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ABSTRACT

In what follows an attempt has been made to present a simpler method by the use of
Gortler’s transformation and to avoid in certain cases of interest the use of the infinite expan-
sions of U(z) and B(£) so that the error involved due to employing truncated series for them is
eliminated. As such, we expect that in these cases the convergence in the present series method
may be jmproved.

InTRODUOCTION

Gaortler (1957) solved the problem of laminar boundary layer by his new series
method. In what follows an attempt has been made to present a simpler method
by the use of Gortler’s transformation and to avoid in certain cases of interest the
use of the infinite expansions of U(z) and B(£) so that the error involved due to
employing truncated series for them is eliminated. As such, we expect that in
these cases the convergence in the present series method may be improved.

1. Boundary Layer Equations :
The equation of pontimiity is
=+ =0, .. .. .. .. (1D

and the boundary layer equation is

0%u
oy’
where z, y are the distances mea,sured along and perpendicular to the contour of
the body and u, v are the tangential and normal components of the velomty, vis

the Kinematic viscosity and U(z) is the given velocity.
Boundary conditions are

+v = U@)U'(e)+v 7~ (1.2)

.3

u=v=01fory=0
and A
u— U for y— o0.
The equations (1.1) and (1.2) are rendered dimensionless by the following
substitutions :

3

—MwithRe=y—v°£

‘ (1.4)
_ , v(z, R
0(z) < 3, ) u(:c,oy)’ (%, §) = ( y)o\/ e

where L is the characteristic length and U, is the reference velocity.
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The equations (1.1) and (1.2), then, become

ai+ P 0,
ou  _ 0 0% (1.9)
- u—a-—;:+v—g=U(x)U (z)+a—gz, j
Dropping the bars and introducing the stream function (=, y) defined by
U= 'ﬁy’ v = _'ﬁ:t’
we get
Ybey—tp by, = UU +4,,,, .. .. .. (1.8)
with boundary conditions
P, y) = P2, y) =0 for y=0, } a7
gz, y)>U for y—>oo) )
Now, we change the independent and dependent variables as follows :
N =J Ulz) dz, n = LA — .. (8
0 {2 f U(x) dx}
0
and using
Y, y) =V22FE, .. .. .. .. (L9)
and
20U (z) U(z) dx
_ 0
B(§) = 723G e e e (110)
(1.6) reduces to the form:
P+ FFoy+BE)(1—F2) = 26 {FyF gy —FeFoy} .. .. (L1D)
with the boundary conditions
F(£,0)=0, Fy,0)=0, Fpf¢,0)=1 .. .. (L12)
2. Solwtion of the Problem :
 In most of the cases of interest, we find that B(£) can be expressed as ?izg

where a, b, ¢ are constants. Almost all the cases discussed by Gortler (1957) and
Gortler and Witting (1958) give principal functions in the form %_—':—15 as can be seen
from the table below.

The following treatment will hold for any bilinear form of the principal
function. A further extension of this method can be made if B(£) can be expressed
as the ratio of two polynomials.

a+bé *

Substituting p(£) = Trot in equation (1.11), we get

+b
F’]7771+FF7I7I+ g‘;c—g(l—Fi)=2§ {F'IIFE"I—FfFW} . . (2.1)

IB
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2U(z) J’ Ui dz
8. No. U(z) i B(£) = ———(ﬁ———— ' Values of @, b, ¢
1 Sin 2 % a=1b=—1,0=—%
" —2
2 (1—x) me)g a=0,b=—2n,¢=—(n+l)
3 (1-+2)"" ﬁf"_"w a=0,b=—2n,¢=—(n—1)
1
4 i 2¢ a=0, b=2, c=0
1
5 1tz —2¢ a=0,b=—=2,¢=0
Introducing
F(¢,n) = ZFk(n)f" N -2
k=0

and multiplying both sides by (14¢f), we get

(1+ef [}“ £, +Z Zf’*FjF _,}+(a+b5)[(l —F)~-> ZfFF,, ,]

0ji=0 k=1j=0
= 2(6+0£?) [Z Z(k —)¢" FF,. ;—Z ijk 7, JFJ} . @3)
k=1j=0 k=1j=1

with boundary conditions
F(0)=F0)=0k=0,1,23,... }
Fj(@) =1, Fy(0) =0,k=1,2,3,...

Equating the coefficients of like powers of £ on both sides of (2.3), we get a
recursive system of equations:

(2.4)

F 4 FF 4+a(1—~F2) =0, .. .. .. (250)
F) 4+ FoF,—2(a+1)F,F +3F,F, = b(Fy—1)—c(F, +FoF,), .. (2.5b)
and for 2 > 2,
F, + FoF,—2(a+hk)F,F,+(14+2k)F,F}
k-1 k-2
= > [a+2b—)IFF, + > b+2(e—1=jFF,_,
f=1 j=0

k-1
_ Z(H-z;)prk )-—-c{ vt FoF i+ > (L+2)FF, 1_,]

§e=1 ji=1

+bF,_Fy, .. e e e (2809
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The equation (2.5¢) is non-linear and its solution depends on the value of a.
(@ = 0 for a flat plate with no pressure gradient and @ =1 for cylinder.) The
system of equations (2:5b) and {2.5¢) are linear and depend on the values of a, b, ¢
which are known.

Now, we can split the coefficient functions F (k=1, 2,3...) into linear
combination of universal functions for any fixed value of a. We get

Fyi=bfitefis, o e e e e .. (26a)
Fy=bytbofortHasz .- .- o e . .. (260)
Fg = b3fg+-b2¢fg3+bc2fg33+¢3f33az .. - .. .. (2.6¢)
Fy = btf4+b%f 444022 444 +bc3f s 040+ a4444» .. .. (2.6d)
Fy = b5fg+b%cfes+b3c 5551023 5555+ bcA 55555 +C5f 555555, - - (2.6¢)

It will be seen that universal functions uniformly increase by one for every
higher order of approximation and the coefficients of universal functions are deter-
mined directly from the knowledge of the form of §(¢). Here, we need not resort
to the lengthy calculations of establishing relations between u;’s and Si’s of the
infinite expansions of U(z) and B(¢) at least in the cases noted above. On this
account, the method appears to be simpler for use in practice.

Further, the necessity of expanding U(z) and B(¢) into infinite series does not
arise 80 that the error involved due to the use of truncated series of U(x) and B(§) is
eliminated. As such, we expect that the convergence of the series for F(¢, ) may
be improved. :

We have the following differential equations for determining the universal
functions f . .. ().

Let

Lyl =" +Foy" —2(a+RFy +(2k+1)F y,
k=1,

Li{f]=F}-1,

L fy]= —[Fy +FoF,],
k=2,

Lif,]1= @+ f{+2F,f,~3f,f,

Lol foo] = 20a4+2) £, £y, 4+2F, (f,+11) =3F

~Fof | —f{ =3 (f,futf1nf D)

Lef fogo) = (@+2)fii=Fof s, +2F f1) —3F o f1 —3f,, fi, =f11»

k=3,

Lif,]= 2(“"'3)f;f;+f;2+QF(;f;_3f1f;"5f2f;'
Ly fas] = 2@4+3) (1S ot 01 S) —Fof —F 5 +2F o(2fo+f2)
+H ()] (i) S

5[ fo(Fo+f1)+f1fo)
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Ly[fs5] = 20+ 3) (1S st 1) —Fofout fii—Fon
+2F (2154 f500) =3 f\(FlH o) + (1 +120))
+4f Fu = foo(FoH111) +f 1S as)
L[ fy305] = 2(a+3)f11f;22—'F0 ;22_f;;2+2f121
—3f(FlH o) H4F frn
—5f0e(f1+ F) -

L{f]= (e+8)(f7+2f1f) +2Fofi+2f f,—3f.f,
—5f,fo—1fsf1
L[ f] = 2@+ 4(fi St fuls ol = Fofs=f]
+ A i fost 31 (f+3F) +f1 120
=3[, (fotfan) Hu )= If 1+ fo) Hfof2)
— T f(Fat i) +Faf 1)
L fu] = @O Ef: fras+ 2ol ot 2 1 fost 120)
N A . AT MET i
—3[f,(FraH sz HulFotf3)]
— 5[ fyfry o) H a1 H o)+ zaf2]
+6[f St S o)=L fas(Fo 1)+ 1fsss)
Lu[ foys6] = 2@+ FosssHF i fams+ S eafa0) = FoFsss—Fsas

+2F(f1ga5+H Y s0) H 12 oz

—3[f,(FraaHasn) HFu(fazHs55)]

— 5 foul fryHfra0) Haao 1) ]

+6(f1S 200+ 11S20)

~ T foas(Fo+f1) + 1 aass)

La[ foase] = (@+8)@f 5, Fasss o) —FolsssaF 353
~8f 1 (FraeHs0) — Faaa(f 11 H2ze)
+6(F fyas-H 11 f220) — VaassFoH10)-

Laf,] = 2@+B)(J fiHfof) e +2F o+ 2 S
=3, o= of o= oSy~ S

k=35,
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Le[ fy5} = 2@+8)(fy frHfinf it fof st ol ) = (FL +Fofl)

FAFYf 47 )+ (FogH47) H o Foo+ 202) 11 f3)

et AR INE S AL FAC AT ART N 4

T f(foa ) s3]

9 F (FoH )+ fu)

Ly [£555) = 2@+5)f1 st 11f et o sas o FogH szl s)
= (fat Fofiy=F2)+2 [Fo(fraat4f 1) 1 (Frast 420)
+f (st 419) o (Froat4125)]
=8 [A(futfon) (i H73)]
=5 [ fassHfa0) HosFagH2) Hfozaf o]
~T L slFot 1) HssFoatf ) +gafo]
—9 [ Fotf 1)+ L)
L[ fesss] = 2@+5) (f1f st i fasaH ol ssssH oS asaH sl )

~ (faatFof g0+ 2 [F) (frasst 410+ (Frsss 4 ss)

12 Frant4fee) oo (Fraat Han) H47; Frza)

=3 [ (st o) 1 (fraaH20)]

=5 [folFsass+HF200) Hos(Frgs o) Hhoae(Fas +2)]

~7 [foaFooa 1) Hsasl oot ) Hasan]

, =9 [fias(Fotf 1)+ 1 Franed
Ly [fo5555) = 200+5) (1 fagsasH 11 esaaHoafassatF unaf oss)

~ Cissst Fo foaaT ) 2 [T (frasss 4 iasd)

+fanss P+ 4) +4(Foa fozaHr1 Fisa)]

=3 [\(FiasssHoane) H 1 (FrassHss)]

=5 [ (/. ;333+f 2o0) H, 222 (fags+/ --) ]

-7 [f 333(f ;22 +f ;1) +/f, aass(fgz +f ;)]

=9 [fasseFoHf 1)+ fssaaa] .

L[ fossas] = 20@+5)(Fpopfsass+ F1ufanas) — (f;Z444+Fof;;4_44)
=3/ (Faasss+ Fasd) P of iass 25 Fiogng+ frne)
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=5 foa(f s'x:'s::s +/ 222) i P .”’.’22+f 11)
=9 44444(F ;)'+f ;,1) .
The boundary conditions forf... () aref... (0)=f"... (0)=f"... (0) =0.
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