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ABSTRACT

It is shown that the wave equation D2 = 0 does not admit of any non-linear transforma-
tions of the wave function ¥, and, consequently, the widest group of co-ordinate transformations
under which it is invariant is the conformal group discussed already in a previous paper by the
author and Mohan Jauhari (1959).

In an earlier paper, the author and Mohan Jauhari (1959) investigated the
continuous co-ordinate transformations

= b (z) .. .. .. .. o (D
under which the scalar massless wave equation,

is invariant. If we assume that the new wave function, ¢’, is the same as the old
¢, the wave equation admits only the inhomogeneous Lorentz co-ordinate transforma-
tions. If, however, while retaining the linear relationship between the two wave
functions, we allow ¢’ to differ from ¢ by a factor which may be a function of z (or
z’), we find that we can make more general transformations giving rise to the relati-
vistic conformal group of which the Lorentz transformations form a subgroup. One
would, therefore, imagine that we may be able further to enlarge the group of co-
ordinate transformations by postulating an even more general relationship between
Y and §’. The purpose of this note is to examine this possibility.
Let us suppose that ¢ and ¢’ are related according to
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where F is an arbitrary function of its arguments and
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From (3) we, get

o _OF o  oF %, oF a)
e tey mtE

VOL. 26. A. No. 4.



356 VACHASPATI . ON THE IMPOSSIBILITY OF NON-LINEAR

and .
P
oxvoxk
oo, 2 (3) %, 0 ()]
W e \oF) w tar \ap) | o
oF %y
+a—¢’ 0¥zt

' 2 oz’ x5
o (oF \ oy, OF “an 0 [OF )| %,
HEACHEE 0wy o 02 oo ok || o
0% 2
oF "o, L OF - sh)
o Oz Ox# * Ox¥ Dak
Here summation over all repeated suffixes, including m and =, is understood

over the appropriate range of values in each case.
Using (1) to write
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and multiplying (5b) by ¢**, we get from (2)
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We now require that, as a consequence of (2), we should get in the new
co-ordinate system the wave equation

0%y’ = 0. PR |
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Let us multiply (7) by the Lagrange multiplier, f(z’, z, '), where 2’ stands for all
the derivatives of x#' mentioned in (4), and subtract the resulting equation from
(6). W get in this way an identity which will be satisfied if
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Using (8a) in (8¢), we get
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Hence, either f = 0 or
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The first possibility is trivial, and the second gives
oF
= A, x), .. .. .. (11
and .
F =A@, )¢+ Bz, z) .. . .. . (12)

where 4 and B are arbitrary functions of &', its derivatives, and . This shows
that ¢ must transform linearly.
If we use (11) in (8a), we find
’ oxP' 9o
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Since the left side is independent of ', f also must be independent of it :

f=f,x). .. .. .. .. . (19
Hence, if we define

o is a funetion of ', its derivatives, and z.
When we consider the infinitesimal transformations
ah = b4 Bk, S (i 7))
we have to write i
A=1484, f=1458f, a=1+48x. .. .. .. (16b)
Sinece a could be a function of x# and :r;' , we can now consider a to be a function

of x#, 8z#, and the derivatives of the latter. To the first order in the infinitesimal
quantities, we can write
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The equation (13) now becomes
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This is essentially the same equation as (II1.7) of the paper by Vachaspati and
Jauhari (1959), except that 8« is the more general expression (17). This difference
is, however, of no importance so far as the question of allowed co-ordinate trans-
formations is concerned. This can be seen, as an example, by assuming

da = ¢ Ok .. . . .. (20)
and taking ¢, as constants. Writing, as in that paper,
St = WP+ 0x, + 0 o+ . . . .,
using this in (19) and comparing the coefficients of x#, etc. in both sides, we get
Szi = b'+1(c. b)zr4er . 2¥
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This is of the same form as the expression
Sk = b fazt 4+ . ¥ +(a . x)at — xtal - .. (22)
found in that paper if one takes for the parameters in (22) the special values
a = }c.b),
oF = Oﬁ[%(c .b)ygPt 4 eﬁ“] )

It follows that we cannot get any transformations beyond the ones discussed in
that paper (please see also the footnote 3 of Vachaspati, 1959).

CONCLUSION

We conclude that the wave equation []% = 0 does not admit any non-linear
transformations of the wave function ¢, and the widest group of co-ordinate trans-
formations under which it is mvariant is the conformal group discussed already
in a previous paper by the author and Mohan Jauhari.
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