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ABsTRACT

The anharmonic pulsations of a composite model, consisting of a homogeneous core of finite
extent and density with an envelope in which the density varies inversely with the square of the
distance from the centre, are considered. A solution in terms of Fourier series is obtained by
numerical methods for the particular case b = 0-5. It is found that «, the ratio of the time of
rise of the radial velocity from the minimum to the maximum to the total period, is 0-44 for the
curve and the increase in the period is 1-32 per cent of the period of the fundamental mode of the
small radial oscillations.

1. INTRODUOTION

The linear theory of the radial pulsations fails to explain the skewness in the
observed radial-velocity curves, higher period of oscillation than that predicted by
various models for the Cepheid variables, etc. The discrepancies in the observed
and the predicted data have been, in general, ascribed to the second order effects of
the radial oscillations. A formal theory of anharmonic pulsations was developed by
Rosseland (1943) to take into account the second-order effects. He applied this
theory to the homogeneous model with a single excited mode and could show an
agreement of the qualitative type with the observed skewness of the radial-velocity
curve and a slight lengthening of the period. It was, thereby, expected that a
better agreement would be obtained by retaining higher order terms. That this was
not the case was shown by Bhatnagar and Kothari’s (1944) work where the case of
a single excited mode of homogeneous model was completely integrated for ¥ = §.
Though getting similar results to those of Bhatnagar and Kothari, Roy (1944)
pointed out that the required agreement might be obtained by taking into account
the second mode. Schwarzchild and Savedoff (1949) considered the anharmonic
pulsations of the standard model for the first two modes. It was, thereby, shown
that, though the predicted period is almost the same as that for the linear theory,
the skewness in the radial velocity curve was appreciable; but it still failed to
account sufficiently for the observed one.

Rosseland (1949) attempted a solution of the approximate equations for one
overtone by Fourier series. Prasad (1949a) applied Fourier series to solve the equa-
tions in general and, thereby, developed a method to evaluate the coefficients. He
applied the method to the standard model with two overtones and showed the skew-
ness in the radial-velocity curve is in fair agreement with the observed one. But the
lengthening of the peried is not appreciable. The same analysis has been, further,
applied to the homogeneous and the inverse square model by Prasad (1949%), to the
Roche’s model by Bhatnagar and Xushwaha (1951) and to the two-phase homo-
geneous model by Jain and Lal (1955). With the results of their investigations, it
has been concluded that with different models, quite different results are obtained ;
consequently the skewness in the radial-velocity curve seriously restricts the choice
of model for the representation of Cepheid variables.

In the present attempt, the anharmonic pulsations of a composite model, consis-
ting of a homogeneous core of finite extent and density surrounded by an envelope
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in which the density varies inversely as the square of the distance from the centre,
have been considered with three modes for ¥ = § and ratio of the radii of the core
and envelope = 0-5. The values of the relative amplitudes and the characteristic
periods are taken from the previous paper (referred to as Paper I)! where the small
radial oscillations of the present model have been considered.

2. Tae EQUATIONS oF THE PROBLEM

Let us consider a composite model, consisting of a homogeneous core of radius
bR and of uniform density p, surrounded by a concentric spherical envelope of

external radius B. The density of the envelope follows the relation
b*R®
Po="Pc—5~,
0 € rg
where p, is the equilibrium density at a distance 7, from the centre.

With the help of the relations (3), (6) and (15) of Paper I, the equation of motion
for the anharmonic pulsations (Prasad, 19496) may be written as
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and where 4, j, k take the positive integral values starting with unity, ¢’s are unknown
functions of time, 9’s are the relative amplitudes norimalized to unity at the surface

! Gurm (1960).



H. 8. GURM . ANHARMONIC PULSATIONS OF A COMPOSITE MODEL 499

of the star and 2n/o; are the periods for small oscillations, ¥ is the ratio of the
two specific heats of the material constituting the star, D’s are constants depending
upon the model.- The primes denote the differentiation with respect to z. The time
Las been normalized with the help of relation (3) so that the period of fundamental
mode becomes 27 for small oscillations. As gy, ¢s,... will be small compared to g,
only the terms involving ¢; will be of importance on the right-hand side of the rela-
tion (1), and other terms of higher order may be neglected.

The investigation is confined to the particular case, b = 0-5. The values of 5’s
and J'’s are taken from Paper I. The 5"”’s are calculated with the central differences
formula. These values are applied to evaluate I’s and I’s by numerical integration
using Simpson’s rule and applying a correction for higher differences. The order of
higher differences gives a check over the numerical work. Thus, the differential equa-
tions for the first three modes are found to be (¥ = §),

s

dzq
1 2
~& +4, = 31391¢;40-2140q,9, +0-14599, S (8
“q
2
—m +71501g, = 0-4181¢7+16-06269,q,+1:2677q,q, .. .. (892
d2q3 2
71—1_—,!+19-36’7q3 = 0-5537¢;+2-0587¢,9,+41-120¢,9; .. .. (83)

3. TuE SOLUTIONS

It is required to solve the equations (8) in such & way that the solutions should be
periodic with the same period for all modes. Thus the solution may be written

g, = ag+a, cos nr+ag cos 2nr+ag cos InT+ - -,
g, = bo-+b; cos nr+bg cos 2nr+bg cos 3nr+ - - -, . (9)
gy = Co+cy €08 n7+0g o8 2n7+05 CO8 InT+ -

Substituting these values in (8), expressing the product of cosines as sums, we get
a set of simultaneous equations (Prasad, 1949a) for the coefficients @, b, cand n. These
equations are being solved by successive approximations. It may, further, be shown
that, with @, small and of first order, ag, @q, by, b, ¢y, cs are of second order, (n2—1),
by, ¢1, dg, b, 3 are of third order and in general ay, by, ¢, are of kth order. With the
same set of simultaneous equations, it may be shown that the neglect of the terms of
the higher order not containing g, as a factor is justified.

A solution of the equations (8) so chosen such that g; (0) = 0-06 at the surface of
the star is

q9,= 0-005,412+40-056,366 cos nt—0-001,823 cos 2nr

+0-000,044 cos 3n74-0-000,001 cos 4nr .. .. {10-1)
q,= 0-000,100+0‘000,034 cos nr—0-000,208 cos 2nt
+0-000,113 cos 3nr+0-000,007 cos 4nr .. .. (10-2)

9y = 0-000,05140-000,019 cos nr-—0-000,062 cos 2nr

—0-000,014 cos 3nr—0-000,001 cos 4nr .. .. (10:3)
where n2 = 0-973,45.

The method has been repeated five times to ensure the required accuracy.



500 H. 8. GURM : ANHARMONIC PULSATIONS OF A COMPOSITE MODEL

The total displacement g, at the surface of the star is

g, = 0-005,563 4 0-056,419 cos nr—0-002,193 cos 27~
+0-000,143 cos 3nr+0-000,007 cos 4n+ .. - .. (D

The ratio «, of the time of rise of the radial velocity from the minimum to the
maximum to the total period, is 0-44 for the radial-velocity curve and the increase in

the period is 1-32 per cent of the period of the fundamental mode of the small
oscillations.

TABLE 1
Model K Increase in period
1. Homogeneous * 0-46 1-2
2. Present 0-44 1-32
3, Inverse squere * 0-501 1-15

* Prasad (1949)).

o (3 AT - L

F1e. 1. Radial-velocity ourve,

4. CoNcLupING REMARKS

It has been found that the skewness in the radial-velocity curve is slightly higher
than that of the homogeneous model while that of the inverse square model is very
small and that, too, in the opposite direction. The skewness of the present model
tallies with the general contention that it increases with the increase in central con-

densation of density. The inverse square model does not fall in this sequence of
models so far as the anharmonic pulsations are concerned.
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