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ABSTRAOT

In this paper an expression is found for the small transverse displacement of a thin plate,
bounded by confocal ellipses and clamped along each boundary, due to a force applied at an
arbitrary point of the plate. Conformal transformation has been used to map the given region
into one bounded by concentric circles and the displacement found in terms of infinite series.
The method of evaluation of the coefficients occurring in the series is not direct since the number
of unknown coefficients is greater than the number of equations, The coefficients can be evalua-
ted in terms of one of the unknown coefficients and then this one unknown coefficient can be
determined by applying a condition of convergence. The numerical evaluation has been done
for a few simple cases. .

1. INTRODUCTION
The plate is bounded by the confocal ellipses (Fig. 1)

y2 =1 T2 y2

x2
FtE=baotems=t - - O

Fie. 1.

The region can be represented conformally on the annular space between the two
concentric circles p = b, p = a (b>a>1) in the ¢, 5-plane (Fig. 2) by the relation
(Singh, 1957)

Cz=aiy=AQC+YH, .. . . (@)
where 4 = 4/ mﬂ, is real and ‘positive, and -
I=étin=peb. .. . @)
We have : ' '
. z=A(p+p ) cosd, y= A(P—p'l) sin ¢, } @
2 = A%p2+p 242 cos 2¢), *
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and a, b are given by
V(@E=2) = A(a+a71), a = A(b+b7),
the roots greater than 1 being taken in each case.

’

i
N

r)
N

Fia. 2.

A transverse force F is applied at any point Q(zo) (Fig. 1) and

F
u='§;DG.. .. .- .. .. (5)
denotes the transverse displacement at any point P(z) of the plate. The Green’s
function @ is then a biharmonic function of the variables (z, ) and, near @, is the
sum of

« |z—zy 2 log|z—ze|

and a function with no singularity at @ (Love, 1934). Now if {o = Poe*do is the
image point, in the £, n-plane, corresponding to 2 = z94 1Yy, then

em0 = (=t (1= 77

1
1— — | has no singularity near { = {,. Hence we can take the Green’s

144

function to be the sum of

and log

|2~z [2 log [~ Lo |

and a biharmonic function with no singularity at @.
The boundary conditions require that the displacement and its normal

derivative must vanish on the clamped boundaries.

2. DISPLACEMENT

(A) It is convenient first to find the function @, associated with the displacement
caused by four forces of the same magnitude and direction applied at the points

(:hxﬂa :!:yo)~ Let
G, =|z—2 2 log | L=Lo|+|2~%o I? log {{—{o]

+]z+% 2 log | L+ Lo |+|z 122 log {{+l]—0, .- .o (6)



366 R. K. P. SINGH: THE GREEN’S FUNCTION OF AN ELASTIC PLATE

where z denotes the conjugate of z and g, is a biharmonic function with no
singularities in the region covered by the plate.
It can be shown that

© A
Gy = Z P,.(p) cos 2néd—g; when py>p>1
0

. , (1)
and G = Z Rs.(p) cos 2ng—g, when P>pP,>1,
4]
where
Py(p) = (44° e Y (Pip" +1)1 (P +7%) log po+£°}
+P%(20] log P +Py+P%[2) cos 28], .. (8a)
o2
2 p?
Pylp) = j:i [{2P(,P2 log P0+P2(P +5 ) 2 (p P2+l)(-29 —) cos 2¢0}
o
P4 2 p*
- 6—P§ (PO— 2) cos 4¢o], .. (8b)
and, for n > 3,
2
_ 44z P Po _p?
P,(p) = ;(? ['— W(m - ;) cos (n—2)d,
(p P24 1)pn p? )
ol (n—l —agi) s ndy
. ‘ .
n+2 P 2
- (nz-l)P" (_0 - n‘;_2) cos (n+2)¢0], e (8e)
o
while .
)= (44| (ei™+ 1) { P2+ 7) og P47}
+p £202 log p+p2+py/2} cos 2¢o], .. (9a)
2 2
442} P,
Ry(p) = ——| { 2p5p® log p+p; ,02+§0 +P° +1) __f_ cos 2¢,
P0P2 p? 6
—(03/6p?) (p2—p§/2) cos 4¢0} , .. (9b)
and, for n >3, A v ,
n 2
442 Po PP
R.(p) = I;Z’;[_ =)t (n——2 - n—) cos (n—2)¢o

npt

2 7 2
+ (P0P2+1)p0( P — fo ) €08 Ny

- 2 -
. n’-)I-2) cos (n+2)¢0]. .. {9c)
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It is clear from symmetry that g, is an even function of (z, ¥); we can
therefore assume

2 , , z ’ ’
= %ﬁ {(Jo'i‘Ko log P) + Z (JznP2"+K2nP“2') cos 2"4’}
1

+ { Lo+ M, log p+ Z (Lgqp2*+Mg,p™2%) cos 2nd }
1

Substituting for 72/42 from (4), we can write

g1={J2p?+Kop™2+4 Lo+ Mo log P4+ Ko(p2+P72) log p}
+ {Jpt+ Ktp 4+ Lop2+ Mop 24 (J o+ Ky) + 2K, log P} cos 2¢

@O

+ Z {J204202" 24 Ko, 0P~ 2" 24 Ly p2" + My P27+ ], p2"~ 2
n=2

+Kq.p2"t2} cos 2né, .. (10)
and
p % B [2(J292—sz'2)+Mo+Ko{ p2+p 2+2(p2—P72) log p}
+ {4 4p4— K p )+ 2(Lap2~ Mop~2)+2Ko } cos 24
+ i {(2n+2)(J 204 202" 12— K30y 2p™2""2) + 200( Lipyp®" — M gp™2")
n=2 '

+ (2n—2)(J g,p2" 2 — K 3,p72**2) } cos 2ng |, .. . .. (1)

where Jonre = J;"+2+J;n (n>0).

Ky=K, Ky=K,+J,, Kyo1o=K, ,,+K, (n>]).

The boundary conditions require

G'1=O,aa—il=0 forp=aand p=5. - .o (12)
Now a<<py and b>p,, hence from (7) and (12) we have the conditions
6

B €D
g1 = z Py, (a) cos 2né, Z P ) cos 2nd, when p = a[
. as)
< o091 .
and g, = > Rg,(b) cos 2n¢, —== > R, (b) cos 2né, when p = b,’
Z ap Z i

where the dashes denote differentiation. The equations to determine the coefficients
Jons Kon, Loy, Mg, (n>0) are obtained by substituting (10) a,nd (11) in (13) and
equating the coefficients of cos 2u¢ (n>0). We have

a2Jy4a"2Kqo+ I g+ (log a) My+(a24+a~2) (log a) Ky = Py{a),
2a2Jy—2a-2Ko+ Mo+ {a®+a 24 2(a2—a"2) log a} Ky = aP,(a),
g+ 2K+ Lo+ (log b) Mo+ (52+b72) (log b) Ko = R (b),
2b8J ;—2b-2K o+ Mo+ { 524-b-24-2(b2—b72) log b} Ko = bR, (b);

(14)
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a4J4+a‘4K4+a2L2+a’2M2+(J2+K2)+2(10g a) Ko = Py(a), L

dat] (—4a~4K ,+2a2Lo—2a"2M , 42K = aPy(a), 15)
b4J 4 +b7*K g+ b2 Lo+ b M3+ (J 2+ K ) +2(log b) Ky = Ry(b),
4bAJ  ~4b4K 4 +-2b2 Ly —2b72 M, +2K, = bR;(b);
and, for n > 2,
a?"t2J g, 0 +a"2" " 2Ky, o +a2" Ly, +a~ 2 My, a2 2] 5, +a~ 2 V2K, = P, (a),
(2n4-2)a2"+2] 5, s — (204 2)a~2" 2K, . o + 2102 Lpy —2na~2" M, ,
+(2n—2)at""2 Jo, ~(2n—2)a~2"+2K,, = aP, (a), (16)

BE*H gy b2 2K g ot D2 Ly b2 M+ D202 g, b Ky, = Ry (B),
(@n+2)b2+2 5, o~ (24 2)b~ 22K 5, o4 202 Ly, ~2nb~ M ,, '
+(2n—2)b2"2 J,,— (2n—2)b-2"+2K,, = bR, (b)

The solution of these equations is not direct, for there are five unknowns J,, Ko,
Ly, My, Ko in the set of four equations (14). If, in the whole set of equations
(14)~(16), we put Py,(s) = Pg,'(a) = Ryy(b) = Rp,'(5) = 0 (n 3> 0), the resulting equa-
tions determine Ly, Lg, ...... , Mo, Mg, ...... , Jay Sy onnn. Ko, Ky,..... ,
uniquely in terms of K,. This formal process would lead to a biharmonic function
with the double zero on the boundary but with no singularity in the area concerned.
This is not possible, and implies that the series derived in this way is not convergent.
The solution of the actual set of equations must first give the constants Ly, My, J,,
F. CY in terms of given constants Py(a), Py'(a), .. .... together with K,. The
correct value of K, has then to be determined from a condition of convergence. It
is clear that, if K, is known, all the constants are uniquely determined by the set
of equations (14)—(16). .

Equations (14) give
{b2—a2—~2a2 log (b/a)} Jo—{a~2—b"2—2a"2 log (bja)} K, = X,,

2(02—a?)Jo+2(a"2—-b"2)Kg = Y,
where

X, = —{(b2+b72) log b—(a2+a"2) log a—2(a2—a~?)(log a) log (b/a)} Ko
+Ro(b) —Po(a) —aP (a) log (b/a),
Yo= —{(b2+b"2)—(a24a"2)+2(b2—~b2) log b—2(at—a-%) log a} Ko

+bR(b)~aP,a),
and equations (15) give
b 1 /b3 3
b3  al 3 b a
“”(;s—z;‘s)"4+;s‘bé(a “5)"4 =T
where
X, =ab{(b/a)—(a/b)} (Jo+Kq)+ {62~a2+ 202 log a—2a2 log b} Ko+
{ (a2/2) {DR(b) 4+ 2Ry(b) } ~ (82/2) {aP}(a) +2P5(a) },

Y, = (1/ab) {(b/a)—(a/b) } (Jp+ Kg)— {a~2~b-2—2a~2 log b+25~2 log a} Ko+
P 1a~2{bRy(b)—2Ry(b) } —45-2{aP(a) - 2Py(a) }.
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Eliminating L,, and M, from the equations (16), we have

1 (bznﬂ a2+l

b a
(2n+1)a2+1p2e+1 (a - 5) Jonret 3 | oot — gm—l) Kguyo = X,

(17)
p2n+1 2n+1 on + 1 b
ab (a_z"*—l - %ET-Ti) J2"+2+a2n+1bzn+1 (5 - g) Konrs= Y.
where
Xpa = (2n—1)(ab)2"1{ (b/a)— (a/b) } J sa-ab { (Bayt=~1—(afb)2*~1} Ko,
+3a2* {2nRo, (b)+DR,, (b) } — 6% {2nPg,(a) +aP,, (@) }
and
Yy, = (ab)"1{(ba)2"~1—(a/b)2*"1}Jg,+ (20 —1)(ab)~2"+1{ (b/a)—(a/b) } K3,
+1a72 (bR, (0) —2nRs,(b) } — 3672 {aP, () —2nP5,(a) }.
Solving (17) and substituting for X,,, ¥Ys,, we have
Jonre = [Jontgl/ Donites Konpe = [Kontp2l/ Donge - .. (18)

where
[ ne2] = (ab)~2[{ (b/a)"— (a/b)"} 2 —n2{ (b/a) —(a/b) } "} ..+ (ab)~"{ (b]a)
—(a/b)} (n—=1){(b/a)"*+1 —(a/b)"*1} —(n+1){ (b[a)* 1 —(a/b)* 1} K,

=525 (= 5) L RO 4R o aP @ +rP@)]

+3(ab) "1 { (b/a)*+1—(a/b)**1 } [a=* { bR (b) —nRa(b) }
—p-*{aP (a)~nP,(a)}] .. .. (19a)
(K2l = (ab)*{ (b/a)—(a/b) }[(n—1){ (b/a)**+1— (a/b)"+1}
— (n41){ (b/a)*~1—(a/b)*~ 1} 1] .+ (ab)2[ { (b/a)"— (a/b)"}®
—n2{(bja)—(afb) } ) K, —}n+ 1)ab{ (b))
—(a/b) }[b" {bR;(b)-nR,,(b)} —a*{aP,(a) —nP,,(a)}]

+1ab{ (b/a)"*1— (afb)*+1} [a" {BE, () +n R, b)
——b'{aP;(a)+nP,,(a) }] .. .. . .. (190)

and
, Basr = {(Ba) 1= (@py 1 P —n+ D2{(Ba)—@B)}". .. (190)
It follows from above that for large n
Jon st == b4 3t 2na2h90-2{ (b/a)— (a/5) } K g+ 15202 { B, ()~ 21 R0 () }
+natv+15- 408 (bja) —(afb) } { aP} () +2nPs,(@) ],
and

Egeys = 2n08*4272{ (5/a) — (af) } 2/ pu+ 04K u — ha*+2 { aP}, (a) + 20 Py, (a) }
—nad~+8b-2+-1{ (b/a)— (a/b) } § bR, (6)—2nRea(D) §
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Putting
J* bz”Jg,, and K* = Kq,/a%", we have
TE g = b 4 2natr oo (bja) — (a/b) 2K 4} { bR, (5)—2nRy,(b) }
+n(ab)2ri{ (ba)—(a/b)} { aP} (@) +2nPo@}, .. .. (200)

and
K} o = 02K} + 200222 { (bja) — (a/b) } T, — } { 4P}, () + 2nPyu(a) }
—n(afp)21{(bja)— (a/b)} { bR, (b)—20Re®) §. .. .. (200)

For the convergence of the series (10), it is necessary that J2 +2~—>0 and
K;n+2_’ 0 asn—> o. The terms in (19a) and (195) which depend on P,,(a), P (@),
Ry (), RZ”(b) tend to zero because of the convergence of the original series (13).

The coefficient of K; in (20a) and J;” in (20b) are of order n(a/0)2" and tend to O.
If these terms are left out

J; (1/b2)J

2 *
e =a K2n'

2n 2n+2
Since (1/b2) << 1 and a2 > 1, it is the coefficient K;n that may not tend to zero
unless K, has the correct value. The value of K, is determined approximately by
taking K '2"" =
Calculating numerically fora = 1, b = 5, p, = 3, ¢o = 0, it is seen that
if Kg=0, K,=(01167)442,
if K,=0, Ko=/(0-5092)442
if Kg=0, K,=(0-5064)442,
if Kg=0, Kg=(0-5064)442.
These values give the successive approximations to the correct value of K.
(B) We shall now find the function G5 associated with the displacement caused

by the application of transverse forces F at each of the two points (2, ¥,) and forces
(—7F) at each of the points (—ag, £yp). Let

Gy =|z—2o 2 log [{—~Lo[+|2—% 2 log |L—Co]
~|24+% |2 log | L+o|—|2420 2 log | L+ Lo | —gs,

where g, is a biharmonic function with no singularities in the region covered by the
plate. Proceeding exactly as in § 4 above, it can be shown that

6(/2

gs = z Pypy1(a) cos (2n+ 1), 52 z Poys1(a) cos (2n41)¢ when p = a l

. (21)
and gg = z R, 41(b) cos (2n41)¢, %972 = z R'2,+1(b) cos (2n+41)¢ when p = b,‘
0 0 : :

where

Py(p) = — (442/p3p2)[{200p(p5+1)(p+1) log Po-+(p/Po) (Py-+p%/2)(P5p2+1)

+20gp2} cos do-+(o%/200)(P5—p¥3) cos 3o | ,
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Ry(p) = — (442/p3p%)| {200 (P +1) (o2 +1) log p+(Po/P)(p2+05/2) (P52 +1)

+283p} cos -+ (P/26)(p2—r5/3) cos 3¢y | ,

and, for n > 3, P,(p) and R,(p) are given by (8¢) and (9c) respectively.
By considerations of symmetry, we can assume

2 K
Jo = f { (/14 K, log p)+ z (/20 41PT" + K gq11P72") CO8 2”‘75}
n=1

+ Z (L’zn+1f’2”+l+M2n+1P-2n—l) cos (2n+1)¢,
0

and, substituting for (z/4) from (4), write
9o = {Jsp3+ Kgp 3+ Lyp+M1p 1+ 2K (p+p71) log p} cos ¢

a

+ z {Vous8p2" 34 Koy 3p™ 2" 34 Loy 1p2" 14 Mo, 1p7 2" 1k J gy 1p2% 1

n=1

+-K2u+1p—2”+_l} cos (2n+1)g, .. .. .. (22)
0
P ai: = [3(Jsp3_K3p-3)+L1p—M1P-1+2K1{(P_p—1) log P+P+P"1}] c0s ¢

+ z {(2n+ 3NV 2n43p2" T3 — K 9013072 3) +(2n+ l)(L2u+lP2”+1 —Moup1p72"1)
1

+(22—1)(J 9041921 ~ Kgay1p™2+1) } cos (22+1)4, .. - (23)
where

Ly = Jg+2J,+L;, M, =Ks42J,+M,
and
Lypyr = J2l+3+‘]2u+]+L12,,+p Monsy = Koppps+ Koup1+M,,,, (n>1)
The equations to determine the unknown coefficients are
asJg+a 3Kg+al,+a 1M, 4+2(a+a l)(log a) K, = P\(a),
3a3J3—3a 3K y+aL,—a 1M +2{(a—a"1) log a+(a+a 1)} K, = aP;(a),l
B3]y 4b-8K g +bLy+b 1M 4+ 2(b+5-1)(log b) Ky = Ra(b), J 2
3b3J3 — 3b-3Kg4+-bLy —b~ 1M +2{(b—b"1) log b+ (b+b-1)} K, = bR;(B);
and, for n »1,
a3 ], s+a 3K, o4a 1L, a2 1My, + )
a?*~1Jg . +a 21Ky ) = Py, 4(a), '
(2n43)a2"t3J,, g —(2n+3)a 2" 3Ky, g4 (2n+ 1)at* 10, 1 —
(2n4+1)a2* 1M, 4 (2n—1)a2" 1 gpy ) —
(2n—1)a~ 21K, ) = aP'yyy(a), |
b2-+3J2.+3+b-2-—3K2.+3+ b2u+1L2.+] +b—z-—1M2-+1+
ber=1J,, 1+ 072K ) = Ropy1(b),
(2n+4-3)b2+3J g0y 3—(2n+3)b~ 208K g, g+ (204 1)02" 1 Lg, 1 —
(2n4+1)b" 2" 1Mo 1 +(2n—1)p2" 1T g, —
(2n—1)b~ 21Ky, 1y = bR'5041(b).

(25)
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It is seen that (25) is the same as (16) if, in the latter, 2 is replaced by (2n+4-1).
Hence the approximate value of K, can be found exactly as that of Ky in §4.
When K is known, all the unknown coefficients can be determined.

Clearly J3 and K3 are given by ‘

2(ab)® {(b/a)—(a/b)} J3+(ab) ™" {(b/a)2—(a/b)?} Ks = X, } (26)
ab {(b/a)*—(a/b)*} J3+2(ab) % {(b/a)—~(a/b)} K3 = T,

where
Xy = {(b/a)~(a/b)—2ab log (bja) } K1+ }a {bR1(b)+E,(b)} —3b {aP(a)+ Py(a)},
Yy = —{(b/a)—(a/b)—2(ab) ™" log (b/a)} K1+ }a~" {bRI(b)—Ry(b)}
—(1/2b) {aP)(a)—P;(a) }
and Jg, 3, Konyg (7 > 1) are given by
Jonts = [J2x18)/ Donts, Konys = [Konssl/ Dgups> -- - (27)
where [Jgnt3], [Kzassl, Aoeps are given by (19a—c).

The values of K, calculated from K;,..H =0fora=1,b=35py=3, ¢g=0
are as given below :
K3 =0gives K, = (—1-373) 442,
Kg =0 gives K| = (—1-262) 442,
Ky =0 gives K, = (—1-260) 442.

(C) We next find the function G associated with the displacement caused by
the application of transverse forces F at each of the two points (4, y,) and forces
(—F) at each of the points (dzy, —y;). Let :

Gs =|z—2 2 log | {—o|+|2+Z 2 log | (48]
— |z2—2o[2 log | T—Lo{ — |2+ |2 log | L+Lo|—7s ,

where, as before, gy is a biharmonic function with no singularities in the region
considered. As in §4, it can be shown that

S . ay & ’ .
gs = 20: Q2'+1(a) sin (2n+ l)¢) 33 = 20: Q2”+1(a) sin (2n+1)¢’ when p=a

and
-] ay L.
. 8 ’ 3 —
gJs = OE Sz-+1(b) sin (2n+1)¢, —a-; == OE Szn+1(“) 81 (2n+l)¢s when p= b,

where
Qule) = —(44%/pp") [ {20,(P5=1) (2~1) log o+ (pley) (pie™+1) oy +0%[2)
~2p,0°} sin ¢+ (p%/2p,) (P—p%3) sin 34|, .. (29)

442 o Py p2\ (e[ f e
Qulp) = 5 [ T ( 5~ “) sin (n—2)go+ el T ntl

PP _l)p;'z n—2 n n=1
2
. pn+2 PO p2 .
X - 2 )sin(n+2 forn >3, .. (29b)
sin g, (n+1)P3(" n+2) in ( )¢o]
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and
8y(p) = —(¢42/pZp%) [{2pop(p§—1) (p2—1) log P+(Po/P) (P2P°+1) (P +-P5/2)

—2”3”} sin o+ (P3/20) (P*—p7/3) sin 3¢o], .. (30a)

" 2 2.2 ” 2
442 P pz P\ | P22 41)p" [ p2 P
Su(P) = ;?—.pg [ '—*—9-—( ;0) sin ("-2)¢o+( g ) (n 2 )

T n=DpE\n=2" np* -1 a+1
pn+2 92 P2 )

As before, we assume

2 ) [
g3 = — :i*l {(Jl—kl log P) 4+ Z (.72-+1P2'—k2u+1p_2') cos 27’4}
1

+

(l’2n+ 1P2'+1 + m/2n+ 1p_ 2 l) Sj‘n (2n’+ 1)¢'
0

and, substituting for (y/4) from (4), get
gs = { joP3+hgp 3+ 1P+ myp~142k1(P—p1) log P} sin ¢

@O
+ Z {j2"+3p2-+3+ koniaP 20 341y, 1P 1 fmy, P21

n=1
+j2,.+1p2"-1+k2.+1p-2~+1} sin (2n4+1)¢ .. (31)
7 . .
P‘agf = [3j3p3—3kap~3+hip—mip~ + 2k, {p—p 1+ (p+p71) log p} ] sin &

+ Z {(204-3) (Jous 302" H8— K30 13p 72" 3) + (20 + 1) (L1 1p2**1

n=1
—Mgnp1p 1)+ (20 —1) (Jeas10B 1 —kge 1P 21} sin (204 1),  (32)
where '
L =l —js—2j1, my = m;—ks+2,
and
lonr1 = by 1 —dontra—Jgns1> Moyl = m;,,+1_k21+3_k21|+1: (n 2 1).
The equations to determine the unknown coefficients are
a¥js+a-%kg+al, +a~1m; +2(a—a")(log a)k; = Qy(a),
3a3j3—3a-3kg+al,—a"1m;+2{(a—a"1)+(a+a"1) log alk, = aQ'l(a),
53+ b~Bkg+bly +51my + 2(b—b~1)(log B)ky = Sy(b),
3b8jg—3b~8kg+bly — b~ 1my + 2{ (b—b-1) 4 (b+b"1) log b } &y = bS(B) ;

(33)
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and, forn > 1,

a2 8o 8 +a7 3 By, g Falit iy L a7 Img,

+ a- 1j2-u+1 + G- 2"-H'I‘:Zn+1 = Qz,, +1(a)
(2n+3)a2"+3jy, 3 —(2n+3)a~ @* ¥y, o+ (2n+1)a2+1l,,
—_ (2n + l)a—z"_ 1m2,,+1 -+ (2n — l)az"_ 1j2u+1 - (27" —1 )ah2'+1kﬁu+l = aQ,2”+ 1(“
b2y, g+ b8 "3k, g b2 g, L+ b2 iy, +02 L,

bty = gy ®

(2n+3)b2*¥ 3y, 13— (2n+3)b~ 2 8kg, g+ (2n+ 1)b2*F1,,

—(@no 1572 Mgy (21— DB Ypapy — (20— 1) gy = bSO ]

(34)

The equations (34) are identical with (25) if the P’s and R’s in the latter are
replaced by @’s and §8’s respectively. Hence the method of evaluating k; remains
the same and we have equations exactly like (27) to determine j,, g, ks, +s- The
equations to determine jg and kg are easily obtained from (33).

The values of &k, determined by k2',.+1 =0fora=1,b=3,p =2, ¢, =7areas
given below :
kg = 0 gives k; = (—7-218) 442
ks = 0 gives k; = (—6-683) 442,
ky = 0 gives k; = (—6-626) 442,
ko = 0 gives k; = (—6-627) 442

(D) Finally, we find the function (/¢ associated with the displacement caused
by the application of transverse forces F' at each of the two points 4(z,, y,) and
forces (—F') at each of the points +(zy, —¥o). Let

Gy = |z2—29 [2log| {—{o |[+|2+2, [Blog | L+, |
— z2—% [P log | {—0o [—| 2+7% [2log [+, |~94.

where, as before, g, is a biharmonic function with no singularities in the region
considered. As above, it can be shown that

\

Jo = ZQ’" (@) sin 2ng, %‘% = Z Q;ﬂ (a) sin 2n¢, when p = a
1 1
and .. (35)
© ) ag4 -] , '
go= D Spa (b) sin 2nd, = = > 8, (b)sin 2né, when p = b,
4 Z 2 o Z 2 p
where
Qulp) = (44%/p5p2)[(6%/205) P2+ 1) (pg—?/3) sin 20— (p4/6p5)(py —p?/2) Sim 450],

Salp) = (44%/pgp) (pg/20%) (%5 +1)(p2—py/3) sin 260~ (p/6p%)(p2—p}/2) sin 4],
and, for n > 3, @, (p) and S, (p) are given by (29b) and (30b) respectively.

We assume

g, = (r2/42) { Z(j;”pzwk;”p—z-) sin 2né } + Z(l2.92”+m.,,,p‘2') sin 2n¢
1 1
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and, substituting for (r2/A2) from (4), obtain
9, ={J Pt kP74 +1op?+myp 24k} sin 24

e o
+ Z {JongoP?" 2t konyoP 2" 24 1y, P20 40, P™ 2" 4, P2 24 ky,p~2"*2}sin 20, (36)

n=2

0 .
P = {4(4,p4— k™) + 22— mop~2) | sin 24
+ D {02y 2K 2p7272) o 200 — gy ")
2
+(2n—2)(j,,p2" "2 —ko,p~2"42)} sin 2ng .. (37)
where k= 32+Ic2
and j2n+2 = j;n+2+j:,2n’ k2n+2 = k:2n+2+k)2| for n > L

The equations to determine the unknown coefficients are

atjy+a 4kt atlata Zmg+-k = Q,'a),
4a%j,—4a"4ky+20%, —2a"2m, = aQ,(a).

b4j bty 020y b 2mg b = Sy(b). (38)
Ab4j g —4b™ 4y 4 2621y — 20 2my = bS,(b) ;
and. for n > 2,
a?t2j, o+a 2" 2y, o a2y, + a2 g, + a2 2y, 40”2V 2Ly, = Qo,(a)
(Zn42)a2"+2j, o~ (2n+2)a 27" 2y, o+ 2na2"ly, —2na" 2" m,,
2 —2)a2h =2y, —(2n—2)a~ 22k, = a)
+ (_,77. )a J2n (Zn )(l lZn ann (a) { N (39)

b2"+2j2,+2+11‘2"2k2"+2+b2"l2,,+b‘2"m2,,+b2"‘2j2.+b‘2"+2k2,, = Si’l(b)
(2n+42)b2"42j, L o— (204 2)b7 27" 2ky, \ o+ 20b25, — 2007 Py,
+(2n—2)b2"" 2y, — (20— 2)b-2"F2ky, = bS, (b)

The equations (39) are seen to be identical with (16) when the P’s and R’s of
the latter are replaced by @’s and §’s. Thus k can be evaluated as before and
J2nt2r Kgape (n>2) are given by equations of the form (18); j, and k4 are easily
obtained from (38).

2, =0 for a =1 b=3, pp=2, ¢0=§

The values of k, calculated from #
are as given below :
ky = 0 gives k = (0-5092) 442,
kg = 0 gives k = (0-4244) 442,
kg = 0 gives k = (0-4068) 442,
ko = 0 gives k = (0-4091) 442,
k1o = 0 gives k = (0-4097) 442.
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(E) Gy, Gg, Gg, G4 having thus been determined, the actual displacement w for
the transverse force F acting at the point Q(z,, ¥,) is given by

w_iGI+GZ+G3+G4
~ 8D 4

= (F/8aD){ |z—zy 2 log | {—Lo|—}g1+92+9s+94) }.
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