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ABsTRACT

Small adiabatic radial oscillations of & composite configuration are investigated. The model
consists of a homogeneous core of finite extent and density surrounded by an envelope of finite
density varying inversely as the square of the distance from the centre of the star, Considering
the general motion, it is shown that the model is capable of oscillating as a whole in different
frequencies without any restriction being imposed on the ratio of the radii as found previously
by other investigators.

I. INTRODUCTION

The small adiabatic and stationary radial oscillations of two composite models
have been investigated by various authors. The radial oscillations of one such
model, consisting of a compressible homogeneous core of finite extent and density
surrounded by an envelope of infinitesimal mass, in which the density falls off as the
inverse square of the distance from the centre have been studied by Sen (1943),
by Kopal (1950) and more recently by Simon (1958).

Cowling (1947) has pointed out the invalidity of Sen’s investigation on the
ground that it does not take into account the most general motion compatible with
the continuity of motion at the interface between the core and envelope. Kopal
(1950) maintains the continuity of motion but his work suffers from an unnecessary
restriction. It has been pointed out by Prasad (1953), ‘more general solutions,
employing hypergeometric expansions starting from the surface of the star, could
be obtained ’. This has been done by Simon (1958), who could avoid the introduction
of a node at the interface by not neglecting the pressure due to the envelope.

In the present paper, the small, adiabatic and stationary radial oscillations of
a more general model have been considered. The model consists of a compressible
homogeneous core of finite extent and density surrounded by an envelope in which
the density varies as the inverse square of the distance from the centre of the star.
It differs from the models previously investigated in the respect that the mass of the
envelope is not negligible. Even the square terms neglected by Simon cannot be
neglected. Secondly, the density is continuous at the interface. Confining the
investigations to small, adiabatic, radial oscillations, it has been found that the
model is capable of performing radial oscillations whatever be the value of ratios
(assumed to be constant throughout the star) of the specific heats of the material
constituting the star and whatever the ratio of the radii of the core and the star.

II. Tee EqQuimLiBriuM oF THE MoODEL

Let us take a model consisting of a spherical core of radius bR and of uniform
density p, surrounded by & concentric spherical envelope of external radius R.

The density in the envelope follows the relation
p=pb°R*[r .. .. .. ¢ )]
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Simon (1958) takes & constant k for p_in the relation (1) and imposes the condition
that k¥ << p,, and neglects the terms containing k2. '

The other relations for the equilibrium configuration of the star are:
For the core (0 < 7o < bR)

9o = %ﬂpEGTO, .. .. - .. (2)
and
s 2~p2 [ 12 r?
P0=3‘7T‘D£GR K—I?Z‘ .« .« . .o (3)
where
E*=b"+P/3GP"RE. .. .. .. .. 4
Also for the envelope (bR < r < R) '
g, = 4mGp b°R*(3ro—2bR) /2 .. .. .. (5)
and
Py = 3mplGb R 9(R* —ry)ro—1b(R*—15) ] /rg N )

where pg, g, and P, are the equilibrium values of density, gravity and pressure

respectively at a distance ry from the centre. The constants of integration have
been so adjusted that the pressure at the interface (ry = bR)is P; and zero at the
surface, Kopal neglects P;.

From the continuity of pressure across the interface we have

P, = 3nP"GVRY(8—00*+48%), .. .. .. (7
which gives with the help of relation (4)
K®=1%(8—9b%+40%) .. .. .. .. (8
Thus the model is completely determined by the parameters b, R and M or g,
the mean density of the star.
IITI. TeEE RADIAL OSCILLATIONS

The differential equation for the small radial oscillations of a star is (Rosseland,
1949)

3 -5
rP 2
o 1

dn d=bdn (TP @) o . . . (9)
dr, 7o dro

where 7 is the amplitude of the relative displacement dry/ro,
B = podoTo/Po,

o=3—- é , ¥ being the effective ratio of specific heats,

and n = 2nv, v being the frequency of oscillation.

The equation (9) is to be integrated under the condition that there should be
no displacement at the centre and no variation of pressure at the surface. This
will be satisfied if the relative amplitude 7 is finite both at the centre and the surface.
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The other condition, that the motion should be continuous across the interface, is
satisfied if 8rg/ry and 3Py/P, are continuous across the interface at any instant. It

d . . L .
Erl are continuous across the interface. The latter condition is equi-
0

valent to the continuity of 3777 7 across the interface and is being applied to get the
0
proper frequencies in which the star oscillates. The former is maintained by
adjusting the constants thereby involved.
(@) With the help of relations {2)and (3) the equation (9) becomes for the core
O<z<h)

is so if 7 and

4K*—6a2 d
§: )dz2+———- Aypdn=0. c .. (10
where .
3n2
=W—Qa O 0 § )
and 1o = Rz,

The equation (10) has regular singularities at * = 0 and K. The roots of the
indicial equations are 0 and —3. Taking the former, a singularity is being avoided
at the origin. A series solution of the equation is

o .\ 2i
77=Za2j(%(—) R 6 1)
0

o 2i(2j+5)=J
% 25+ 2)(2+5)

From relation (4) we see that K is always greater than b so the series for the
amplitudes converges throughout the core and at the interface whatever be the value
of J, i.e. the frequency of oscillation.

(b) Similarly with the help of relations (5) and (6) the equation (9) takes the
form for the envelope (b < 2 < 1):

where

Agji12 = (13)

{9(1 —x2)x—4b(1— a:3} + - { —4b+182—4(9— 4b)z3}

1., .
+x—2{J:c3—-6(3x—9,b,-ot}n=O, .. .. .. .. (14)
where J' = 9n2[2npyGb2. .. .. .. .. (15)

The equation has regular singularities at £ = 0 and 1. A solution in series
started from one extremity will usually become divergent at the other. For the
envelope we require & solution finite at x = 1 and not extending to the centre. To
get it, we substitute x = 1—¢in (14). We have

t(1—£)2 {6(3—2b) —3(9—4b)12+(9— 4b)t2}‘fi;’

+(1—t) {6(3—2b)—6(15—8b)t+12(9 —4b)t2—4(9—4b ta}d"
+{J —6(8—2b)a~3(J —6a)t4+3J2—J 8} =0 .. (16)
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It yields a solution in series:

1;=§G,,t" e .. .. .. (17
0

where ¢ are given by the relations:
6(3—2b)cy+ {J' —6(3—2b)}co =0 .. .. .. (18-1)
6.4(3—2b)co— {12(9—5b) —J '+ 6(3—2b)a}c; ~3(J —6a)co =0 .. (18-2)
6.9(3~2b)cs— {9.2(7—4b)+12.2(9 —5b) —J ' +6(3—2b)a } ¢,
+1{6(33—16b)—3(J' —6x)}c,+3J'co =0 .. .. (18-3)
6.16(3—2b)cy— {9.3.2(7—4b)+12.3(9—5b) —J '+ 6(3—2b)a } ¢
+{2(81-40b)+6.2(33-16(2-—3(J’—6a}cz
—{16(9—4b)—3J" ey —J'co =0 .. .. .. (184)
612(3—2b)c, — { 9(n—1)(n—2) (7 —4b)+ 12(n—1)(9—b5b) —J ' +6(3—2b) } ¢, 1
+ {(n—2)(n—3)(81 — 40b) +6(n— 2)(33—16b)—3(J ' —6x) }¢,_»
— {5(n—3)(n—4)(9—4b)+16(n—3)(9—4b)—3J" }c,_3
+{(n—4)(n—5)(9—4b) +4(n—4)(9—4b)—J Jc,.g =0 .. (18-nm)

The series is convergent throughout the envelope, and both at the surface and the
interface whatever be the value of J'. .

IV. SOLUTIONS OF THE EQUATIONS

With the help of the condition that the motion (i.e. gg / 'q) should be continuous

0

across the interface, numerical solutions have been carried out for three cases with
different values of b. The characteristic periods and the relative amplitudes for
the first three modes of oscillation are given below in Tables I and 1T respectively.

TastE I

T4’ (Gp/6n) for composite modsl (¥ = §)

Model 0th Mode 1st Mode 2nd Mode To!Ty
1. Inverse square* 0:480 0-1972 0-1287 2:43
II. b=203 0-5422 0-2168 0-1370 250
II1. b=0'5 0-5961 0-2182 0-1358 2:73
IV. b=107 06527 0-2070 0-1302 3-15
V. Homogeneous®* 0-7071 0-1987 0-1270 3-36

* Sterne (1937).
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Grare I, Variations of the amplitudes for case b = 0-5.

V. CONCLUSIONS

The cases considered, along with the inverse square and homogeneous models,
provide a sequence of models which show a similarity and gradation in their oscil-
lations. The period of oscillation increases regularly with the decrease in central
condensation for the fundamental mode while it increases and then falls for the
first mode. The periods for first and second mode for the cases considered are
slightly higher than the corresponding values for the inverse square and homogeneous
models. The amplitudes increase more rapidly in the envelope than in the core.
The variation in the amplitude for the higher modes are similar to those of the homo-
geneous mode] having a greater amplitude at the centre than at the surface.
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