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ABSTRACT

In this paper the general periodic motions superposed on steady Poiseuille low through
both co-axial circular cylinders and confocal elliptic cylinders, which causes transmission of
fluid mass in one direction, are solved in an exact form. In the case of very small frequencies,
the motion in the channel at each instant is the same as the laminar motion in the channel under
& constant pressure gradient, while for large frequencies the maximums of velocity distribution
exist in the neighbourhood of the wall. o

The fundamental Navier-Stokes equation can be linearized by introducing the
assumption of axially parallel flow and the exact analytical solutions for the case
of the flow of a viscous liquid through a tube of circular section and that of
elliptic section under the influence of a simple periodic pressure gradient have been
obtained by Sexl (1930) and Khamrui (1957) respectively, while those for co-axial
circular cylinders by Sanyal (1956). In this paper the general periodic motions
superposed on steady Poiseuille flow through both co-axial circular cylinders and
confocal elliptic cylinders, which causes transmission of fluid mass in one direction,
are solved in an exact form. The solutions are obtained in the case of circular
cylinders in terms of Bessel functions and that of confocal elliptic cylinders in
terms of Mathieu functions and from it the results in the two extreme cases of
very small and very large frequencies are deduced. In the case of very small
frequencies, the motion in the channel at each instant is the same as the laminar
motion in the channel under a constant pressure gradient while for large frequencies
the maximums of velocity distribution exist in the neighbourhood of the wall.
By the property of linearity, elements of periodic part of solution in the case of
co-axial circular cylinders are obtained in the identical form with that of Sanyal’s
solution.

The paper has been divided into three parts. Part I deals with the general
equations of motion while Parts IT and III deal with the cases of co-axial circular
cylinders and confocal elliptic cylinders respectively.

1. EQUATIONS OF MoTION

Navier-Stokes equations of motion of viscous incompressible fluids neglecting
the external forces are

Du 1 9p 0

DT TtV |
Dv 1 dp 0

v __ 192 .. .. ..o (11
T . ay+VVU (L.1)
Dw 1 op 0

T Tt
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where
D 0
D aty B_x+vay+ az
22
v? 3x2+6y2+322

and p is the pressure, p the density of the fluid and v the kinematic coefficient of
viscosity. The equation of continuity is

ou  ov

P +ay+ 7z
If the direction of flow is assumed to be parallel to the z-axis, velocity has z
direction only and u, v are vanished. The equation of continuity (1.2) gives

(1.2)

w_
oz
or w=w,y,1)
which indicates the velocity to be constant in the direction parallel to the centre

line. This property may be acceptable for the fully developed laminar flow of
liquids. Substituting « = 0, v = 0 in the first two equations of (1.1) we have

dp

5y =0
and

dp

Ew 0

It shows that the pressure is constant across the section of the channel and becomes
only function of Z and t. With these relations third equation of (1.1) is converted
into
ow 1 op 02w 02w
5= (5 o) -3

In the uniform pulsating flow, where 9w = (, pressure gradient Abecomes only

0z
function of ¢, hence by the help of Fourier series we can express
1 op < .
; 5= a0+n21a,, cosnt+”zlb, sin n¢ .. .. (19

or for the sake of simplicity in calculation, complex form
1 op Zm int ,
C ——— o= = — .o .o 1.
P oz a0+ Cal™; Cn Ay zbﬂ ( 5)

is introduced, where a, and b, are constants representing the amplitudes of
elemental vibrations. - The corresponding solution following expression of Fourier
series is assumed

w=wo+Za, cosnt+Zﬂ,sinnt . .. (1.6)

n=1 n=1
IB
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or in the complex form

w = wo+ wae™, w, = x,—1P, . .. .. (L7
nzl
where coeflicients «, and B, are functions of z and y only. Substituting (1.5) and
(1.7) in (1.3) and comparing the terms of same family, differential equations for the
coeflicients are

02w, 02w

ot e ay2°+—— . .. .. .. (L8)
and

02w, 0w, in Cn

Gt~ wnt =0 s )
or

2V o2V Vin

Py ay" - =0 .. .. .. .. (1.10)
where

V= z_7_zw Cn

v

2. Co0-AXIAL CIRCULAR CYLINDE®S

Equations (1.8) and (1.10) transform into cylindrical co-ordinates,

d%o 1 dwO
. - +—__ .. .. 20
and
atv .1 dV  Vin
—_——= .. . o2
R (22)
Integrating (2.1) we have
Wy = — ‘1—40:—2-}-14 log r+B .. .. .. (2.9
from (2.2), on changing the independent variable, we have
dz V 1 av
V=0 .. . . .. (24
wmte et (2.4)

where §=r~/—?.

The solution of which is

V=D"Jo(rJ:TV?)+E,YO(rJ:T§) L @)

where J, and Y, are Bessel functions of the first and second kinds of zero order.
The appropriate general expression for w is then

W == — a°_r+A logr+B+R Z [1+D.JO (rJ— 1—:—") +E.Y, (r J_ ’.‘:_")} gint

(2.6)
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Since before superposing the pulsating flow, we must have the steady laminar motion.
With this condition and with the following boundary conditions

r=r, w=0
and
r=1ry w=0

the unknown constants A, B, D, and E, are determined.

Hence
r
log —
_ ) 2,2 2 71
w= (r2—ry) — (r;—7; 2 +
log =
Ty

{Jo (12 \/_i-:‘)—l’o_(n \/"%) }E(T\/_ %)] gin @7
A NEE AW J

where R denotes the real part.
When 7, — 0, the channel takes the form of circular cylinder and we get

)
AN A N
w=_1 (r,—®)+R Z o 1—

n=1 Jo(rz/\/._@)
14

This agrees with Shigeo Uchida’s result {1956).
For small frequencies, that is, n is small, we have

and

n) 2 r / in ir2n\ irtn
Y(«/ *7) ~a [(”bgé Nan 7)(“2‘;)— ﬂ]
where ¥ is Euler’s constant.
Hence
n m in ;
R N S N R OV S P G
—J _ﬁ)}y(J_ﬂ)=g T2 fﬁ{z T2
0(11\/ v o\" v 7 log 7‘1+4v ;108 r

2 r1 T2 2 2
—r; log ;+r2 log Py ~(r;—1}) }]
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and

Substituting in (2.7) we have

R 7 9 9 9 r C,,e""‘ 9 T3
== 4_0 (r2—r))—(ry—r7) “|+R S [rl log r
v logr—2 n=1 4p logg
7‘1 rl
210g L 21 ’—2] 2.8
—{—1'2]0g'r1 r ogrl .. (2.8)

or

n=1 4y log

w-;{(r )4 () j}wi —C——[( %) log 2

o r
+ (rz—rl) log r—l]

log =
1 2 2 o Tl-l _ 1 ap)
- 2 - .. 2.9
w 1, (7'1 r )+(T2 7'1) log T_Z P Pz ( )
)

Thus we find that, when the frequency of the pressure gradient is very small,
the motion in the channel at each instant is the same as the laminar motion in thc
channel under a constant pressure gradient, ’ahls pressure gradient varying slowly

with time.
For large frequencies, that is, n is large.

Taking asymptotic expansions of Bessel functions, 7k > 10 and — g < phase (r ki®'?)

< = ,wherek-"\/g

; o 2 T
Jo(rki™® g\/—————. 1.»,003( ;32 —)
ol k™) arki”” rki 4,
and

Yo(rkz3 2)"J\/———*&,/—zsm rki®— ;—T)

Substituting in (2.7) and taking the real part we have
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sin nt+ —e i-(1'—1'1 .
2{- V3 ’_
7(1'-1'1 )—nd J-exp \/2 (rg—r) }

@

sin {L— (rz—r)—nt}] + Z %ﬂ [—-cos ni+

n=1

Jﬁetpl \/2 r—ry) }COS{'\/2 (r—ry)— nt}+

N/—~e1inp~(—\/2 2—9’}008{\/2 o —¥)— nt}]

It is found that maximums of velocity distribution exist in the neighbour-
hood of the wall in the rapid vibration. For simple periodic pulsation given by

Ms

(2.10)

1 dp
-;.é;—ao+a, cos nt @.11)
(2.9) transforms into
w =4 o gr2 [(f -—r2) log +(f -rl) log— ] {ag+a, cos nt), .o (2.12)

and (2.10) transforms into

w =

[(r —r2) log —2+ r —r ) log ]
4v log

- 3
+% [sin nt+ '\/1'71 exp 3 —(%) (r—r,)} .
3 - ¥
sin 3 (;—v) (r—-rl)—nt}+ r_: exp {—-(%) (rz—-r)} .

sin{(;—v)} (r2—r)—nt}] .. . .. .. .. . o (2.13)

From (2.13) we can deduce as a particular case the result of Sanyal (1956) for
only periodic pressure gradient.

3. CoxrocaL Ervietic CYLINDERS

If the boundary of the tube be given by

y2
+ i

we introduce elliptical co-ordinates £, n defined by
24y = ¢ cosh (£+1in), c= \/az—-bﬁ
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hence
pe =2
=3 (cosh 2§ ~—cos 27)

In these co-ordinates (1.8) and (1.10) transform to

2w, J%w,,h 2 a

St ty 5 Ccoh—cosZp=0 .. .. BD
and

a2V o2V

—a—é—i‘+—a—.’?+2k2 (COSh 2§~COS 2"')V = 0 . .e (3’2)

. . n . o
where 2k = 3% J =- Thus k2 is a negative imaginary quantity.

For integrating (3.1), put

wy = X+£(&)+n(n) .- .- .- .. (3.3)
we have
32y 9%y
. €% a
45 Doosh2=0 .. .. . (3.5)
and
2
1;'—%.%900521)_—:0 (38

Integrating (3.4), (3.5) and (3.6) we have the suitable expression for w, from (3.3)

2,
10p = cos 29 (D Be~)— G2 (cosh 2-+oos 2n) +4¢ .. (37)

Since before superposing the pulsating flow, we must have the fully developed
laminar motion, with this condition and with the following boundary conditions,

£ = El’ Wy = 0
and
§ = 521 Wy = 0
the unknown constants 4, D and E are determined.
Hence

w c2a, [cos 2y {sinh 2(¢—¢;)+sinh 2(6.—£)}
0 = g~

8v sinh 2(ég—£1)
— (cosh 2£4-cos 2n)+§°°3h 25‘] O ¢ X

&

and
cosh 2¢; _ cosh 2¢; e .. (39

& §2
It is found from (3.9) that the laminar flow through any confocal elliptic cylin-

ders is not possible unless (3.9) is satisfied, which gives & relation in terms of €,
and &. Also the laminar flow in an elliptic cylinder cannot, be determined by (3.8)
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by making £; - 0. Since £; — 0 will give the line joining the two foci of the elliptic
section, hence £; — 0 in (3.8) will give a laminar flow through the elliptic cylinder
£ = £,, containing a plate, placed in the plane having the foci and axis of the
cylinder.

For the integration of (3.2), let

V = $(£) (n)
be a solution, we see that ¢ and 4 will satisfy the differential equation
2 .
d,ft (a—2q cosh 2§)¢ = . .. .. (3.10)
and
.
P +(@a—2g cos 2n)h =0 . .. oo (3.11)

where a is a constant and ¢ = k2.

These are the Mathieu equations. Hence i is a periodic Mathieu function and
¢ is the modified Mathieu function. The complete solution of (3.2) is (McLachlan
1947, p. 160)

X

Z e2m f q GeZm(n) q)+ Z EZmFeyzm(fx q)ce2m("7’ Q) e (312)

ll

where (McLachlan, 1947, pp. 21, 26 and 159)

cean(n, 4) = Z A3 cos 2

Ceon(é, q) = z ™ cosh 2r¢

and
s, (0, ce, (0, 9)

Feygn(é, q) = Pt Z AZ" Y, (2k sinh £), (|sinh £] > 1)
. r=20

where Y, is a Bessel function and the coefficients Ag:" are functions of g.
From (3.2), (3.8) and (3.12) we have

_ ap [cos 2y {sinh 2(¢é—¢,)+sinh 2(£,—£)}
8 sinh 2(£,—¢)

—(cosh 2¢£+4cos 27)

h 2 “;\ .
+§COE§1 §1]+ Z em:[ w,,+ z Dy, Cesy(£, q)cez..("), '])

n=1 .

+ D BauFeys,(é, q)ceza(n, q)] e 313

m=0
we have the boundary condition

§= fl) w=0
ie.

% z 082,' fl: )ce2m("7’ + z EZmFeyZu(fl: )ce2m(77: q) (3'14)

m=0 m=0



SUPERPOSED ON THE STEADY LAMINAR MOTION 455

VIultlplymfr‘ both the sides by ceq,(7, ¢) and integrating with respect to 5 from 0 to
2w and using the orthogonahty relations (McLachlan 1947, p. 321) we have

%EL2m = Dzmoezm(fl, O+ Bz, Feysu(ér, ) - .. (3.15)

where

21rA(2)m
g .. .. .. (3.16)

cez (1, q)dn
1]

L2m =

Also, when ¢ = &5, w = 0.
From (3.13) we have

,%1_ Z 82m §21 )C€2m 7,9 + Z Engeygm(fz, )092,,.(1), ) (317)

m=10

Multiplying both the sides by ces, (7, ¢) and integrating with respect to 5 from 0 to
27 and using the orthogonality relations we have

2t Lo = DyuCeso(be, )+ BanFetaalén, @) -« .. (3.18)
From (3.15) and (3.18) we have
D, = — Zfii Lim{FeyZm(flx Q)_Feyzm(fz, 9)} (3 19)
. n Cezp(é1, @) Feyon(€e, 9)—Cean(éa, ) Feyra(£1, 9) '
and
E = - g{i’ . L2m{ 062,,(&2, Q)—Cezm(fly q) } (320)
2 n Oesy(€1, Q) Feyan(éa, 9)—Cesnlfs, D Feyon(és, 9)
Hence the solution is
__dRa, cos 29 {sinh 2(£ — £,)+sinh 2(£,— ) } o . cosh2§1]
we=-o= [ Sinh 2(Z,—£,) — (cosh 26 +cos 279) +£. Z,

— \ L2m { Fey‘_’m(gl’ q) _FeyZn(§2’ (I) }C82m(£9 q)erm(T)’ ‘1)
+R Z ( ——) [ + —0 CeZm(fl: q)FeyZm(§2y (1)"‘0329.(52, q)FeyZM(fb q)

n=1

. (3.21
Cesn(€r, Q) Feyon(éz,q) — Cesn(ée. @) Feyan(€1:9) ( )

where R denotes the real part.
For small frequencies, |¢| is small, we have (McLachlan, 1947, pp. 15 and 382)

ceg(n, q) = 1—1q cos 27)

cea(n, g) = cos 2n—q(7y cos 4n—})
Ceo(¢,q) =2 1—1qcosh 2§ -

Cey(£, ¢) = cosh 26 —q({ cosh 46 —1)

2%
Feyo(€,q) == = (+%log. q)

+ Z Lo {Ces, (€4, 9) —Cesa(y, )  Feyan(£. 9)cesn(n, q)]
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and
16e~%
g :

Feys(€,q) = —
Also (McLachlan, 1947, p. 46)
Ag=1, Aj == g+o(g¥) , 47" = o(g™)
and
Ly=1, Ly=¢/2
Substituting in (3.21) we have

c’ao [cos 27 {sinh 2(£—¢£,)+sinh 2(£,—£) }
sinh 2(£;—~§,)

w=

—(cosh 2¢+cos 2)+£. S0 251]

&
i ) ont 1 [COS 2y {sinh 2(£—¢£,)+sinh 2(¢,—§)}
‘5

sinh 2(£,—£;)

-(cosh2§+cos277)+§.2$};l——2—&] L (322

or

__c2[cos 2n{sinh 2(£—¢;) +sinh 2(£,—£)}
“=s [ sinh 2(22_51) : — (cosh 2£+cos 2x)

cosh 251]( 1 ap)
ve. 2002 e e .. (323

Thus we find that when the frequency of the pressure gradient is very small,
the motion in the channel at each instant is the same as the laminar motion in the
channel under a constant pressure gradient, which is varying slowly with time.
For large frequencies, | ¢| is very large.

We have the asymptotic formula (McLachlan, 1947, pp. 229 and 385).

Ceg(¢, q) == (coszh f)&(}'o cos [2k sinh £—tan~! (tanh $£)] .. (3.24)
3
Feyy(é, q) == (coszh §) O, sin [2k sinh ¢—tan~1 (tanh }£)] .. (8.25)
and
ceoln, ) = c(f;°n [e% S8 gos (; n+§) 4e-Psinn gin e n+"’11)] (3.26)
where

ok = ite Jﬁ
1 4

=(—1+i)8, B= c(%)i
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and

ceg(0)Ce (g)

Co=—p3—7~

°T A (2ak)t
3im
_e
VB
Since B is very large, we have the following approximate relations : —

eﬁ(l+1) sinh £ (cosh 1£4-4 sinh }£) ..o (3.27)

(McLachlan, 1947, p. 210)

080 f 9) '\/2

—Cy

V/2 cosh ¢ B+ st {ginh £4-i cosh §£) .. (3.28)

Feyo(‘f, 9)

and
Co So-osmr .. (3.29)

Cep (77: Q) = .
n ™
2 cos (§+Z)

Substituting in (3.21) we have

_ ctay [cos 2q{sinh 2(£—¢,)+sinh 2(£,—¢) )
By sinh 2(£s— ;)

—(cosh 2¢+cos 29)+ € . Egs%‘)‘él] —-R z 1:;3 e,

1 n=1

cosh &,
cosh £ °

(1— [exp . {B(1+i)(sinh £—sinh £,)}
sinh § (£3—¢) o
m"'exP . {B(1+4%)(sinh £—sinh £;)}

cosh £, sinh } (£§—¢;)
cosh £ * sinh 3 (65— ]ceo(n,q)) . .. . .. .. (3.30)

Separating the real part we have
_ % [cos 2y {sinh 2(¢é—¢£,)+sinh 2(£,—§€) }

=8 sinh 2(£p—¢,)
—(cosh 2+ cos 29)+¢£ . @%_2_5’1]
+ Z %! sin nt— 1 (OXP B(sinh ¢
n=1 2\/;r_ﬁ cos (g+£)

. . cosh £ sinh §(§—§) .
—~ginh §;—sin 7). coshfl - Sk 1}(5:-51) . sin {ﬁ(smhf
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—sinh & —sin g)— %—’+nt} +exp B (sinh ¢

—sinh ¢;—sin 5) .

cosh £;  sinh }(£—§£;) . .
— §2 © inh é(fz—fll) . sin {ﬁ (sinh £

. . 37 b
—ginh & — —— ¢ i
ginh ¢;—sin %) g +n })]+”=El . [ cos nt

1
24/ =B Eos (g+£)

h i h - . . .
cosh §§1 ot ;((f:_ 51)) cos { B(sinh £—sinh & —sin )

+ . (exp B (sinh £—sinh £, —sin 7) .

——%—T—{-nt}—}-exp B (sinh ¢ —sinh £,—sin 7).

h inh — . ) ) ”
ccfshffz . ssilnh ;((fi—icl:) . 008 {ﬁ(smh £ —sinh £3—sin n)— %.{.m}) (3.31)

It will be found that maximums of velocity distribution exist in the neigh-
bourhood of wall in the rapid vibration.
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