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ABSTRACT

H. Rund has obtained the Gauss and Codazzi’s equations for a hypersurface of a Finsler
space. A. Elliopoules has extended those results for subspaces of a Finsler manifold. The
object of this paper is to further generalize the results of Elliopoules for a subspace F» imbedded

in Fm. We consider (m—n) congruences of curves associated with F'» and obtain the generaliza-
tions of Codazzi’s equations.

H. Rund (1956) has obtained the Gauss and Codazzi’'s equations for a
hypersurface of a Finsler space. A. Elliopoules (1959) has extended those results
for subspaces of a Finsler manifold. We have further generalized those results by
considering an (m—mn) congruence of curves associated to a subspace F, of F,,.

The covariant derivative of a vector X* with respect to z* is given by

; oxX: .
(1.1) X,k =-a—x—k+pthh

where p,; (= py (x, 2')) are the coefficients of connection.

i,j, k... vary from 1 tom; «, B, ¥...vary from 1 to = and a, b, c,. .. followed by
vertical bars vary from (n+1)...to m.

The two systems of unit vectors normal to ¥, at a given point P of ¥, are given
by the solutions n,, and n;” of the equations

(1.2) na[iX; = -%‘("’7 n, ;)nis X; =0
L Py
(1.3) Ny Xg = 9@ ' )n, | X, =0
where
; ozt )
X = 2 e =)
and

lX;‘is of rank =,
The two sets are normalized by the following relations
(1.4) gij(a:, nal)nilnil =1
(1.5) g'.d.(z, n;I)na"‘n;{ =1

' , are independent of direction element ' whereas n*‘ are dependent on it.
(x, 4’)

The fundamental tensor gop ~ of the subspace is given by
(16) gaﬂ(u’ u’) = g.‘j(z’ z') X;X]ﬁ .
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The (m—mn) tensors independent of direction element are defined by

(1.7) Ve oap = 9, na|) X, X}

X ;ﬂ the generalized covariant derivative of X; is given by
i azx‘ i ®y % oh ok

(L8) Xap=5aap ~ X uptPuXaXp

where P;"é (u, #’) are the connection coefficients in subspace.
There also exist relations

(L9) Xap= D Qujupme,
(110) Z'Q;laﬁ cos (na{’nzl) ='Qb]tlﬁ

(1.11) n, Xop =208

(1.12) Xip= ZAaIaanf+w;B

where £, | 4p, Q)  «p aTe second fundamental forms, the former being independent of

direction and the latter dependent on it,
and wfxB satisfies n, “wfxg = 0.

(2). We consider a set of (m—n) congruences of curves one curve of éach of which
passes through each point of the subspace F,. Since the vectors in general are not
normal to F,, the contravariant components of a unit vector in the direction of the

curve of congruence ),, may be expressed linearly in terms of X: and the set of
normals to F, (Singal and Behari, 1954). Clearly corresponding to two sets nzl ,

":‘1 there will be two different expressions, which we shall denote by ,\;l and /\:"
respectively. Thus .

2.1. A;,:t:,X;+€cabln;1
2.2. Now cos (n,, 4,,)
is defined by

2.3) gii(®: 7 )y A
\/g’f(x’ na,)n;,nzngij(x, ’\al)'\;l’\le

and multiplying (2.1) by g,.d.(x, n,, )n{,I we notice that first term of R.H.S. is zero
and thus

cos (nbl"\al)=cabl+§ Cac 1oy c (b#¢)
where abc]=c08 (nb‘,n”)
As A:; /i a unit vector we have g,.j.(x, A )/\‘ N =1,

ajat ™
Muitiplying (2.1) by g,(=, A, 2 |
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we have
B 1mayed) (§ R B ) (4 TS
B iyt
(2.5) =15 bty X Xpg(% Ay)
+gij(x’ Aal)zcablnblz Guc] c|

The other two terms vanish on account of (1.2)
Taking the generalized covariant derivative of (2.1) with respect to uf we have

(2.6) ,\i"ﬂ = t:‘},ﬂX;+t:lX;B+§cub,,Bn;| +Zb‘0abl'n;;!’p
Now

(2.7) "i,,p—' ‘)’bl b:aﬂX b]'thJXBX'n:|+ZVblﬂnk[

where . '

(2.8) ' B, = 95, (% )

and Vb1 g Bre defined by

1 k| k|
(2.9) n, gm, ;= z Vi gmhm, ;= Z Vila,, = > Vilcos(m, n,)
k

If A = |ay|# 0 and A, stand for the cofactors of a;, then

A
k| HLre I
(2.10) V,,Iﬂ— 4 ™1 B "l
Therefore
(2.11) ‘A:”,ﬂ u' ﬂX‘ +tF (}b:n;]Ablaﬁ+w¢p)+ZOaby,ﬁnbl

+z Cos [ -7 -Q“aSXS_Eb|;th;XpX;an+Z Vblﬂn;“]
( alB Z Oy Vo= b“hkyaﬂxprxnb ’\) X,
+z (t:‘ b\aB+O " B+ZC“‘”V’“B) nbl+tul aﬂ

aIB 8+z ab}ﬂ bl+ al aB

where we have put
(2.12) @ o=t - ZCaNyg‘ i B, ¥ X Xy,

and

bi
(2.13) 9018 = o @y1 05 Cary. +ZCMVM
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where v, (g are given by the following ‘equations
9@ 7y Yy Nor g = Z a1 1), 9% g
Taking the generalized covariant derivative of (2.11) with respect to u* we get
(2.14) X pr= a|ﬁ.7X;+q§|ﬁXgr+Z ”abxﬁ,vnil'*'z”ablﬁnz”"*'
b b

o i fo 2
Hio), v Wap s Wepy
Applying (2.7) we have

(2.15) X, gy = (%IBY Zvab!"bi bjay Zvabiﬁ"bn b1 Xy nbl)X

+Z(9315Ausv+"ab|ﬁ,y+z VacxﬁV'é'iﬂ)ni;
b c
Now
kvl
(2.16) | Xop py=i | yp = Biy¥, XX

ikl “a |

where R;kl is the curvature tensor in F,, defined by
3,  Bpy dxi O oy du'i J
9 T o of 02 a od +p5 L= PriPr)
With the help of (2.15), we have
(2.17) R’kl '\i | XEX; = (92 1B, 7"'92 l7, B)X;
+Z”Z? (”abwgblaﬁ—”ablﬂgbnav'*'”awabUhk XX}, ”b;
ab[BEb|,thvXa b]
+Z ( !ﬁAblsv"qawAme'*'”abnﬂ, Y~ Yy, B
+Z”aclﬁ VZI'B—Z”MW Vill')')n;;l
ARCATI S M)
+(t:|,y - t:,, B) w(;:ﬂ
+t:1 (w;ﬂ-y "‘w;yﬁ)
where A, ,g are given by the equations
(2.18) .Q.,mﬁ=n¢l‘X;ﬂZAbmﬁoos(nalynbl).

The equations (2.17) are the generalization of Codazzi equations.
Multiplying (2.17) by g,; (. n,, ) n,
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and applying (1.2) and ( 1.4) we obtain :

(2.19) Gnil( %> mg) ) By, z\f,, X z ( o1 8415y qfwAdiaﬂ

di 4l
+9. 8,y % y,p"’Z”m 8 Ve B—Zvacl yvcw) ©08 (1, 5 %y, )

o g i h
+ta; (waﬁ'y —wa'yﬁ) gij(x’ Ry ) g
which are alternative forms of Codazzi equations.
N.B.—The last term involving w;ﬁ,, can be kept in terms of

A 15 or Q‘xﬁ
3 If )«f” has no components along various 'n,i then
i [0 4 1
(3.1) Ay =1t X,
i.e. corresponding to congruence denoted by (a]) it is a vector whose components
are ’\;I in F, and t:' in F,.
In view of (3.1) equations (2.15) are of the form

B
(3:2) al Bv—tu By 8+tal BX
o 3 o [
+zta!AblaB, y"b>+ztar.v‘4b|ap"bx
b b
o i o )
+zta[Ablaﬁnb!,?+ztal,7‘4blaﬁnbl
b b

o 3 o £ o i
+ z b Abjapmy )yt yWogtla Wy,
b

/\al Bv_)‘af YR (tal By al,vﬁ)XS
£ 4 o 1 [+ 4 £
( ﬁX“V al VXaB+tal,7wa/5_tal,Bwa'r)
+i, Z (A5 ag, %) — 4| ay, %)
b
o 4 o i
+(ta|,,,ZAblfr-B”bx_tag,pZAblav"bl)
+, (Z Ablaﬁnzl.v—ZA”'“V"Zl,B)
b b

+t; { (w;BV—w;Vﬁ)'
Since

Wap = X;;;*Z Ag|apma)
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the second term on R.H.S. of (3.3) can be simplified and we have

(3.4) R;,”AZIXBXY = R‘5 t X$+t,,;l ) z Ay ay‘n
o i o i
b
+tf, (Z Ab] aﬂnzl,y_z Abl 0!)”":, l, ﬂ)
b b

+ t" i (wa.ﬁ'y a."}'ﬂ)'

If we further assume that vectors /\i‘ and t:I are tangential, we have
z’i=u’°‘X; .. .. .. .. (from 3.1)

Accordingly (3.4) reduces to

i 2" 1 5 o i ' i i
R,s'X;X, =R WX WAy o Py — Ay 1)

gy ofy
+(Z Ablaﬁnzl,v'zAblaywbl,B)“'“
b
+( afy myﬂ)um
or
/] ! 5 i i ‘
(3.5) B XXX, =R, Xit(d, o niy =4y o o)

+Zb: (Ab;czﬁn;l,'y—Ab!aYn;], B) +(w;,s~y"'w;yp)

The equation (3.5) is the same as given by Elliopoules in (3} as Codazzi
equations.
4, Every n,';l can be decomposed as having components along 2™ and X; , therefore
the unit vector parallel to the above-mentioned congruence can be decomposed in
terms of X; and n;'l . We denote this decomposition by /\:'l .

Let

(4.1) y t'“X'+z it
where

4.2) ' oy = cos (ny, 27)
is given by

(4.3) gil@, 2 A = Oy,
on account of (1.3) the other terms are zero.

As

gz, A, )0 A0 =1
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t;T is given by the following relation

a{ al

+9:i(z. A, 1) Z Oab' Z Oacl cl
b

Taking the generalized covariant derivative with respect to uf we get

(4.5) 0 Xa +t'°‘Xqﬂ+ZO oy

+Zoab|( b|8 8+ZNM,3 k:)
which we can put as

'\;il,p=t;7,ﬂxz‘+t:|;9blaﬂ M+Z Coal, M
2 %o (B 5+ 2V )

where

- *(ax) i .
(46) By = — b, Q) apg™ By g XpX !
where

* (

Ei =g : :)
and the N , satisfy the following relations
‘j =

(4.7) nJ) = N‘;m-ﬁ,

¥, being given by
nﬁa’S'Z: gz, )na ”b;

Separating the terms containing X; and na,

we have
.y *5 -
(4.8) Aaj, p= (‘a:ﬁ"’ZOmBﬁlﬂ)X
b
+Z (‘:79“ aptCavy, g
or

. %5 { U LY
(4.9) Aui, B = qalﬁxé"‘Z”abm"’bl

where we have put

s
(4.10) %ip= p+Z AT
and
. Lo k|
(4.10a) Y15 tai Do 1aptCny, a+20amNm
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We take the generalized covariant derivative of (4.9) and since

* g i % vk vyl
- Ag), gy —Aal, vp = Bpdd XX,

we have

@l EaXX=(g2, — qamﬁ)xg+(zv;wa§y_-zv;WBfm)x‘
(2 b
+>r [(";bm"’;mm\’"'r(z Yl Z b!ﬂ)
+ (q;?ﬂf?;,sy—-q;?ﬁ;mﬁ)] ™)

Equations (4.11) are further generalizations of Codazzi’s equations. Assuming
’\:l hag no components along the normal

we have /\:; = t:“X‘
which reduces (4.10) and (4.10a) to the following form :
t,%Q,

.8 — ‘8 *
Lig=ler g Yarip =t Poiap
Consequently

(412) Aﬂ.},ﬁy | ﬁ)’ U.+t ), BZ‘QcIa)’ Dl+tal yng]aﬂnb’l

.a L
+ta! Z {lemﬁy b, +'Qb{uB bl 7}
b
Thus equations (4.11) are of the form

. 1 . :
(4.13) R,kx'\,,’,X BXV = Rigy‘.. ; X;
o * L2 - .
+ta; (Zgbllﬁn”,?—z lea)’”m,ﬁ)
b &
o * . = e .
+£° (Zgw, o= 2 Bnb,)
° b

If we further assume that t:;“ and /\:Ii are tangential and are thus connected by the
relation

(4.14) 2 =u*X},
(4.13) takes the form
(4.15) B, X, XX, = RS X

(Zgblaﬂnbl Zgb(m’ 5, )
+ (Zg;laﬁ.r”‘;;_ Z'Q;lar: B";:)
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which are the same as Elliopoules’ equations connecting the curvature tensor of
subspace F, with that of F,. When m = n+1 the equations (3.5) and (4.15) reduce
to Codazzi equations for hypersurfaces as given by H. Rund (1956).
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