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ABSTRACT

A simplified procedure of studying the lattice wave propagation along the special directions
like [100], [111], [011] of diamond is presented. Besides furnishing the usual parameters of
the waves, the present method of using planar force constants directly gives interesting results
about the modes of vibrations, like, for example, the plane of polarization of the transverse waves
along the cubic directions and the variations of the absolute phase difference between the two
lattices. Along the dodecahedral direction, the longitudinal wave gets coupled with one of
the transverse waves, resulting in elliptic vibrations which can be elegantly discussed in a Poin-
caré representation. Numerical calculations to illustrate the dispersion of the lattice waves
are also given using the force constants up to the third neighbours.

1. INTRODUCTION

In a recent paper which appeared in these Proceedings (Krishnan, Chandra-
sekharan and Rajagopal, 1960) and which will be referred to hereafter as Part I, the
elastic behaviour of diamond has been investigated in terms of the interatomic
force constants. The results obtained support the new 45 constant theory of crystal
elasticity. In continuation of the above work the wave propagations in diamond
along specific directions like the cubic, octahedral and dodecahedral have been
investigated using the idea of planar force constants. This procedure enables one
to get a physical insight into the modes of vibration. These modes are known to be
of importance in other fields like the thermal scattering of light by crystals (Theimer,
1951). The device of planar force constants was used by Ramanathan (1948) but
not rigorously. The difference between this simple approach and the general
method is analogous to the treatment of X-ray reflections by Bragg and Laue. In
the case of crystals of high symmetry, the present method is simpler than the general
theory at least for some purposes.

2. Norarions Usgp

Diamond consists of two interpenetrating face centred cubic lattices which
can be called the A and B lattices as elaborated in Part I. For any plane wave,
the displacements of all the atoms on the wavefront are the same. So one intro-
duces the planar force constant which is the resultant of the force constants due
to all the atoms of the same species lying in a plane. For example nfyx denotes
the y component of the planar force constant due to the z displacement of all the 4

atoms lying in the nth atomic plane while N°y¢ is due to the displacements of all
the B atoms in the Nth layer. (The first suffix denotes the component of the force
while the second indicates the nature of the displacement responsible for the force.
The Greek symbols are reserved for the B atoms and the Roman ones for the 4
atoms). As indicated in Fig. 1, the nearest B plane to the right of the n = 0th 4
layer is denoted as the N = 0th B plane. If, as in the dodecahedral planes, both
4 and B atoms occur in the same layer, the prefixes are the same for both.

A discussion of the force constants f,_ (0, s) associated with the first three neigh-

bours has been given in Part I. The force constants on any A or B atom can be
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related to the force on the 0th atom by the operations of translatory symmetry of
the 4 or B lattice, the centre of inversion between the two lattices and the Reci-
procity Theorem. The first and the third operations give 4 relations each of the
type

7Pax = nPrx B==n) .. .. .. R )]
Ny = NPy .. .. .. .. (2
nPey = N°y¢ e .. G
while the centre of inversion gives the relations
NP¢t = nPex; NPy = nPyy; NP¢p= —nPay; NPpt=—nyz .. @

The negative sign in the last two relations of eq. (4) is to be noted. The equations
(1—4) are useful in reducing the equations of motion.

3. EqQuaTioNs oF MOTION AND THEIR SOLUTION ALONG
[100], [111], [011].

The use of planar force constants reduces the wave propagation along the cubic
and octahedral directions to a one-dimensional problem. In the cubic planes, if
one writes the scheme of the planar force constants taking the [100], [010], [001]
directions as references, the non-diagonal terms like By, B,,, etc., are present.
However, the whole scheme of force constants can be diagonalized by choosing
7' =[100]; ' =[011]; 2z’ = [011]. The significance of this factor in the polari-
zation of the waves will be discussed later. In the case of the octahedral planes,
the force constant_scheme is always diagonal and so the normal co-ordinates are
2" =[111]; " =[211]; 2" = [011]. Further these vibrations are not mutually
coupled and so the equations can be written for each mode separately.

4 — e ——

Xrg Xr, ¢ Xr ¢ Xr,, Xry 2 Xrys
m ™~ = r T+ T+ lt

F1e. 1. Notation for the positions of the 4 and B lattice planes.

In our notation

”, 0

mE, = z {nBzzzr+n +;anr-n} + {NBa§§,+N+7v—+‘iBaff,_N_ I }
N=

= Zanz(zr+n+xr-n)+uG==(1',-+,—' ,._,,)
b Pl e ) FaOetlbsnr—b_n) - - (B
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Fia. 2. Position of the 29 atoms in the dodecahedral (011) plane (z = 3-562 A),

where the symmetric F' and antisymmetric G parts of the force constants are defined

through
nBrxr47Brx = 2nfxx ; nBrr—nBrx = 2nCxx

N+ Pzt 4+ NPt = 2NTat ; N4+ It —NPx¢ = 2Nzt

The relations among the F’s and G’s are obtained by using eqgs. (1) to (4). For ex-
ample, nSxx = 0 ete.; but NSz{ 7 0 in general, a point which is often overlooked.

The corresponding equation for mf, can be obtained by using eqgs. (1) and (4) as
mé, = D Feall, oyt ) HaCis(b v —E, )

+Nst(xr+n+1+xr—n)+NG=§(xr+ﬂ+1_xr-n) .. .. (7)
For plane harmonic waves of the same frequency
x, = gellat-rd) . £ = peil@t-19) . & — 9nd/) e o (8)

(d is the spacing between similar atoms along the direction of the propagation of
the waves), egs. (5) and (7) can be written as

g(A+Q)+he¥(B+iB) =0; ge A B—iB)+MHA+Q)=0 .. (9)
where .
ZnF" cos g = A ; ZnG’,, sin ng = A4
W ’ o (10)
Z nFqg cos (N—1)¢p = B; Z NGog sin (N—})¢ = B'.
1 1
mw2[2 = Q. .. .. .. .o (11

The 4, A’ ... .are all functions of ¢ and hence of A. Further in eq. (8), the origins
of the z and ¢ waves are different and g, » are complex,
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Now eq. (9) gives the solutions
= —AF[B24+ B2} .. .. .. (12
hig = —e #2 (A4 0Q)(B—iB’) = ¢lloro tan (BB)-¢2] = o = (1)

The upper negative sign in eq. (12) refers to the acoustic spectrum and the lower
sign to the optical spectrum. Eq. (13) shows that || = [g], i.e. the amplitude and
the energy of the wave is the same for the two lattices. For wavelengths which
are even multiples of d,

A=2d; ¢ =mu/A; wd=vNd=V]d ce e (14)

¢ is the phase change per equivalent plane.
Taking the acoustic branch, in the limit A - o0, i.e. ¢ — 0, ore has

lim L _ p__-_a3Vj

¢._>0¢2 - lﬁdz

—[ENG (N = DI ENF ) e (1B)

since in expanding the term —A—(B2+ B'2)t in powers of ¢, ZoF o+ 2yF =0,
corresponding to the translation of the crystal. Further as ¢ — 0, B’ — 0 and so

the two lattices are in phase, as may be expected.
In the case of the optical branch, A — oo gives

= Z,IF"’ﬂz-I-ZNF,g(N—-%)z

mw2[2 = — Z,,F,,+ZNF,§ =4Q+2+8) .. .. (16)
1] 1

and this gives rise to the oscillation of the two interpenetrating lattices which is a
frequency shift of 1332 cm.~? in the Raman effect.

This discussion is valid for the case of cubic longitudinal and transverse, octa-
hedral longitudinal and transverse, and one of the dodecahedral transverse waves
with the vibration along [011], with minor changes in the notation like for example
z—>y', £ > 7', in the cubic transverse wave. The corresponding values of the F’s
and (s are to be used.

However, in the case of the waves going along the dodecahedral direction g’
== [011], the longitudinal wave and the transverse wave with the vibration in the
(011) plane get coupled. The scheme of planar force constants do not get diagona-
lized. So one must consider simultaneously the motion of the 4 and B atoms in
the y"'==[011] and z’ = [100] directions. The method of planar forces is adequate
to handle this case also. We introduce the contractions,

o
Ay = Z"Fx',r cos ng
0

By =2 F cos N
Ci=2,F,ysinndg=0
Dy =ZnFyy sin Np =0
Ey = Z,Fyy cos ng
Fy=ZyFyq cos N

Gy =2,F,. sinng =0
Hy=2X2.F . sin N¢=0

4, = ZG c0s 1 = 0
0

By =Z\,G 4 cos Ng = 0
Cy = 2,Gyy sin neg

Dy = ZnGyyp sin N

E2 = Z"Gy'y' cos nq‘» =0
Fo= XnGyy cos N =0
Gg = X Gy 8in nd

Hy= 2,6 4 sin N

an
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where as usual

B+iB=2,F; B—zB=2.,G etc.

It is to be noted that (1) if the displacement and the force are in the same direction,
only the symmetric force constants 4,, B, B, F, are present while (2) if the dis-
placement and the force are in perpendicular directions, only the antisymmetric
terms are present.

The equations of motion for the coupled oscillation in the y' z’ plane are

mfr = Z {an:(xr+u+xr—n)+NF¢§(§r+N+§r—N)
0

+ nG.r_y(yr-{-n —yr—n) +NGz"](.1’r+N /1 —N) }

and three analogous equations for mf,, mij, and m#,.
For the harmonic waves

— ppilwi-rd) . _ poilwt=19) .
z, = ge ;o E.=he ; (18)
(’/.- = cei(wt—r¢) ; N, = dei(wt—r¢) ;
the equations can be put in the form
(Al +Q)g+B1h—i020—iD2d = 0
Big+(41+2h+iDgc+1iCed = 0 (19)
t1Dog—iCoh+ Fic+(E,+2)d =0
The secular determinant gives at once
AI—B1+QL —l(D2+CE) l A1+BI+QT l(Dg"‘Cz) _ 0 (20)
i{Dy+Cs) Ey+F1+80 —i(Dy—Cy) E\—F,+Qr

20 = 34~ (1= B)+ Bt P =B~ (Bt Fi)] X
UDyCe o
X [1+{(A1—Bl)—(E1+F1)}2] % - @Y

9r = 5}~ (1 B+ U= (41 B~ (Br—Fy)) x

4(1)2—02)2 4 . 29
"[1+{<A1+Bl>—<E1—F1>}2] % 3

The acoustic branch is given by the positive sign in eq. (21) and by the‘ nega.tive
sign in eq. (22) since (E1+F,), (4,+B,), De, Cz'a-ll —0 as ¢— 0, while in the
same limit of long waves (4;—B;) and (E,—F,) give the 1332 cm.™? oscillation.

Further, from (18) and (20)

g = —h;c=dand gfic = (Dz+C3)/(4; =B+,
= (E{+F,4+89.)/(De+Cs) .. (23)

In the limit ¢ — 0, g — O for the acoustic branch (denoted by the 'prei_ix A) and the
motion is constrained to the g’ direction with both B and ¥ atom in phase. So
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we have termed this the longitudinal (L) mode for the wave along y'. Also
g=~rh;c= —dandicjg = —(A;+ B +2r)(D>—Cy)
= —(D;—Cy)/(Ey—F1+Q1) - (24)

Here as ¢ — 0, ¢ — 0 for the acoustic branch and the motion is along x’ giving the
transverse (1') mode.

4. DiIscussioON

Having obtained the general results the several interesting cases can be
discussed individually.

(@) Cubic direction

Here the B planes are midway between the A4 planes, i.e. d = a/2, and the (th
B plane is to the right of the 0th A plane. Shifting the origin of the y wave to that
of the x wave in eq. (8) by moving through ¢®/2 one gets the absolute phase differ-
ence between the 4 and B lattices from eq. (13),

Yo = ¢+ ¢/2 = arctan (B'[B) e (25)

In the case of the longitudinal vibrations, it can be easily calculated that B’ = 0.
Hence iy = 0 and the waves along the two lattices are always in phase. Comparing
eq. (15) with the Christoffel equation of the elastic theory, and performing the
necessary summations,

apV? = ac}; = 2 {4U.12+ (2Q+1x).(})2+25.(3)2}
=Q+8U+2a4+9 .. .. .. .. .. (26)

For the transverse waves, the eqs. (5-16) are valid with a change in notation
as mentioned earlier. Here B’ 7 0 and so there is a definite phase difference between
the two lattices which however tends to zero as A— co. The situation is shown
in Fig. 3(a) and the origin of this phase term is discussed in detail in 4(c). The
limiting velocity is easily calculated as

apV? = acl=2 {(2U+2S).12+(2Q+2a+28).(%)2+2a.(§)2

_ [(2R+4B>.&——2r.%]2§
2Q 4 20+ 28 4 2

= Q+4U+45+10a+8—(R+28—37)2/(Q+2x+8) .. .. (27)

The square term is due to the phase difference between the two lattices and is caused
by the same mechanism which causes the interlattice displacements in the static
deformations,

An important distinction from the classical theory of elastic wave propagation
must be noted. According to the latter the transverse wave along [100] is completely
degenerate and the vibrations can take place in any direction on the (100) plane.
But in the atomic theory, as we have already seen in formulating the normal co-
ordinates, the vibrations are possible only along [011] and [011]. For finite wave-
lengths even these two directions are not completely equivalent as far as the lattice
phase difference is concerned (see 4(c)).

The equations (10, 12, 13) enable one to calculate the frequencies and velo-
cities for finite A. Typical numerical values are shown in Table 1.
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TABLE 1

Dispersion of the Lattice Waves along the Cubic [100) Direction

Longitudinal Transverse
afA
AVL ave a¥, oL 4vr  4AVT 4%, oI
0-0 0 1-703 0° 1332 0 1-245 0° 1332
0-1 158 1-689 — 1326 116 1-236 2217 1329
0-2 312 1-664 — 1306 230 1-227 4° 537 1319
G-3 455 1-621 — 1279 340 1-211 7° 53" 1302
0-4 587 1-566 — 1245 445 1-189 12° 1280
0-5 701 1-498 — 1208 543 1-16i 16~ 1252
0-6 798 1-421 — 1170 632 1-125 23° 1222
0-7 879 1-340 —_ 1134 711 1-084 31° 1188
0-8 942 1-258 — 11006 776 1-035 44° 1155
0-9 ! 992 1-177 — 1468 821 0-974 64° 1129
1-0 i 1033 1-103 — 1033 838 0-895 90° 1119
1

vin cm.—1; Vin 10 cm./sec.; other notations as in the text.
(b) Octahedral direction

In this case d = a/./3. The 4 and B planes are separate as in the above case,
but they are not equidistant. B’ 40 and a phase term is always present. The origin
of the B wave is at 3d/4 to the right of the 0th A layer and so referring the £ wave
to the same origin, the phase difference between the 4 and B lattices is

Yo = P+34/4 = ¢/4+arctan (B'/B) .. . .. (28)

The nature of this i is indicated in Fig. 3(b), (c) for the longitudinal and transverse
waves and the special features in these two cases are analysed in 4(c).

The limiting velocities of the acoustic waves are calculated as usual. The
longitudinal velocity is

apV2 = a(c; +2c;,+40) /3

- a4 54842
=4 (S+2U+2W).12+(4Q+6“+3;+4B 27)'(%)”( nhd- 4+ ?) @

[(—2Q+4_R+22a+8—43-—67) . %+(—21—8;_4B_2,},) | g]g

(4Q+€a+35+48—2y+ 2a+5—48+27)/2
= }{3Q+4R+16U+16W +85+220+ 115 —248+ 4y —4(B+28—37)2/(@+22+8) }
.. (29)
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The transverse velocity is
2 W W W
aprVZ = alcy; 012+°44)/3

= }{3Q—2R416U —8W 488+ 220+ 118 —128 -2y —4(R+28—37)2/(Q + 22 +8) } .
(30)
The values of the frequencies and velocities for a few small values of A are indicated
in Table 2 to show the magnitudes of the dispersion.
TasLE 2

Dispersion of the Lattice Waves along the Octahedral [111] Dairection

(2a/+/3) Longitudinal Transverse

A 47L 4VL a¥, ovL AVT AVrT 4%, o T
0-0 0 1-818 0° 1332 0 1.161 0° 1332
01 147 1-807 2017 1327 93 1-152 —1°11" 1329
0-2 290 1-787 5° 06’ 1302 186 1-146 —2° 31" 1322
0-3 426 1:752 8° 127 1291 274 1130 - 4° 107 1310
0-4 553 1-705 12° 1262 359 1-106 —6° 207 1295
(V253 668 1-647 17° 1228 436 1-G75 - 9217 1276
0-6 768 1579  24° 1191 505 1-038 -13° 1256
0-7 853 1-502  33° 1154 563 0-992 -—19° 1236
O~é 921 1429  48° 1118 608 0-938 - 26° 1219
0-9 973 1:333 74° 1085 637 0-873 - 35° 1207
1-0 998 1-230 135° 1067 647 0-798 —45° 1202

Vin em,-1; V in 108 em./sec.; other notations as in the text.

(¢) Physical explanation of the phase terms

A very interesting explanation of the occurrence of the phase terms can be given
from the nature of the atomic binding in diamond.

Taking the case of the cubic transverse waves, where a phase term occurs even
though the A-B-A spacings are equal, it is seen that this arises from the fact that
the bonding of the 4 atoms to the B atoms on the right (oFy) is different from
that to the B atoms on the left (iFy). This can be easily visualized with a model
of the diamond lattice (Raman, 1947, also Figure 2). It is also seen that for the
vibrations along y' = [011], the B lattice will lead the A4 lattice as shown in Fig.
3(az). For the transverse wave with the vibrations along 2’ = [011], the B’ term
changes its sign while 4 and B are the same as for the vibrations along y'. The
frequencies and the velocities are not changed, but the phase term becomes — .
So the B atoms will lag behind the A atoms for the wave travelling towards [100].



OF THE LATTICE VIBRATIONS OF DIAMOND 385

In the octahedral direction, the occurrence of the phase term due to the unequal
spacings and unequal bondings is easily understood. But from Fig. 3(b) and (c)

a b c

Fia, 3. Phase difference between the A and B lattices: (¢) Cubic transverse wave, (b) Octa-
hedral longitudinal wave (schematic), (¢) Octahedral transverse wave.

it is seen that in the case of the longitudinal wave, the B lattice is in advance while
in the transverse waves, the B lattice is lagging behind the 4 wave, showing the
relative magnitudes of the quantities on the RH.S. of eq. {28). This is easily
explained as follows. Consider the displacements in the vicinity of a 4 atom with
zero displacement in & wave ‘frozen in time’. There should be no net force on this
atom since it moves in virtue of its inertia. Taking a longitudinal wave of large
A, the displacement of the first neighbour atomic plane on the right (i.e. along the
direction of propagation [111]) is thrice that of the first neighbour on the left, if there
were no phase difference. But the force constant for the first right plane is @Q+2R
(~2-52 x 105 using the numerical value of the force constants given later in the paper
eq. 37) while for the first left plane it is 3¢ —2R(~2-89x 105). Since 3x2-52>1x
2-89, it is obvious that the right plane be displaced less and the left plane more
than in the case of zero phase difference for the balance of the forces on the fth atom.
Hence the B wave leads the A wave. Per conira, in the transverse wave, the force
constant due to the first B plane to the right is @—R(~0-77x 105) while on the
left it is 3Q+R(~464x105). As 3x0-77<1x4-64, the B atoms on the right
will suffer a greater displacement to keep the balance of forces on the ¢th 4 atom.
Hence the B wave now lags behind the 4 wave.

As is well known, the phase difference for the optical mode is 7 times greater
than in the corresponding acoustical vibration.

(d) Dodecakedral direction

In the dodecahedral direction, d = a/24/2 but the 4 and B atoms are situated
in the same (mixed) planes. If one calculates the scheme of force constants, the
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non-diagonal terms involving 2’ or {’ [011] vanish. This shows that only the trans-
verse vibration along z’ remains pure. The eqs. (5-16) remain valid if one puts
z—»2z'; £, etc., and the following definitions instead of eqgs. (6, 10),

¢VBZ'§, +ﬁlegf = 2NFZIL'I 5 Nleg’ —XYBZ'EI == 2NG21£1 = ()

D P cosng=4; > Py cosNg=B
Z Gy sinng=A4"=0; Z yFop sin Ng =B =0.

One sees that there is no phase difference for the acoustic branch, and for large
wavelengths

apV .2 = a(c};—c0) /2.
= ((2U +28). 124 (U — ).224-(Q— B+ 20+ 8+ 28— 7). 124 (a+5+28).22}
= (Q=R+6U —4W+25+6a+53+68—7) .. .. .. .. .. (31

In the case of the vibrations in the (011) plane, the longitudinal and the trans-
verse waves get coupled, as discussed in egs. (17-24). For finite A, the resultant
vibrations in all the four modes 482y, 4%r, o2, of2r are elliptical in the z’ y'
plane.* The nature of these ellipses are vividly represented in Fig. 4, where the
different atoms are ‘frozen in time’. The position of the atom (thick dot) and the
sense of motion are shown over a distance of /2 for the waves propagated along the
[011] direction. One notices the following salient features:

(i) The amplitudes of the two lattices are equal |g|=k]; |c|=|d| and hence
the energy is the same in both the lattices, as expected.

(ii) For the acoustic and the optical branches, the elliptically polarized waves
are similar but with the opposite sense of rotation and are crossed with each other

== 00 00 oo

== 00 ¢ 00 oo

2= 00 ., 00 oo
.

o= 00 = () oo
B A B A B A B A

TRANS. LONG. TRANS. LONS,
ACOUSTIC BRANCH OPTIC BRANCH

F16. 4. Elliptic vibrations in the (011) plane. The positions of the atoms (dots) and the sense
of motion are ‘frozen in time’.

* After the work was completed, it was brought to our notice that Criber (Acta Crystal.,
6, 293, 1953) has found elliptic vibrations for a particular direction in CaF,;. Beyond a cur-
sory mention, he has not pursued the ides.
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(the major axis of one falls on the minor axis of the other and vice versa). They
are still orthogonal with the same eccentricity.

(iii) For all the modes, if the motion is right handed for the 4 lattice, it is left
handed for the B lattice and vice versa. The two ellipses have their major axes
parallel, and

(iv) The longitudinal and the transverse modes have different eccentricities.

All these points are neatly summarized by representing the ellipses on a Poin-
caré sphere (Fig. 5).

8, ()

B, ()

L Lowe.
N 7 TrANS.
Aroo 8, A Acousric
5 a oFric
Aa O OB,

Cr
O

Fia. 5. Poincaré representation of the coupled vibrations in the (011) plane.

As is well known, the two orthogonal ellipses are represented by diametrically
opposite points. The motion of the B atom is obtained by reflecting the corres-
ponding motion of the 4 atom in the equitorial plane.

The various frequencies, velocities and the ratios of the axes are collected in
Table 3. In the long wavelength limit

ap( Vw)i = a(cﬁ’+c£+2cﬁ)/2

2[nG.y . n— NGy . NT? %
an’x’ —NFx’f’
= Q+R+46U 46 +28+46a+58—68+7—(R+28—37)/(Q+2x+8). .. (32)

= Z {,Fy,'. netyFyy . N2

¥ 22 W
ap(V )= ac,,

A nGoy . N—= Gy n]‘l}

= Z {ﬁF:w ' n2+NFz'£I ) N2+ .Fy')"_nFJ"ﬂ'

= Q+4U +48+4+10e+5—(R+28—37)Y/(Q+2a+8). .. .. (33)

In the optical branch, the motion is orthogonal to that in the acoustic branch.
In the long wavelength limit, of2; mode vibrates along z’ direction and 427 along
y’. For finite wavelengths y(ic/g) = 4(i¢/g) for both L and T modes.
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TABLE 3

Dispersion of the Lattice Waves along the Dodecahedral [011) Direction

(al+/2) Quasi-longitudinal Quasi-transverse Pure transverse
A AL AVL  alglic) oVL AV AVT 4(iclg) T AVT  4VT T
0-0 0 1-790 0 1332 0 1-245 0 1332 0 1116 1332
0-1 234 1-768 —0-030 1325 : 163 1-235 0-030 1319 147 1-106 1326
0-2 453 1-710 —0-069 1306 i 321 1-211 ¢-067 1284 287 1-084 1307
0-3 643 1-619 —0-127 1278 , 455 1-171 0-119 1230 417 1-050 1279
0-4 795 1-500 —0-223 1246 l 591 1115 0-201 1167 497 0-946 1260
0:5 ; 899 1-357 —0-382 1218 ’ 693 1-046 0-337 1107 | 630 0-926 1211
0-6 957 1:205 - 0-623 1198 E 765 0-962 0-572 1061 713 0-898 1176
0.7 985 1:062 —0-935 1182 E 806 0-870 0-991 1037 767 0-827 1153
0-8 1003 0-947 —1-345 1139 827 (-780 1.780 1035 789 0-745 1146
0-9 1021 0-8537 —2-297 1133 ' 835 0-660 3-918 1034 830 0-696 1122
1-0 1033 0-780 —oo 1119 : 838 0-633 +oo 1033 838 0:633 1119

Vincm.=!; ¥ in 108 cm./sec.; other notations as in the text. For the pure transverse wave
Ay is always zero.

(e) Elastic constants

The present calculations yield the expressions for the elastic constants if one
identifies the velocities in the limiting acoustic wave (A - c0) with those given by
the usual Christoffel theory (Hearmon, 1956) for the wave propagation (hence the
superscript ). The expressions are

e = (Q+8U+2¢+98)/a
ct = (2R+8W —128427—Q—4U —48—10¢~8)/a
o = [Q+4U +48+100+5—(B+28—37Y/(@+2«+3)]fa .. (34)

and they lead to consistent expressions for eqs. (26, 27, 20-33). These expressions
agree with those given by Viswanathan (1954) and reduce to those of Smith (1948)
if third neighbour forces are ignored and central forces are assumed for the second
neighbours, But eq. (15) shows that actually distant neighbours are given greater
weightage, though their numerical magnitudes diminish with increase of distance.

(f) Frequencies for A\=2d; ¢ ==

In the Tables 1-3 the frequencies and velocities are calculated for oo < ) < 24,
ie. 0<¢d<n Ifnr<é<2m the frequency spectrum is identical with the
first range as is well known (Brillouin, 1946; Launay, 1955). In the special case
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of A= 2d (¢ = =) eq. (12) gives

Q= —

E]

(= F +(=)" 6,1

Q

VIRV

o {(—1) ”F”—(—l)N“NGxg} R € 59

There are eight frequencies corresponding to the acoustic and optic branches of
the waves along [100] and [111]. These, together with the expressions for the
lattice frequency and the translation condition, are given in Table 4. They agree
with those given by Ramanathan (1947). The same sequence of frequencies occurs
in germanium also (Brockhouse and Iyengar, 1958). The ten expressions in Table
4 contain eight unknowns and the two eliminants (i) (Qr = 42, along [100] and
(i) 3 {13322+4+02+42(10332+11192+8312)} = 4 {10672+ 99824 2(120224-6472)}

(36)

Inthe case of the dodecahedral direction, there is no coupling at ¢ = 7 and among
the six frequencies, only three are distinct (Table 3) and they correspond to the
three frequencies in Table 4. Since the limiting frequencies in any direction must
be among these 8 only, it is possible that combinations of these (two phonon pro-
cesses) occur prominently in the second order Raman spectrum of diamond. The
values of the frequencies assigned by Krishnan (1947) are also given in Table 3 to
be compared with the calculated values. Since the calculations are completely
independent of the second order Raman effect the correlation between the calculated
and Krishnan’s assignments is indeed striking,.

Using the expressions (34) for the elastic constants (¢, = 101-9; Cp = 14-3;

Oy = 54-6 X101, see Krishnan et al., 1958) and 4”2VI22 = (ﬁ) (@4 2¢48) with
m

YR = 1332 cm.”! and further assuming central forces for the second and third

neighbours, the force constants are evaluated as

@=13522; BR=0-5839; U=W =0-0793; §=0; a—‘)’——,B/3—8/9—00198
X 105 dynes/cm. .o (37

(m =1-995%10"28 gm.; a = 3-562%x 1078 ¢m.). Since such a procedure errs con-
giderably in giving the relative magnitudes of the forces between the various neigh-
bours, it cannot be relied for small wavelengths (compared to a). These constants
have been used in the calculation of the dispersion relations (Tables 1-3).

(g) Case of the ZnS lattice

In the ZnS crystal, the two lattices are distinct. So one must write the force
constants for each lattice and use the usual tricks to reduce their number to a con-
venient figure. As an example, the coupled oscillation along [011] will give
equations of the type

(A1 4 2)g+ Bih—iCaoc—iDyd = 0.
Byg+(4, +Qh+iD,c+iC,d = 0.
iCog—iD h+(Ey+Q)c+Fyd = 0.
iDgg—iCoh4 F1C+(E 4+ Q2)d = 0.
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TABLE 4

Limiting Frequencies of Diamond

Direction of | Nature of PRESE v
wave motion | the mode Cal.  Obs.
b
100 AL —P—-4§54-8U 1033 1088
AT —~P—4R+45—-88 -4y 838 752
OL —P—45+48U 1033 1088
or —P14R4+4S1+88+4y 1119 1232
111 AL —~P+4+2Q—4R+8W +88+4y—4x—23 998 1008
AT ~P—2Q—2R—4W 4B+ 2y +42+28 647 620
oL ~P—2Q+4R+8W —88—4y +4a 28 1067 1149
or ~P+2Q+2R—4W—48—2y—42—23 1202 1250
Two Iattices Arbitrary —~P14Q—48S—8U 482443 — 1332
Null vibration | Arbitrary ~P—4Q—48—-8U—8x—43 — 0

# in em.-1; Cal. = Caleulated with the force constants; Obs. = Krishnan (1947).

The secular matrix being Hermitean the eigenvalues are real. For the case of
A; = Aq; E1 =F,; C; = (', the exact solutions are

=B+ —i(Dy+C5) A+ B1+8Qr i(D,~C5)
(D40 Ei+F 48 —i(Dg—Cy) E,~F\+8r

= — (D= D, {(4:1+2)(E;+Q)+C3}

which can be put in a more convenient form as
{(4,~B,+Q0)(E, +F, +21)+ (D, +62)(De+ Oo)+ (D~ D, )2/ }
X {(4,+B1+ 2B, —F+2r)+ (D2 —c9)(De~Ca)+ (DZ—D:Z)Z/z }

'\ 2
_(23;_)9_) {(D2+D;)2—4B,F1}.

The equation has a formal similarity with the equations of light propagation in
optically active media (e.g. Born, 1933).
However, in ZnS, the ionic and piezoelectric effects may be appreciable.
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