* are functions of x to be determined below, the equation (2) gives
qHo0,0+0,Ca;) =0, .. .. .. (VIL4)
or )
q0(050+0¢7‘)+qj(O"'UJ‘C+UjCO"') = 0. .. .. (VII.5)

Let us take the representation (II.3) of the o-matrices. Then C = oy [see
(I1.7)], and (5) gives after some easy simplifications

i=1: q2+1g3 = 0, .. .. .. .. (VIL.Ca)
1=2: ®=0, ¢2=0, .. .. .. .. (VILéb)
1=3: =0, ¢2=0. .. .. .. .. (VIL.6¢)
Thus
Hence
T =58Q =0. . .. .. .. (VILS8)
[see (3)].

It follows that ¢ and  cannot mix [see (I11.2)]. As rematked above, only the
equation (IV.3b) was used in this demonstration.
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VIII. Summary

We have shown above that the wave equation

(IL1): %%f* -0
~ n

admits only the relativistic conformal transformations which in the infinitesimal
form are

(Iv.l): z, = :1:#-{-82;#,
(V.19): 3z, = bF+a,x#+e#’_' z,+(a. 2}z, — 2%,
where
(a.x) = a%ry, £2 = 2%xq,
a,a,b, eF’f(= —e’jF) are constants. Under these transformations, ) becomes i’
where
W o=+, .. .. .. .. (VIIL1)
Sp=—88¢ .. .. .. .. (VIIL2)

[see (ITL.2), (IV.2) and (VIL.8)].

It is to be remarked that i cannot occur in (2) [see section VII]. This is in con-
trast to the situation for the four component Dirac equation (Vachaspati, 1959).
The value of 38 is

58 = b+3(a. z)
~— 3o [i{ea3F Tolg—T3a0) €10+ 7189 —2o2]
—boofifegy + 230, —1103)+ €30+ 200 — 2 2]

~tasi(e10+ 2105 —T201) + €30 +T309— T3]

- - - (> > > —
= b+3(a. x)—g}(v+a0z—zoa+z {w——ax:c} , o‘) - .. (VIIL3)
where b is a constant and
S

>
v = (€19, €20, €30), @ == (€23, €31, €12)

- -
a = (ay, a3, a3), T = (x4, Tg, T3)

> >

[axx]i = ie,-jka]-xk . .. N (VIII4)

[see (V.27), (VL.5) and (V.3b)].

When these transformations are made, the equation (IL.1) becomes

a4sp)e o .. .. .. .. (VI

a 7
£ oz

where
5P = b+a+i(@n)+4 (v+ag—zei—i fo—axz},o) .. (VIILE)
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[see (V.26), (VL.6), (VIIL.4) and (V.3a)].

Comparison between these results and those obtained in the four component
case (Vachaspati, 1959) will be made in a subsequent paper.
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