AXTALLY SYMMETRIC FIELDS OF PURE RADIATION
IN THE GENERAL THEORY OF RELATIVITY

by P. C. Vaipya and I. M. PANDYA,* Department of Mathematics, Gujarat University,
"~ Ahmedabad

(Communicated by V. V. Narlikar, F.N.I.)
(Received February 2 ; read March 5, 1960)

ABSTRACT

The field of the unidirectional flow of radiation is studied and it is proved that the charge
current vector in such & field of pure flowing radiation need not vanish. If it does not vanish
then it must be a null vector. A new exact solution of the field equations of general relativity
is derived. The solution describes the axially symmetric field of pure radiation.

1. INTRODUCTION

~ A gravitational situation wherein pure radiation is flowing outwards from a
centre was first considered by Mineur (1933). Vaidya (1943, 1951) worked out a
solution of the field equations of general relativity which described the gravitational
field of the sun as a radiating mass. Raychaudhury (1953), Synge (1957) and
Israel (1958) have studied gravitational situations arising out of the complete conver-
sion of matter into radiation. All these situations led, in essence, to the study of
spherically symmetric fields of pure radiation flowing outwards from the centre of
symmetry.

If the rotation of the sun is not neglected, the field of the sun will not be spheri-
cally symmetric, but axially symmetric. Again, flows of radiation that can be
genzrated in the laboratory can hardly be idealized to spherically symmetric flows,
whereas (e.g. in the casz of a Hertzian Oscillator) they can be easily idealized to an
axially symmetric flow of pure radiation.

Hence in this paper a study of unidirectional flow gf purc radiation is undertaken
in the scheme of the general theory of relativity. Later, this flow is assumed to be
axially symmetric and a new rigorous solution of the field equations is worked out
in this case.

2. TeE METRIC TENSOR

By a ‘unidirectional flow of radiation’ we mean a distribution of electromagnetic
energy such that a local observer at any point of the region of space under consi-
deration finds one and only one direction in which the radiant energy is flowing at
that point. With every point of the region of space under consideration is associated
a null vector v# giving the direction of the flow of radiation at that point. Now
one can always choose coordinates in such a way that all components of v# but v!
vanish (Eisenhart, 1949). Since in our case, v* is a null vector, this choice of
coordinates introduces a good deal of simplification in the components of the metrie
tensor g,,.

Firstly, the vanishing of v* implies that the wavefronts are a family of null
surfaces given by ¢ = a constant and therefore

Ge=0. .. .. .. .. ..@)
(Synge and McConnel, 1928). ’
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Secondly, v2 =0, v8 = 0 at a point imply that the directions dx2 and dz3 lie
in the wavefront at that point and as del is normal to the wavefront, we must have

g2 =g13=0. .. .. .. .. (2.2
Equations (2-1) and (2-2) together will give
gu=20 .. . . .. . (2.3)

Thirdly, a twofold arbitrariness is still left for orienting the dz? and the da3
directions on the wavefront. Let us choose them to be mutually orthogonal thus
making

923=O. .o . ‘e .o .o (2.4)

We thus see that coordinates can be chosen in the fields of unidirectional flows of
radiation in such a way that the line-element assumes the form

ds? = g99(dx2)2 4 g93(da3) 24 g o (d24)2 429, (didat
+ 2g54dr2dxt +2g g, daddzt, . .. .. (2.5)

3. THE ELECTROMAGNETIC FIELD TENSOR

It is characteristic of an electromagnetic wave that the vectors £ and H are
orthogonal, equal in magnitude and lie in the wavefront. In four dimensional
language this implies that F, is a null field:

F,pF*f = 0. R . 8 §)

Now by our choice of coordinates the direction of wave propagation at a point is
given by (d«l, 0, 0, 0) and therefore one gets

F14=F23=O. . ‘e . e (3.2)

Next the da? and the dz3 directions on the wavefront have been chosen to be
mutually orthogonal. They can now be made to coincide with the directions of
electric and magnetic vectors at that point. This will lead to

F13=F34=0. ‘e . ‘e . (3.3)

Using the metric tensor given by the line-element (2:5) for raising and lowering
suffixes, one can write from (3-1), (3-2) and (3-3) that

F12=O. ‘e .o .o .o (3.4)

We have thus the following theorem:

Theorem 1: In the field of a unidirectional flow of radiation one can always choose
coordinates in such a way that all but one component of the electromagnetic field
tensor Fy, vanish,

4, THE CHARGE CURRENT VECTOR
The charge current vector J# is given by
F"V;V=J", .. .. .. . 4))

a semicolon indicating covariant differentiation. The principle of conservation of
energy and momentum in the field would further imply

Pl =0... .. . . . @42
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In our present coordinates, Fy, is the only surviving coinponent of Fyy and g
are given by the line-element (2.5). When we use these facts in the equations (4.1)
and (4.2) we are led to the conclusion that

JE=J3=Jt=0. .. .. .. .. (43)
Thus at the most only the component J1 can survive in which case, in our present

coordinate system, one gets

J”J" =0. .. .. .. .. (49)

We have proved the following theorem:
Theorem 2: In the field of unidirectional flow of radiation it is not necessary

that the charge current vector J* be zero; but it is necessary that if this vector be
not zero, then it is null.

It may be noted that we have not used the field equations of general relativity
up to this stage and, therefore, the above two theorems hold good for Maxwell’s
electrodynamics in flat space-time or in curved space-time.

5. AxratrLy SYMMETRIC FLow: FIELD EQUATIONS

We shall now consider an axially symmetric radiation flow. The wavefronts
are then surfaces of revolution round the axis of symmetry, the fundamental quad-
ratic form for which can be taken as

Q = Aw)[duz+dv?]. .. .. .. .. (81)

Assuming that the electric and magnetic vectors on the wavefront are in the directions
of the curves of parameters » and v, one can write the line-element (2.5), in the
case of axial symmetry, in the form

ds? = goo(du? +dv2) 494,02+ 2g, (dxdt+ 2g5 qdudt 4 2g54dvdt, .. (5.2)
with =z, 22 =u,23=v,24=1
The electromagnetic field tensor F), satisfies Maxwell’s equation
Fup o+ Foo y+Fopv=0. .. .. .. .. (53)

This electromagnetic field F,, and the metric field g,, are interrelated in the
scheme of general relativity in the followmg manner :
From the skew tensor F,, is constructed the symmetric energy-stress tensor E,, as

B = —-FMF”“+%8;‘F,,BF’5 .. .. .. (54)
From the metric tensor 9y is constructed the Einstein tensor G, as
G = R,‘,,—-igiw R, .. .. .. .. (8.5)

R, being the contracted Riemann curvature tensor. Then the field equations of
general relativity postulate that

Gu = —8nEy,. - . .. .. (5.6)

Since the spur E of E,,, (E = E") vanishes, (5.6) leads to G =0 which means
that R = 0 (from 5.5). Thus ultlmately one can write (5.6) in the form

Ry=—87E, .. .. .. .. (57
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6. A NeEw Riecorous SoLuTioN

With Fg, as the only surviving component of F,, we find that the only surviving
component of E'; as given by (5.4) is .

| E\= —F,F12 . o (8)
Thus the field equations (5.7) lead to B,y 20 .. .. .. .. . (6.2
R,, = 0, when both p and v are not 4. .. . . e .. .. (6.3)

The expressions for the components of Ry, for the general line-element (5.2) are
rather complicated. We have worked out a simple case when goy =0, gg4 =0,
g14 = 1. We have, therefore, chosen the line-element in the form :

ds? = —J(du?+dv2)+adt242dxdt .. .. .. (6.4
=z, u, 1), a=alz,u,t).

The non-vanishing components of B,,, except Ry, are:

Joa2 32 \x
02
By, = % dxou (log ¥, (6.5)
dady adn 0%
= Rog = 120%%
B = Ran = 450505 28 = gt s (08 ).

R 16 _10ad) 10% 1 0pdy
147 T2 G2 2¢ax55+¢559‘t“2¢263"87’

02
—_— 1__
‘R:?A - %awau_l- 2 auat (log l/’)'

The equations By, = 0, when p and v are both not 4, are satisfied by taking the
following simple forms of ¢ and a. ¥ = a2k, pu = p(u) bemg arbitrary,

a=—eH %—+7ﬁr£—t) , m(t) being arbitrary. .. .. (6.6)

With these forms of @ and ¢ we get
1¢{. "
R, = —;ﬁ(m-l-e‘l"'—;—), S (A

a dash indicating a differentiation with regard to « and a dot that with regard to &.
Thus we write the final solution in the form

ds? = —%em(du+do?)+ (_e'-u%#%”) di2+2dxdt. .. (6.8)
The electromagnetic field is given by the only surviving component Fy, of F,:
h 1 .
F24—-{8—Tre#+m(l}. . ‘e . (6.))
Also _ ’
si=tew? p, (6.10)
= :ﬁe a—u( 24 .. .. .. .. .
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(6.8) gives a new rigorous solution of the field equations of general relativity and
electromagnetism, which describes the axially symmetric flow of pure radiation.
The solution in the spherically symmetric case is a particular case of this general
solution obtained by taking

v=¢, u=logta.n§

3

and choosing the arbitrary function e* = sin2f. If we further write r for z we get
the familiar line-element

7

d82=—72(d02+sin20d¢2)+(1+?) diz4-2drdt .. .. (6.11)

which describes the spherically symmetric field of a radiating star (Vaidya, 1953).

The solution (6.8) presented here is more general than this spherically symmetric
solution. Different choices for the arbitrary funetion p = p(uw) will give different
surfaces of revolution as wavefronts. Work in this direction is in progress.
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