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ABSTRACT

In this paper a limitation theorem for absolute Riesz summability of infinite series has been
established. With the help of this theorem, it has been shown that the summability | R, e, k|,
k > 0, is ineffective inasmuch as it sums only absolutely convergent series.

1.1. DerFiNtTIONS. Let Za, be a given infinite series and let {A,} be a mono-
tonic increasing sequence of non-negative numbers such that Ay = 0. We write

m
=,
n=0

Aw) = A%w) = z a,
A< w
and
@)= D (@—A)a, r>0.
An < w

The series Za, is said to be summable (E, A, r) r >0, to the sum & if
Ar(w)/w" — 8, a8 w — oo (Hardy and Riesz, 1915). If A"(w)'w” is also of bounded
variation on (4, o0), where A is some finite positive number, the series is said to be
absolutely summable (R, A, r), or summable |R, A, r|, r > 0 (Obrechkoff, 1928,
1929). If A(w) be a continuous monotone extension of A, such that A(n) = A,, then
the summability | R, A, 7|, r > 0, of the series Za, is equivalent to the bounded
variation of B"(w) on (4, 00j, where

. o Am))”
(1.1.1) Rr(w) = Z ( _Ta»)) a,.
n <w
If we now restrict w in (1.1.1) to integral values only, we obtain the discrete means

. A\ A,
Rm - Z (I—Am{-l) n —Ar

n=0 m+1

where

A'

A- +1 .—Al)'a’l

(An-}-l _’\l)"“ (.A-+1 - Au-}-l)'}sr
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If the sequence {R.,} is of bounded Yariation, then the series Za, or the
sequence {s,,} is said to be summable | B*, A, 7.

If r = 1, the continuous and discrete Riesz means are absolutely equivalent.
For, if m < w < m+1, then

gl (L 1Y S
B, ,~B (o) = (A(w) Am+1) nZD An Gy

Thus RY(w) varies monotonely when w changes from m to m+1 and is of bounded
variation if and only if {R)} is of bounded variation (Lorentz and Macphall,
1953-54).

1.2. Norartions. After Kloosterman (Kloosterman, 1940), we use the follow-
ing notations. Ift >0, f(x) iz a function of z and m a positive integer, we set

(1.2.1) IO Z (=1 () fla+m—vt);
v=_0
and write .
(1.2.2) 87 @) =f@); A f@) =A@ =f@+)—f(@).
If f(y) is absolutely continuous in (z, z+£), we have
T+
(L2.3) A, f(x) = f ') dy;
and if f(y) has an absolutely continuous mth derivative in (z, z<4¢), we have
T+t Py Yppmp+t
(1.2.4) Alf(x) = f dy, dys. .. f [™(ya) dy.a,
z J ¥ Ym-1

and hence (Bosanquet, 1943),

z-+t py1+2 Ym—1+1
(1.2.5) - t=f™(z) = At’"f(a:)—j dy, dys. . J {f(m)(y‘)___f(.)(z)} ay.

4 ‘y]_ yml

2. Tt is well known (Hardy and Riesz, 1915; page 24, §4(3)) that the summa-
bility (R, e", k), k > 0 is ineffective in the sense that it sums only convergent series.
The a.nalogue of this theorem for absolute Riesz summability, in the special case
k =1, is already known (Sunouchi, 1949; Mohanty, 1951). Here we extend this
result and prove that the proposition is true for all positive values of k.

Mohanty (1951) proved the following :
TeEOREM A. If the series Za, is summable | R*, ), 1| and the sequence { ’\/\" }
n41

is of bounded variation, then the sequence ’ %’l’i&,} is of bounded variation where

F'n+1 = /\n+1""l\n

In §3 (Theorem l), we extend this result inasmuch a8 we consider the case when
the given series Za, is summable IR A k|, where k is any positive integer. With
the help of this result we deduce, in §4, our Theorem 2 whlch deals with the ineffec-

tiveness of the summability | R, e*, k|.
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3. We first establish the following theorem.

TaEOREM 1. _ Let k be a positive integer. If the series Za, i3 summable | R, ), k|
and the sequence

% 18 of bounded variation, then the sequence

3

s
An+l

18 of bounded variation, where i, 1 = X, 1A

3.1. Weshall need the following lemma for the proof of Theorem 1.
LemMma. (Hardy and Riesz, 1915). If k is a positive integer, then

/\n+l

(%})kAk(w) =k! Aw).

3.2. Proor oF THEOREM 1. Writing m =k, t = Z;i and f(z) = A*,) in the
formula (1.2.1), we have

kAk(A)—Z(—l)' 848 (et )

and therefore

k—v *
k Ak (/\ + n+1) /\n+_"""ﬂ+l
- k+1 k+1
ALBIAO) = D (=1 (k) | e
v=0 (/\.+ml“”+1)

E—v
A =7
& (,) = R U RN S W
= » k+l 241
Thus by the hypotheses of the theorem, the sequence
(A744),))
X

is of bounded variation.
Also, writing in the formula (1.2.5)

— — _I“'n+1 = A4k
m=kb 2=, t =52, flo) = 20

and therefére, by the above lemma, f®)/(z) = k! A(),), we have

b 1 Mt Lyt Y1t
(“"ﬂ) AQ) = 80— dy|  dys... (Al =400} dy,
k+l k! An K41 Yr-1

1

=i A ;AM),),
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since A(y,) = A(\,), 85 A, < ¥, < Ayt that is Ay < 9, < gs FE0)/(k+1) < Apyy ;
and therefore ‘

Bar) gy BEDE 1,
(22) 400 = B 5 alara),

nt+l
and this proves the theorem.
4. In the case the ‘type’ of absolute Riesz summability is a divergent geo-

metrical sequence, then A, = ¢"(c > 1) and Batl s a constant. Thus, by the ‘ First

n+1
Theorem of Consistency ’ for absolute Riesz summability (Obrechkoff, 1928, 1929) it
follows from Theorem 1 that, if a series is summable R, ¢*, k|, k>0, it will
necessarily be absolutely convergent. As a special case of this result we have

THEOREM 2. If a series is summable |R, e, k|, k>0, then it is absolutely
convergent.
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