A PROBLEM IN HEAT TRANSFER
by I. J. KXuMAR, Defence Science Laboratory, Delhi
(Communicated by R. S. Varma, F.N.I.)

(Received February 9; read March 5, 1960)

ABSTRACT

The theoretical temperature distribution in a gun barrel has been obtained by assuming it
to be a hollow semi-infinite cylinder. The outer surface of the cylinder is taken to be at &
temperature zero, while at the inner surface of the cylinder, the temperature up to the instan-
taneous position of the shot has been considered to be 7T, and zero in the rest of ths cylinder.
Both the radial and axial flow of heat have been taken into account.

1. INTRODUCTION

The problem treated in this paper was suggested by the problem of heat trans-
fer in a gun barrel during firing. The latter problem has many features which render
it intractable except by numerical methods. In the first place the hot gases produced
by the burning of propellant are in a state of turbulent flow and the rate of heat
transfer from the hot gas to the barrel is materially affected by the nature of this
turbulent regime. Again at the high temperatures produced, we can no longer treat
the conductivity of the material of the barrel as a constant and we have to take into
account its temperature dependence. Moreover the region of contact between the
hot gases and the barrelis a variable one, determined by the instantaneous position of
the accelerating shot. The determination of the latter involves the solution of inter-
nal ballistics equations. This third feature is generally ignored in the usual treat-
ment of the problem, account being taken only of the turbulent heat transfer from
the gases to the barrel and of the temperature dependence of conductivity. Usually
also the barrel is treated as a flat plate, its curvature being ignored.

In the present paper, the problem has been treated with the following
assumptions : '

(i) The hot gasinthe chamber and in the bore (behind the shot) is assumed to be
at a constant temperature T’y throughout the period during which the
shot is in motion. This is a reasonably good assumption up to the
instant when the charge is all.-burnt but is not so afterwards. The
turbulent motion of gas is completely ignored and it is assumed that
the surfaces of the barrel which are in contact with the gas are raised
instantaneously to the temperature 7, and maintained at this
temperature. i

(ii) The conductivity of the material of the barrel is treated as a constant
independent of temperature.

(1ii) The shot is assumed to be set in motion suddenly so as to move with uni-
form velocity U along the bore.

It is obvious that these assumptions yield a problem quite different from the
actual one. Nevertheless, the modified problem presents a novel and interesting type
of boundary value problem which can be solved explicitly and is therefore presented
here.
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2. STATEMENT OF THE PROBLEM

Consider the temperature distribution in the semi-infinite cylinder bounded by
the plane z = 0 and the cylindrical surfaces r= ¢ and r=d, d >¢. The surface
r = d is maintained at zero temperature and at the surface r = ¢ the temperature is
T, up tothe travel of the shot and zeroin the rest of the cylinder. The surface z = (
is maintained at a temperature T3. The shot is supposed to be travelling at a
constant velocity U so that at any instant, the position of the shot is given by Z = UL.

The temperature 8 must satisfy the partial differential equation
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e<r<<d; t>0
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subject to the following initial and boundary conditions

=0 c<r<d 2>0 (=0 e (®
0=17, at z=0 fort >0 .. .. 3)
0=0 z2>0 t>0 atr=d .. N Y]
And at r=e,
0=T, O<z2xZ (Z=Ut)\
=0 2> 7 ;o .. .. ()

The condition (5) can be expressed as

0 =T H(Ut—2z)
where

H({Ut—=z) is
Heaviside unit-step function, so that

H(Ut—-z)=1 for z<« Ut%

=0 for 2>Ut (6)

This variable state problem, with variable boundary conditions, can be broken
into three boundary value problems one of which is & steady state problem (Sneddon,
1951). If ¢,, ¢4 and ¢3 are the solutions of these problems, the problems are
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where
(P, ty=THUt ~z)at r=c¢ .. . o (8
(P, t)=0 at r=d .. .. (9
(P t)=0 c<r<d 2z=0 .. . .. (10)

where P’ represents a point on the surface

()%‘%ﬂ.}%&iﬁ_’_% ;C—gt—“’ . . .o (11

where
do(P', L, 1Y atr =cis zero . .. . {(12)
do(P', 1, t) atr=diszero .. .. .. (13)
and $o(P,0,t") = —y(P, ') . .. .o (19)

where P represents a point inside the solid

043 108 0%y 104y 5

(1) or2 r or +52 922k ot

subject to initial and boundary conditions

$(P,0)=0 c<r<d z2>0 .. .. .. (16)
¢3(P',t)=T att >0 z=0 .. .. .o an
$3(P',t)=0 atr=c fort>0 .. . .. (18)
$3(P,t)=0 atr=d fori>0 .. .. .. (19)

The final solution of the boundary value problem formed by equations (1) to
(6) would be given by

t
B(Pa t) = ¢1(P7 t)+§aiJ' ¢2(P1 t—t’7 t,) dt’+¢3(P: t) v (20)
0

3. SorLuTiON oF THE FIrRsT BOUNDARY VALUE PROBLEM

Defining ¢; as the sine transform of ¢, we have

o0

¢i=J§J é, . sin (£2) dz .. .. .o (21

0

Multiplying equation (7) by gsin (£2) dz and integrating we get
plymg eq . 2T

¢1 1d¢1

=T dr —¢ ¢1 =0 22)

where
$ (P, 1) =0 at r=d by (9) . . .. (23)
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and
ur

e J?J ToH(Ut —2) sin (£2) dz
0

+ N/?J T H(UY —2) sin (£2) dz
w
Uy

=N/gf—p£—°[1—cos EUL by 6)atr=c . o (24)
ki
The solution of (22) is given by

¢S = AL(Er)+Bko(&r) .. .. .. .. (25)

Where 4 and B are constants to be determined from boundary conditions
(23) and (24) and I and %, are the modified Bessel functions of zero order.

Therefore
Al (éd)+Bko(éd) =0 .. - .. .. (26)

and
2 T, ,
Alo(ge)+Blolée) =, [~ 7 [1—costUt'] .. .. (20
The values of 4 and B found from these equations and substituted in (25) give

.2 2 op, ko(d)Lo(er)— Lo(dykolr)
h= N7 o g ke — ko) o(Ed)

(28)
which gives

$1(P t')=2—T°J‘ 1—cos §UL" ko(£d)Lo(ér) — Io(Ed)ko(£r)
T Jo

¢ " Io(é)ko(Ed)—kol(éc)o(éd) X sin (§2)d§  (29)

4. SOLUTION OF THE SECOND BOUNDARY VALUE PROBLEM

Defining ¢2 as the Laplace’s transform of 3 we get

$2=J deePdt .. .. .. .. (30)
0

The Laplace transform of equation (11) becomes

2%5: 1 % , %2 J’%ze-mdt . @
0

Ty or T Tk
The right-hand side of the equation

= 23,491 by (4.
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Therefore

27
09,16, 04y _ 1 ¢2+¢1

or2 " r or 022

If we now define ¢; as the sine transform of ¢, with respect to z

ac

b, = J%J , sin (yz)dz

0

Applying the sine transform with respect to z to (32) we get

&', 144,

St (n2+?—,i) # = ,ICJ $1(P, ¥ sin (2)dz = (&, 7, L)k ..
0

where by (29)

Y&, V)/k =

221, [ [© [1 —~cos §UYko(€d)Io(€r) —ko(én)o(éd)
= ) E To(Eo)ko(€d)—kolEo)Io(Ed)

- sin §zd§] - sin (-qz)dz.

The solution of (34) is given by

s s s t,
$; = AIIo(m)+B1ko(m)+¢(i:2 )
where
2 2t P

Therefore from (12) and (13)

ArIo(pd)+ Brky(pd) = — ﬂ%z—t—)

(et

Ayl g(pc)+ Byko(re) = Tt

Finding 4, and B, from (38) and (39) and substituting in (36) we have

75 _ Y€, 1) [1 +ko(#")[Io(Fc)—Io(l-'-d)]—IO(F’)[ko(#C)—ko(l-‘d)]] .

2= e To(pdYko(c) —Fo(pd) o)

7+

] Y410
1 8 1 b
o] || crglorben Gt
0 Y —~1ix0

et dp.sin (nz) . dy
where

F {c, d,r (ng.*_%)i} ko (pr) [ o(pe) =T o de)] To(pr)[ko(pc) —ko(pd)) B

To(pd)ky () —ko(nd) L o(nc)

(32)

(33)

(34)

(35)

(40)



1. J. KUMAR: A PROBLEM IN HEAT TRANSFER 419

The integrand in the first component of the integral

Y+iw
e e e
Y-in ’72+%

has the poles at p = —&n2 and the residue at the pole = e~#1"t,

The integrand in the second component of the integral has poles at p = —kn2
and p = —k (1;2+af) where L« are the roots of the equation

Jo{ad) Y o(ac) = Jg{ac) Y g(xd) = 0 .. .. . (43
The residue at p = — k2 is —e~*7"t and the residue at p= —k(172+af)
is given by

SO T () To(asc)

s=1
(2 o) [ To(ose) =T (esd) ] X[ ol { Yoled) = Yoleo))

— Y ofasr) { Jg(osd) = Jo(os€) }]
Therefore from equation (41)

—k 2—{-12 ¢
(40 o)

, ¢(§ n,
$o( P,V ) = ”J Z (4o T2 (a0) = (“sd)]x

0 s=1

[Vo(asr){ Yolosd) = Yo(ase) } = Yolas){ Jolasd) =T ofas2) } ] sin (mz)dy .. (44)

5. SorLuTioN oF THIRD BOUNDARY VALUE PROBLEM

Defining ¢; as the sine transform of ¢3 we have

¢;=\/§J é3.sin (vz) dz .. .. .. (45)
0
therefore from (15) we get

0%y 104, . 109, 2

az+r ar Vs¢3=%—a—t‘-" ;VTD . .o .« (46)

by condition (17), by which

\/wJ g sin () dz = -4, +J
0

If 4; be the Laplace’s transform of ¢3 with respect to ¢

J¢“°"dt .. .. .. .. (47)
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from (46), therefore,

dzag 1 d¢3 IS § vl
R _(y2+a/k)¢3=_J;7ﬁ).. L. 48)
The solution of this Bessel equation is
= 2T
¢3 = AzIo({T)‘i‘szo(Cr)— J; 'l;—ch . .. .. (49)
where £2= (24%fs) .. .. .. .. (50)
and 4, and B; are to be determined from (18) and (19) so that
27
Aol o(¢d)+ Boko(Ld) = J lcg ce e .. (BY
2T
AsIo(Le)+ Boko(fe) = \/- 0 B 1 )
mal

The equations together with (49) give
s _ J% T [_1  Lo@r) Ueo(4d) — ko(£0) } +ko(4r) {o(e) = To(dd) }] L 6)

ol

BTN mal2 ko(Ed) I o(Ec) — L o(Ed) ko(Le)
which gives

¢3=_L?&Jy
0

2m =

Y+in ) e
—— e 3 .
Jy a2+ —-14G {c, d,r, (v2-|_7‘.;) }] . sinvzdv (54)

To(8r) {o(8d) —ko(&e) } —ko(Lr) { Lo(dd) —Io(Ze) }
ko(Zd) 1 o(fe) — Lo(Ed)ko(&e)

where

Glc, d,r, (2 +afk)2} =

(55)
The integrand in the first component of the integral
Y+in ot
2 1a/)H2Y 4
j ey j [=146{e, dr, (24%)) "} 1da

has poles at « = 0 and « = —k»2 and the residues at these poles are respectively,

1 p

2 ond e

The integrand in the second component of the integral has poles where a =0,
a=—k?and a = ~k (v2+ﬁjz.) where 4 8; are the roots of the equation

Jo(Bd)Yo(BC)—Jo(ﬂC)Yo(ﬂd) = () .o .o . (56)

The residues at these poles are, respectively,

_e¢kv ¢

G[cdrv]
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and
0

—kfv21 82
_HZe Ko+ ) tJo(Bjd)Jo(Bjc)

i=1

APV G —T B [JoBin LY o(Bid) — Yo(Bi0)}
J

~ Y o(Bir) {Jo(Bid) — Jo(Bic) H
We therefore get from (54)

-—T

2. —k v2+ﬁ2. ¢
€ ( J) Jo(Bid)J o(Bi€)
27,

1 1 =
oy =22 | |Safe,drv}—- —2=
B0 =" J ok s BTHBA — T

[To(B7) { Yo(Bid)—Yo(Bic)} — YolBir) {Jo(Bid)—Jo(Bi0)}] ]xsin vedv .. (57)

Having thus determined ¢y, ¢s, ¢3 the, final solution of the problem is given by
(20).
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