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ABsTRACT

The stability of a gravitating cylinder of infinitely conducting fluid is studied in the
mmr2

presence of poloidal magnetic fields which have a sinusoidal variation of type cos 5 where m
R
0
2
is an odd integer and as sin "L"z_ where n is even integer, so that the magnetic field vanishes

2R
at the boundary. It is shown that the field increases the stability of the cylinder and for large
values of m and n the stabilizing effect of this field is same as that of & uniform longitudinal
magnetic field studied by Chandrasekhar and Fermi.

I. IxTrRODUCTION

Chandrasckhar and Fermi (1953) have investigated the influence of uniform
axial magnetic field on the gravitational stability of an infinitely long cylinder of
incompressible, inviscid fluid of infinite electrical conductivity. They have shown
that the magnetic field has a strong stabilizing effect on the stability of the cylinder
and in prolonging the time needed for the instability to manifest itself. Auluck
and Kothari (1957) have considered different types of equilibrium fields, which
satisfy the equilibrium conditions for a gravitating cylinder. They have studied
separately the effects of toroidal and poloidal magnetic fields on the stability of the
cylinder, and have shown that in every case the magnetic field increases the stable
length of the cylinder. In a recent paper Auluck and Nayyar (1960) have studied
the most general magnetic field which can prevail in an axially symmetric configura-
tion of an incompressible, inviscid fluid of infinite electrical conductivity. They
have considered, as a special case, the magnetic field (toroidal and poloidal) which
will keep a gravitating cylinder in equilibrium and have studied its effect on the
stability of the same. It is shown that the field has a stabilizing influence on the
cylinder, but the value of the root-mean-square magnetic field within the cylinder is
higher than that in the models considered by Chandrasekhar and Fermi and Auluck
and Xothari.

In this paper we shall consider some other types of equilibrium magnetic fields
which may exist inside a gravitating cylinder. In particular we shall study the
stability of the cylinder in the presence of longitudinal magnetic fields (poloidal)

mmre . nar? . . .
which vary as cos — and sin —, inside the cylinder where r denotes the distance
T 4% (i

of any point from the axis of the cylinder, R, its radius and m and = are odd and
even integers respectively. The magnetic field vanishes outside the cylinder. The
stabilizing effect of these fields, for large values of m and =, is the same as that of a
uniform longitudinal magnetic field inside the cylinder, studied by Chandrasekhar
and Fe mi (1953). .
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I1. TaE EqQuiLiBriuM MagnEeTIC FIELDS

We congider an infinitely long cylinder {(radius Ry) of an incompressible liquid
of density p. If H is the magnetic field produced by currents of density j flowing in
the liquid cylinder, then the field equations in the steady state are

divH=0 .. .. .. .. ..
curl B = 4nj O )}

For configurations which have axial symmetry, the field H can be derived from two
sealar functions U and V which are azimuth independent. Taking the axis of the
cylinder as z-axis, the components of magnetic field in cylindrical co-ordinates
{r, 6, z) are

19U 14 10U

Hr=_;_a;}Hﬁ=7yH¢ TaT

(3

where U and V are functions of r and z only.
The equations of mechanical equilibrium of the cylinder are

grad (p—pQ) = jxld .. . .. @)

V202 = —4nGp, .. .. .. .. ()

where p is the pressure and £2 the gravitational potential. Taking curl of (4), we get
cur](éXﬁ):O .. . .. .. (6)

Substituting from (2) and (3) in (6) it can be shown (Auluck and Nayyar, 1960)
that the necessary conditions for equilibrium are

oU, V) _
g 0 .. .. .. (D
and
(a{acer) o
3 =0 . o )
where
02U 18U  o2U
AU:F—;ar"'azz IR - @)
From equation (8) it is clear that U and V must satisfy the relation
af(U
AU+ V A (10)

where f(U) is an arbitrary function of U. Equation (10) characterizes the most
general magnetic field which can prevail in an axially symmetric configuration of

an incompressible fluid. With these values of U and V, we obtain for the Lorentz
force L, the expression

L=jxH R £ 1))
] .
= — ¢ grad f(U)
and therefore (4) gives

p—pQ+a}r—rf(U) = constant, .. .. .o (12)
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which is the equation of mechanical equilibrium of an axially symmetric configura-
tion.

In the previous paper (Auluck and Nayyar, 1960), we studied a simple case,
when

V=aU .. .. .. .. .. @13
fU)= KU, & 1)

where a and K are constants. Here we consider the case of a poloidal magnetic
field, when

and

V=0 .. .. .. .. .. Q5
and

A202

f(U)=_T’ .. .. .. .. (16)
where A is a constant.
Substituting these values of ¥ and f(U) in equation (10),
we get

AUHI220 =0 .. .. .. .o (1)
Assuming that the magnetic field is a function of 7 only, it can be shown that the
solutions of equation (17) are

. Ar2
U,=¢ sin -
and .. . .. .. (18)
¢, cos?”
Uz = 02 COS?

where ¢, and ¢, are constants.

Further, if we assume that the field vanishes outside the cvlinder, the conti-
nuity of the ma,gnetlc field at the boundary require

oU .
("a?)r=Ro=0 .. .. .. .. (19)

Thus the two solutions which satisfy the condition (19) are

. mur? . .
Uy=c¢;sin 555 72 where m is an odd integer
<0

and (20)
nar? .
Uy = ¢g cos W where % is an even integer.

Thus, substituting (18) and (20) in (3), we get the following magnetic field inside
the cylmder

H.=0
Hg=0 (21)
2 2
H.=H, cos M or H, sin m-rrj ,
2Rn o

where Hy is a constant. )
The corresponding current density j is given by

j.=0

2 2
jo=["Hd" in -"‘—"’?] or [— "B s Z‘-’—’%] @
4R? 2R 4R: 2R

Je=0.
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1II. TeHE INVESTIGATION OF THE STABILITY

Following Chandrasekhar and Fermi (1953) we suppose that the cylinder is
subject to a perturbation, as a result of which the boundary of the cylinder is
deformed and is given by

r = R+a cos kz, (23)

where a/R <1, and k is the wave number of the disturbance in the z-direction.
Since we are assuming the cylinder to be incompressible, the mean radius R of the
cylinder in the perturbed state is related to the unperturbed radius by the relation

2 a?
B =R+T .. . @

Now an arbitrary displacement of an incompressible fluid can be realized by
applying at each point of the body a displacement £, which is the gradient of a
scalar function ¢, satisfying Laplace’s equation

V=0 .. .. .. .. .. (25)
A solution of this equation satisfying the boundary condition (23) is

a

¢=mlo(kr) cos kz .. .o . - (26)
where x = kR,. The displacement { has the components
__aly(kr) . _ _alg(kr) .
¢, = (@) cos kz, £=0, &= — T,@) sin kz. .27

The change in magnetic energy per unit length of the cylinder, resnlting from the
deformation given by (23), is

1
AM_—J H'de'——lf H2dV. @8
87 87
v v
Since the fluid is incompressible
Ay’ =dv
and therefore
AM=1J (H2—H2)dV, .. .. .. (29)
8
v

where the field H’ at the displaced point is expressed in terms of the co-ordinates of
the original point, :

It has been shown by Lundquist (1951), that if a particle of an incompressible
fluid at P(z;) is displaced to a point P'(z,’), the magnetic field { at P is related to
the magnetic field A’ at the point P’ by the relation

H=H+HUv)E .. . . .. (30)

Thus the change in magnetic energy per unit length of the cylinder becomes

1 1 .
AM:L—J H~(f!'v)§dV+§rJ' (H-9)§av. .. .. (31
v | 4
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where the integration is to be carried over a unit length of the undeformed cylin-
der. It can be readily shown from (21) and (27) that

Ug.(g.ww} =0, .. .. .. (32
14 AV

where the averaging is done with respect to z. 'Therefore the average second order
change in magnetic energy per-unit length of the cylinder, resulting from the
deformation, becomes

1 .
AM=B;J.V[([_1.v)§]2dV. .. .. .. (33)

In what follows, we shall calculate AM, for the case when the magnetic field H
ingide the cylinder is

mmr?
H=H,=Hjcos —; .. .. .. oo (34
Substituting from (27) and (34) in (33) and taking average over z, we get
a*H gxﬁ !
= [IZ(xx)-+12(xX)] (14 cos max2) XdX .. (35)
161 () o

where z = kR, and X = ]% The integrals occurring in equation (35) cannot be

0

evaluated in closed forms, However, since we are interested in the instabilities in
the system, the values of  which are of interest are less than one. We expand the
Bessel functions 7,(z)’s for these values of z and retain only the first few terms in
the serjes; it is found that the resulting series converges rapidly for z <1. We
shall evaluate all the integrals occurring in (35) correct to the eighth power of z.
The details of the calculations are given in Appendix I.

Using the results given there in (35), we get

a?H’x?
M = —" N@), .. .. .. (38)
321 (x)
where
i o
21y(x)14(x = -
N(x):gig_HZC,‘(g) N €. 15
p=1
and the various coefficients are given by
Cy = —6D
02 ] —5])

35
O3 = — 5 D1 —4D)
n (38)

where

D =

|~

[}

w
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It has been shown by Chandrasekhar and Fermi (1953) that the corresponding
change in the gravitational energy per unit length of the cylinder is

A Q = 2n2Gp2Rla2(} —Io(x)Ko(z)) .. .. .. (39)
Thus the total change in energy per nnit length is
AW = AQ4+0M -
= 2n2Gp2 Ra%(}— I () Ko(x))

alf2z2

where H is the root-mean-square magnetic field inside the cylinder and is given by

H?=— | H2. 2zrdr. R € 8
s f - (1)
2
o
2
If we define
H?=16z2G02R; .. .. .. .. 4
the total change in energy becomes
H* 2 -
AW = =2 ] [h=Ife) Kol + ) (H/Hm} at .. L@
8 2I%(x) )

Tollowing Chandrasekhar and Fermi (1953), one can show that the equation

22N (x)
21(z)

}—Iy(x)Ko(x)+ (HIH)E=0 .. .. S (44

allows a single positive root. If we denote this root by x*, we have

AW>0 for z>az*
! (45)

and <0 for r<zx*

Hence, for a given value of the magnetic field, the cylinder is stable for all transverse

deformations with & > %-. We have also studied the stability of the cylinder for the

R,
case when the magnetic field inside it is given by

nare

2
\]

H = H,=sin {46)

where 7 is an even integer. The results are given in Table I.
The followmg table gives the dependence of H/H, on z* at which the instability
first sets in for different values of m and =.
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TasLE I
(d/H,)
»* (H/Hs)A.K. (H,HS)C.F.

m=lim=31m=8]n=2{n=4
0-1067 0 0 G 0 0 0 0
0-9 0-2179 0-2028 0-2145- | 0-2037 | 0.2030 | 0-2030 | 0-2028
0-832 0-2680 0-2520 02645 | 0-2531 | 0-2523 | 0-2522 | 0-2519
0-8 0-2877 0-2721 0+2852 | 0-2730 | 0-2722 | 0-2720 | 0-2718
05 0-4916 (-4839 0-4929 | 0-4848 | 1)-4849 | 0-4840 | 0-4839
0-2 0-7979 0:-7949 0-7¢70 | 0-7950 | 0:7950 | 0-7949 | 0-7949
0-1 0-9831 0-9800 ¢-9800 | 0-9800 | 0-9800 | 0-9800 | 0-9800

The first eolumn gives x* values and the other columns give the corresponding values of
H/H for different cases. The second column refers to Auluck and Kothari (1957) model, where
they considered an axial magnetic field varying as H_ ~ (rz—Rg). The third column refers to

the Chandrasekhar and Fermi (1953) model, in which the field inside the cylinder has the uniform
value H along the z-axis and vanish outside it. The other columns refer to the cases of
magneule fields given by (21) for different values of m and n.

IV. TueE Mobpes oF MAXIMUM INSTABILITY

In the preceding section we have seen that for a given magnetic field the
cylinder is unstable for all modes of deformation with wavelengths exceeding a
certain critical value. We shall now show that there exists a wavelength for which
the instability is maximum. For this purpose we shall assume that the amplitude,
a, of the deformation is a function of time and seek an equation of motion for it.

We have shown that the potential energy of deformation per unit length of the
cylinder is given by equation (40). The kinetic energy per unit length associated
with the time dependent deformation is given by

. mpRy o(a) (da)2 o
T %l (x) \dt)’ (47

where p is the density of the fluid. Using equations (40) and (47) we can write the
Lagrangian equation of motion for the deformation as

apRy 1o(%) d2a 1 o 2EN(x) (g)z B N
T W-FT }—1y(z)Ko(x)+ 21?@) 7 a=0 .. (48)
or alternatively
d%a xl(x) x3N(x) (H\®
d_tz == 47TGP { Io(x) [Io(x)Ko(x)"‘ -}:]— é‘m ([—?:) }(l .. (49)
If we write
a = constant e** .. .. . .. (50)
we have from equation (49)
zl,(x) . BNE) & }
P2 = 4nGp { Iol(a:) [Io(f)lﬁo(x)—%]‘jm (H/H;)2 .. (3])

Equation (51) shows that p = 0 both for x == z* and 2 = 0. There is, therefore, an
intermediate value of z, say z,,. for which p is maximum, say p,. The wave num-
ber %, clearly represents the mode of maximum instability; for it is the mode for
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which the amplitude of the deformation increases most rapidly. For z <€ 1 we may
replace the Bessel functions which occur in equation (51) by their dominant terms
for > 0. Tae expression on the right-hand side of equation (51) attains its
maximum when

T, = 2 exp { —(y+1)~-2(H/H,)?} H > H,
=04131 2HIES Fog . . . (52)

where ¥ is Euler’s constant 0-5772.... Tae value of z, given by equation (52)
is the same as obtained by Chandrasekhar and Fermi (1953).

V. CoNcLUSsION

We conclude that the magnetic fields considered above have a strong stabilizing
influence on the stability of gravitating cylinder of incompressible, inviscid fluid of
infinite electrical conductivity. For large values of m and », the effect of these
fields is nearly the same as that of uniform longitudinal magnetic field inside the
cylinder, studied by Chandrasekhar and Fermi (1953). It is rather interesting to
note that, though in the model of Chandrasekhar and Fermi there are surface
currents and moreover the nature of the magnetic field is quite different from that
of ours, still the effects are the same for large values of m and =n.
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ArPENDIX 1

We have, for the series expansion of the I,(z)’s,

o

l 2 n+2m
L(@) = Zom! (m+4n)! (Q)

m =
which gives

z\2 1(z\* 1 (z\®* 1 («\®
Iy(x) = 14+ (é) +1(§) +3_6(§) +5’7—6(§) + ...

e 1(x\* 1 (x\* 1 (z\" 1 (z\°
hiw) =543 (’é) +E(§.) +m(é) +§§sﬁ(§) +o

and

The following recurrence relation for odd values of m

a1

472m2 472m?2

is found useful in evaluating the integrals given below :
1
f X cos (mnX2) dx = 0,
0

1
J X3 cos (mnx?) dX = — D,
0

1
J x® cos (mnX2)dx = —D,
0

1
‘[ X7 cos (mnX2) dx = — ?%)(l —4D),
0

I
J X® cos (mmX2) dx = — 2D (1—6D),
0

1

where D = ———.
n2m?2

1
J X* cos (mwX2) dX = — (w—1) — (y.—l)(p,—3)J X*~* cos (m=x?) dx
0 0
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