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ABSsTRACT

A 2r-dimensional finite rotation in a euclidean n-space is represented by an orthogonal

transformation X1 = eQX, where £ is a skew-symmetric matrix of order n and rank 2r.
Making use of the characteristic equation of @ the above is reduced to a simpler form involving
& set of 2r functions expressible by means of circular functions. When, however, the eigen-
values of Q are all distinct it is shown that the 2r-dimensional rotation is equivalent to r
mutually independent plane rotations.

1. The object of this paper is to study the 2r-dimensional rotation of a vector X
about the origin with co-ordinates (z;, 5. .. z,), referred to a rectangular system of
axes in a euclidean n-space by a matrix method similar to that adopted in the
earlier treatment of a four-dimensional rotation in hyperspace (Ghosh, 1954).
Denoting by X’ the vector X after the finite rotation we represent it by means of
the orthogonal transformation of the type.

2
X'=9X=X+QX+'%X+..... ce .. (LD

where 2 is the skew-symmetric matrix (w;;) of order n and rank 2r satisfying the
characteristic equation

Qe plQP T L pP ML PR =0 L (12

In the above the coefficient of Q% ~**! is formed by the sum of all the diagonal
minor determinants of order 2k in the matrix £ and is written pfk, so that p, denotes
the positive real (2k)th root of this sum. On reducing the exponents of 2 in (1.1)
by means of the relation (1.2), it takes the form
2r
X=X+ fp1ps,. . PIVX, e (13
h=1
where the 2r-functions f can be determined. Knowing these functions and noting
that QX denotes the vector ¥ with components y; = Z'w;;x; it is possible to com-

pute in succession 22X, 23X ...in (1.3) and to obtain the components of X’ in
the 2r-dimensional rotation. In §3 it is further shown that in case the characteristic
roots of £ given by (1.2} are all distinct X’ can be obtained from X by performing r
suitable plane rotations on it in succession, the order of rotations being immaterial.

* Read at the 47th Session of the Indian Science Congress, 1960.
1 Now at Indian Association for the Cultivation of Science, Jadavpur.
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2. By a straightforward calculation we can get successive terms of the series
defining the f’s; for instance

2% 2 ok 2(k+41)
Foroopsr = 1 B +p1 Py —Ppia
AT (Gr =2k 1)1 T @r41)! (2r+3)1
4 4 %% 2 k1), o(k+2
— (pl_pz)pk ~P1Pria +pk(+; )+ 2.1)
15! ... .. .. ;

where k takes all the values (1, 2,...r). The series for fz,_2;+2 follows from the
above if we replace the denominator of every term in it which is an odd factorial
by the next higher even factorial, the corresponding numerator remaining un-
changed. It is moreover seen that writing the series (2.1) in the form

] c° ol o
= 0, 2 2,2k 21, 2k
Jor—zki1 = (2r—2k+1) !+(27+1) !+(2r+3)+ Gy 2g) !+ . (2.2)

and making suitable use of the recurrence relations

1+1 ! 0 ! )
02(”1)’% = 021’ 200’ 2k+021, ok 41) (k=1,2,..., r—1) .. .. 2.3)
with
I+1 [
02(z+1), 2r = 021,208, 2r

any coefficient €' in the series (2.2) for different values of k£ may be computed.

We proceed now to express the 2r functions f in a more explicit form involving
circular functions.

Let us consider the algebraic equation

x2'+1+pfx2"}+ A +pf’x =0 .. .. .. (2.4)

which corresponds to the characteristic equation (1.2). Since the eigen-values of
a skew-symmetric matrix are known to be pure imaginary quantities, the roots of
(2.4), assumed all distinct, may be denoted by

0, LBy, By £ifo,(i =/ —1)
and consequently pzk is the kth elementary symmetric function of the r quantities
,Bg, /33, .. .Bzf so that (1.2) is expressible as

A+ @) (@) =0 @)
Now the relation

2r

e*=1+4 th(l)b D2, .- D)X
=1

holds good only when z satisfies the equation (2.4), we therefore get the following
set of identities

h

2r
etiPe = 14 zf,,(:i:iﬁzs)h(s= 1,2,-+7) .. (2.6)

h=1

The above gives equations of the type
sin By, = By, [fr—Bofst - H(=D)"TBLEf ] . o (20)
1—cos By, = B2 [fo—Befat - +(=1" 827, ] .o (2.8)
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To solve the set of equations (2.7) and (2.8) for the f’s we make use of the deter-
minant of rth order.

2 21 « 2
1 g ... B
2 27 —2
1 .8
1 2 2r -2 (29)
2s ° " M2
2 2r -2
1 B ... B

of Van der monde’s type, the value of which is given by

T (85—82) R O A 1)

Let us denote the determinant (2.9) by V,, indicating that the column of (2r)th power
is omitted. Denote similarly by Vy,_2: the determinant (2.9) in which the column
of (2r—2k)th power is omitted and the column of (2r)th power is introduced. Then
it is well known (Hirsch, 1950) that

Voow =Vopo'. .. .. .. .. (21D

To represent the first minor of ¥V, obtained by suppressing the column of (2r—2k)th
power and the row of (2s}th suffix we use the notation Vgs)z,_zk. Solving (2.7) and
(2.8) we then obtain

! o~ sin B, 29
Jor o= Z (=1y-t B,. Vs, or-2f Vor
s=1
(k=1,2,...7)
’ oy 1—cos By, P v (2.12)
Jor-mia= Z (=1) g2 2r, 2r—2k/ 2r i .
s=1 2s

If the equation (2.4) possesses repeated roots the set of equations (2.7).a.nd (2.8)
undergoes modification but the solution for f’s can be presented in a form mvplvmg
again circular functions. Let us suppose that the roots iB, are repeated in the

equation (2.4) and thus are equal to, say, 18, 42+ Thenin the set of equations (2.7)
and (2.8) the pair which corresponds to the root g, , is replaced by the pair of
equations

cos By = f1—3B fat ... + (=1 N@r=1)B7 Sy, .. .. (213)
sin B, = 2B, fo—dB5 fut ... +(=1)"2r B, .. .. (214)

as obtained from (2.7) and (2.8) by a single differentiation with regard to f,,. Cases

of multiple roots are similarly dealt with. In all of them the solution for f’s will
involve also circular functions as in (2.12).

3. We next consider the particular case when the 2r-dimensional rotation (1.3)
is reducible to r successive plane rotations performed mutually independent of one
another. From (1.3) we see that the 2r-dimensional rotation operator has the form

A =E4+fQ+,024 - +fo, 2. .. .. .. (3]
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}Jthlng now the explicit expressions (2.12) for the f’s, the operator A takes the
orm

. sin B, ~ 1—cos B,
A=E+Z __érzd-z ——ﬁg.rzs N X))

s=1 p:s

where I's; denotes the matrix

(=1°! e : s
sz 21 0'Q+ V(ZS)‘)'QS-F V(fo)ZkQZk-H-*- V(; )27—2{)2'_l o (33)
By a well-known property of determinants it follows that
P2+P4+"‘+P2r=g. . . .. (3.4)

Applying (2.11) to the determinants V(zi’j)zz obtained from ¥, by suppressing the row

with suffix 2s and the column of (2¢)th power we can express (3.3) in the form
(2s)

14 )
Ta = (=17 2= [9(9*+B D) (BB )(PHE ) - (92+ﬁ§,)] (3.5)
Also by (2.10) we have
V V(2S)Zr 2 [(327 BZS) (B25+2—Bgs)(ﬁ§s "B;s-z) e (,Bi—ﬂ;)] (3'6)

Hence I'y, is expressible as

L ADLPE) . (DB ) (4B, - (@*+82)

G ) R e O
Referring to (2.5) we notice that »
Tp (Q24B) = . R ¢ X
Further
Foe Toy=0,8%L .. .. .. .. (39
Multiplying (3.4) by I'y; we have then
Ii=Ql, .. .. .. . (310

The operator A in (3.2) therefore becomes

(1— s
A E+Zamﬂzspzs+z "°°ﬁ2)1’225, C (311

s=1 s=1

which by virtue of the relation (3.9) admits of the product from

r sin B 1— cos By
A= 111 (E+ ﬂf” Tyt 2 B Pgs) ee e (312
s= ¢ 25

where the order of the factors is immaterial.
From (3.8) and (3.10) it is evident that I's, satisfies the characteristic equation

i=—gry .. .. .. .. (313

and is therefore of rank 2. Consequently (3.12) involves the operation of a set of r
plane rotations (Ghosh, 1954) mutually independent of one another.

7
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4. The representation (3.12) of the orthogonal matrix A in terms of the skew-
symmetric matrices I" holds good when the eigen-values of Q2 are all distinct. We
introduce now an auxiliary matrix @ defined by (A — A )/ 2, where A is the trans-
posed of A. From (3.11) it follows that

o= S0 B @
s=1 2s

It is easily proved that @ satisfies the characteristic equation

/] 1 ... 1

—@3 sinZ By ... sin2B,,

i = O
\i

(—1)ypzrti sin?" By . . . sin2r By,
which reduces to

b I L gD =0, .. .. .. (4.2)

where qZkI‘z denotes the kth elementary symmetric function of the quantities sin2 By;.
Thus corresponding to distinct characteristic roots Fifs; of Q we have the roots
4=t sin By of @. Hence the characteristic roots of 2 and @ are related. Conse-
quently the matrices A and £ are characterized by this property.
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