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ABSTRACT

The streamlines in a fluid are not, in general, capable of being intersected by & family of
orthogonal analytical surfaces. In this paper the necessary and sufficient conditions have been
obtained for the streamlines to possess the above property. It has been considered if there exist
any point (points) on a streamline such that the shortest distance between the streamline and a
consecutive streamline at that point (points) is of the second or higher order. Some relations
%1;;1 pl;)periggs of the tendency and divergence of a tangent vector to a streamline have also

n obtained.

1. INTRODUCTION

Let (¢ = 1, 2, 3) be the rectangular co-ordinates of a particle at some fixed time
1o and let z* be the rectangular co-ordinates of the same particle at a later time ¢, with
respect to a fixed co-ordinate system. Then the path of a fixed particle, which is
called a streamline, is given by

(1.1) o = 2, 1).

If gt is the operator of the partial derivative with respect to £ when & are kept

constant, that is, the operator of the material derivative on following a particle, then
the components of the velocity of a particle at’ P are given by

;  dxt
(L2} . ut=
The components of the unit tangent vector to the streamline at P are given by
oout
(1.3a) : v=—,
where*
(1.3b) u2 = utu,.

Let us now consider that a stream impinges a shock surface S at a point O with
. 0
a velocity uy; and emerges out from the shock surface with the velocity ug,. If
0 0

Py and Py in front of

Py and Py, behind
[i] 0

Rankine-Hugoniot conditions for the stream under consideration are

are the pressure and density { the shock surface, then the

g G [#]=- e Y [2] = et () [o] =8eu,

* In this and in what follows a repeated index implies summation unless otherwise stated.
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where the brackets [ ] denote the difference of values on the two sides of the shoeck
surface of the quantity enclosed, the dimensionless quantity & is the strength of the
shock, which for a perfect gas is given by .

- 2 (1at—ou) -
(15) = 0 0 , 01/2 -0
2¢1 24 (Y —1)uy,2 0 Py
0 0 0
and
(1.6a) U = '"'l/iX{’

X' being the components of the unit normal vector to the shock surface at P, cl /
bemg the velocity of sound in front of the shock surface and ¥ being the ratio of the
specific heats at constant pressure and volume.

1
In what follows, the suffix { behind the solidus corresponds to the region

2
in front of
{behi d the shock surface. A quantity without a suffix can be considered as a

quantity in any region.

If 6 is the angle between the normal to the shock surface and the streamline in
the rth region, then from (1.6a), we have

(1.6b) ' U/ = U cos b.
Let t* be the components of & unit tangent vector to a streawline at a point 2° of the

0 o
shock surface, then this vector can be expressed as a linear combination of three non-
coplanar vectors, Let these three vectors be X' and a: « Where (,) comma followed by

a Greek index denotes covariant derivative Wltrh regard to y*. Then the equation of
the shock surface is

7 =iy, a=1, 1L
b0

Consequently
(1.8a) £ ="’ +qX’,

o 00 00
where
(1.8b) g=tX =cos ¥,

0o oo 0
and ¢” is a vector on the shock surface whose magnitude is sin 0:

0 0

(1.8¢) sin2 6 = 1™, .

o 00

In consequence of (1.4 4), (1.6) and (1.8¢), we have

: 8
w = — . U
(1.9a) {o%] T+s80>
° o
ut | =

(1.95) [00 ] 0.
The last equation shows that the vectors t* are in the same direction on the shock

[}
surface.

2B
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2. NORMAL STREAMLINES

Through a point P on a streamline, such that the arc-length of P from the
shock surface along the streamline is s, take a surface S, which coincides with
the shock surface when 8 - 0. Then the co-ordinates of P can be taken as

def
functions of three parameters y4 (4 = I, II, IIT), where y''' = s. In what follows
comma (,) . . partial .
. followed by a capital Latin letter denotes i . . derivative
semi-colon (;) covariant
with regard to y4. Let g, , be the first fundamental tensor at P in the new

co-ordinate system, that is

(2.1) gAB=fox:B
It may be noted that
X o, w
(2.2&) x:III=_a?=t =;.

Therefore z* 1 &re components of a unit vector along the streamline, and
(2.2b) 1.

Iy =

We know that, in general, the streamlines arc not capable of being ortho-
gonally intersected by a family of surfaces.

DErFINITION (2.1). When the streamlines are capoble of orthogonal intersection
by a family of surfaces, they are said to be normal.

THEOREM (2.1). The necessary and sufficient condition that the streamlines be
normal to a surface

23) f(z1, 22, 28) = 0
18 ’

(2.40a) 11, € =0
or

(2.4b) w b, €t =0

ik . . . .
where ¢ or €, 18 an wsotropic tensor having the value

(@) +1 when ijk i3 an even permutation of 123,
(b) —1 when tjk is an odd permutation of 123,
(¢) 0 whent,j, k are not all different.

Proor. #f is the unit vector in the direction of a streamline at a point P.
If it is normal to the surface (2.3), then the differential equation of the surface
must be

(2.5) : tda’ = 0.

In general, this equation is not integrable. The condition of integrability of
this equation is (2.4). Hence we have (2.4) as the necessary condition. Conversely,
if the condition (2.4) is satisfied, then there is a family of surfaces, which satisfy (2.5)
and which intersect the streamlines orthogonally.

The equation (2.4) is the analytical condition for the streamlines to be normal.
We now give the physical interpretation of (2.4).
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THEOREM (2.2). The necessary and sufficient condition that the streamlines be
capable of orthogomal intersection by a family of surfaces is that the streamlines are
orthogonal to vorticity vectors.

Proor. From (1.3a), we get

1
tj’k=T-—-u—2uJu,k.

Substituting this value of ¢, , in (2.4), we get

o1 ..
ik . ik .
U Uy R = Ui U Uy € =0,

or

(2.6j u; u =0,

kE
since €7* is completely skew-symmetric in all the indices.
Now the components of the vorticity vector (curl u), v’ are given by

def
(2-7) W= U, jeijk.

In consequence of (2.7), the equation (2.6) assumes the form
(2.8) uaw = 0,
which proves the statement.

Nore (2.1). From Theorem (2.2) it is clear that if the streamlines are capable
of orthogonal intersection by the family of analytical surfaces (2.3), then the vorticity
vectors lie on these surfaces.

COROLLARY (2.1). If the flow is irrotational, then the streamlines are always
normal.

Proor. When the flow is irrotational, w' = 0 and (2.8) is identically satisfied.
Hence we have the result.

THEOREM (2.3). The condition (2.4) is equivalent to

(2.9a) Inradmp, c¢*7¢ =0
or
(2.90) 911 1o, 1o ar = 9n 1, 9 +9; ur i, 1 = 0,

where €1BC i3 an isotropic tensor density of weight +1 having numerical value
(@) 41 when aBc is an even permutation of I II III,
(b) —1 when aBc is an odd permutation of I II IIT,
(¢) O when A, B, ¢ are not all different.

Proor. Since €45C is an isotropic tensor density of weight 1, therefore
(Weatherburn, 1957, pp. 32-33),

(2.10) €t = lgg eABCr | yad| pat, .
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Also by virtue of (2.2a),
(2.11) L2 =G p-
In consequence of (2,10) and (2.11), the equation (2.4) takes the form
(2.12) o bt @ getPC = 0.
Also from (2.11) we get:
t, cxj, B+tjxj, Bc = 9mB,c*

Consequently the equation (2.12) assumes the form (2.9a). Expanding (2.9¢) and
using (2.2b), we get (2.9b).

The equation (2.92) can be written directly from (2.4a), since it is a tensor
equation. Consequently the condition is

ABC __
b, e =0,

D
t 1t ABC __¢ ABC =0,
A(B,c€ D{CB}E )

4BC _ o

or

or

tAtB, c€

But from (2.11), ¢, Hence we have (2.9).

THEOREM (2.4). When this condition is satisfied, the equation of motion in
continuous fluid reduces to

=1 4-

ou; 1
2.13 e , i—wv)F=p, ;=0
( ) p +u(u wy )+Pp =

where v; 1s a unit vector lying in the surface (2.3) and orthogonal to vorticity vector or
the streamline and w is the magnitude of vorticity vector. Consequently we have in
this case

(2.14) u, —u; ¥ =wv,.

Proor. The equation of motion is
ou; o1 _
(215) 'a’t“+uh ;u’+;_p, ;=0.

We know that (Weatherburn, 1954, p. 9),
(2.16) §u?) = u, W te i’
where w" are the components of curl , given by (2.7).

Substituting from (2.16), the equation (2.15) assumes the form

3u,~ ik 1 —

(217) . "a? +uu,.~-e'.jku w +;P, =0,

Now e‘.jku"wk are the components of the vector product of two vectors which
are orthogonal. Hence )

e‘.jku’wJEV = uwv; .

Substituting from this equation in (2.17) we obtain (2.13). From (2.13) and (2.15)
and using (1.34), we obtain (2.14).
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THEOREM (2.5). When the streamlines are capable of orthogonal intersection by
a family of surfaces, then

@ Y, =wuw
®) Y, =uu y—w)
where Y, and ¥ are Ricci’s coefficients of rotation.

Proor. Multiplying (2.14) by »’ and summing with respect to i we get
(Weatherburn, 1957, pp. 98-99),

u ’llz’ ’.wi = u,.,jujw';
. = Yuwul
which proves the statement (a).

Similarly multiplying (2.14) by » and summing with respect to ¢ we get the
statement ().

3. OTHER SURFACES

We will now consider if there exist any point (points) on a streamline such
that the shortest distance between the streamline and a consecutive streamline
at that point (points) is of the second or higher order. Let

= xi(yA)

be a point P on a streamline. Then the corresponding point P’ on the con-
secutive streamline is given by

ot = xi(y4+8y*).

Since the distance between P and P’ is of the second order of smallness, therefore,
to the first order of smallness we have

a:f ASyA = 0.
In order that this equation may yield a non-trivial solution 8y4, we must have
(3.1a) det.|a ,[=0.
or
(3.12) P 1@ 1y = 0.

This is the equation of a surface. The points of intersection of this surface with
the streamline are the points required.

THEOREM (3.1). The streamline is tangential to the surface (3.1) at each of the
above points.

Proor. From (3.1) it is clear that the three vectors x* 4 at P, all lie on the

surface. Hence the plane containing these vectors is tangential to the surface
(3.1). Consequently the normal X to the surface at P is parallel to the vectors

k .
e’.jkx” Y that is

(32) eijkfosz = eABX" = EABX‘.

Multiplying (3.2) by #(= 2’ ;) and using (3.1), we see that the streamline is

perpendicular to the normal to the surface (3.1), and hence tangential to it. Hence
we have the statement. :
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In view of the result given above, we have the following definition :

DerInrTION (3.1). The surface given by (3.1) is said to be tangential to the
streamline, and the poinis met by the streamline and the surface fangential to it are
called the points of contact.

A relation between the parameters ' and 4 on the shock surface, of the form

(3.3) Yy = y(y")

determines a curve on the shock surface. Hence (3.3) also determines a surface
which contains all the streamlines which intersect the curve, ¥ = y'(y') on the
shock surface. We shall call this surface the stream surface.

We shall now consider if there are points on a streamline, such that the
normals to the streamline at those points are also normals to the consecutive stream-
line.

Let ¢ and # 48t be the components of unit tangent vectors to two streamlines

at the corresponding points P: (2f) and P’: (2'+82%). Then «* 5y <+ ... are the

components of the displacement vector PP’ Consequently When PP’ is normal to
both the streamlines, we have in the limit, to the first order of smallness

(3.4) tz' dy’ =0
and
(3.5a) (4t ydy°) 2 dy" =0
In consequence of (3.4) the equation (3.5a) assumes the form
(3.5b) t, & pdy" dy° =0.

TrrEoREM (3.2). The direction PP’ is the direction of zero tendency along the
streamline.

Proor. From (3.5b) we see that the direction z dy is perpendicular to the
derivative of ¢, in its own direction. Hence we have the result.

THEOREM (3.3). At a point of a streamline there are two normals, which are the
normals to the consecutive streamline also. Their directions are the directions of zero
tendency and are given by

(3.6a) (998, 11— 29111 8, 9111 0) dy* dyf = 0.
Proor. The equations (3.4) and (3.5b) are equivalent to

(3.7) . ta'  dy* = —dy'",

and

(3.8) (t, o+, 3y ) 7 gdyf =0,
since

i i
t'-x’III=t,~t =1
and ‘
t‘t"A=0.

Substituting from (3.7) in (3.8) we get
(ti,a i, 11 ,“”“)‘”de Py = 0,
which with the help of (2.1) and (2.11) yields (3.6a).
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CorOLLARY (3.1). Put
def

(3.9) %48 = 9up— 9110 I1118,
then the equation (3.6a) can be written as
(3.6b) e )

Proor. From (3.9) we have

%8, 11 = 9B, 11~ 911 o, 11T 9rup I g, mr.-

Therefore
o
@48, %Y dyP = (gaB, 11129111 o, 111 gmﬁ) dy*dyP.

THEOREM (3.4). For points on the streamline at which the feet of common
normals are stattonary, we have

(3.10a) g

B.111 Fys, 111 == 0,

equivalent to

(3.100) det. | @yg, ml =0

Proor. Differentiating (3.6b) with respect to dy* we find that for stationary
points on the streamline, we have

848, mdyﬁ =0..—-
Eliminating dyf between these two equations we get
¢ B @48, 111 Tyg, i1 = 0.
The equation (3.10b) is the same as (3.10a).
Lemma (3.1). If
det
(3.11) a=|aa'3{7é0,
and if a*B is a tensor reciprocal t0 aug :
(3.12) tag 07 = 8p,
then
(3.13) a a*B BeB, 111 = s 111 -

\ Proor. The proof is obvious from the law of differentiation of a determinant
(Weatherburn, 1957, p. 3).

Lrmma (3.2). We have

(3.14) a=|g,5]-
Proor. From (3.11) and (3.9) we have
2
a= gII gIAIII gI II gl IIIngI 111 - lgAB | ,

S~ Nhmfum Fun~Inm
by direct computation.
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THEOREM (3.5). The necessary and sufficient condition that the two directions of
zero tendency are orthogonal is

(3.15) © A =0.

ProorF. The directions of zero tendency are given by (8.6}, If they are
orthogonal, we must have

Ty, IIIauB =0,
which in consequence of (3.13), assumes the form (3.15).

TrroreM (3.6). The divergence of the unit tangent at points of a streamline at
which the directions of zero tendency are orthogonal, vanishes.

ProoF. Let t* = (0, 0, 1) be the components of the unit tangent vector #
(=2' ) in the co-ordinate system y*. Then the divergence of the unit tangent
vector is given by

div.t = t,AA = —qt—;-l-tB{ A } = (ln \/lgABD I
; oy BA > b

which in consequence of Theorem (3.5) yields the result.

4. ArpExNDIX 1.

in §2 we have seen that g,, are the components of the first fundamental
tepsor of the space with co-ordinates y? at the point P. These components
can be divided into three categories —gag | Jriy 4 304 Ipyp ry- Of these gop are the
components of the first fundamental tensor of the surface § which passes through

P and which coincides with the shock surface when s—0 and g, , is a scalar.
We shall now find a new interpretation of g ., .

THEOREM (4.1). g, are components of a covariant vector on the surface S, of

magnitude sin 8, where 0 is the angle between the normal to the surface 8 and the stream-
line at P.

Proor. Asin §l, we have

(4.1a) = x' at'1+qX"
where

(4.1b) q= t,X' = cos 6
and

(4.1¢) sin? § = t*tPg,p = 1.

The last equation shows that sin § is the magnitude of >
Also multiplying (4.1a) by 2’ and summing with respect to ¢ we get

(4.2) te p= o 7 g = gt = tp-
Now from (2.1) and (2.2¢) and (4.2) we have
(4.3) e = a:'; e = ey = by

This equation together with (4.1c) yields the result.
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TarorEM (4.2). We have

(4.4 [go8] =

(4.4D) [gIII m] =0,

(4.40) [%f gm] = (.
Proor. Now

g = 22y = e
Also

g = 1.
g

These yield the equations (4.4a, b).

In consequence of (4.3), the equation (1.95) assumes the form (4.4¢).

We shall now obtain an expression for vorticity vector in the co-ordinate
system y4.

TEEOREM (4.1). We have

; p.i |OY
(4.5) w = tB,Ae(JABz,p —a’:;: .
Hence the quantity wC defined by
def
(4.6) wC = tB'AGCAB

is a relative vector of weight —1.

Proor. In consequence of (2.10), and the fact that

oyt oz’ (4
oxri 9yP D’
we have
def ay
.. 2
wk =1 ’-Ek’J = tB’AGCAB ‘—x z’ c>

which is the equation (4.5).
In consequence of (4.6), the last equation takes the
form :

_|%
"’k“‘ax

ok
wlz’;
which proves the last statement.

5. Appexpix II.

We know that the equations of continuity, motion and state are

(5.1a) %’—;+ p, Ui+ puf‘. =0, (continuity),
(5.15) p %_ut‘ +pu, uj+p, ; =0, (motion),
(6.1¢) g—:’+n, 0 =0, (state),

where 7 is the entropy per unit mass.
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We shall now obtain these equations in the co-ordinate system y4.

THEOREM (5.1). In the co-ordinate system y4, the equations of continuity, momen-
tum and state are

o 1 -

(5.2a) ” \/ a.g (upr/a) =0
]

(5.2b) PSPty Ut D, =0
op, On

(5-26) a+u ES =0,

Proor. Since the equations (5.1) are tensor equations, therefore in the
co-ordinate system y4 they take the forms

0
(5.3a) a—’t,"'P,A“A +pu,f4A =
0
(5.30) P g oy, 14D, £ =0
0
(5.30) %0 g, gt =,

where 44( =0, 0, u) are the components of the velocity vector in the co-ordinate
system y4.
The equation (5.3a) is equivalent to
g 4
a—§+p, AW Fpul, +puf {ﬁA} =0
or

+uaé+Pa +Pu anIgABl—O

which in consequence of (3.14) assumes the form (5.2a).
Similarly the equation (5.3c) is equivalent to (5.2¢).

TaEOREM (5.2). We have
Va = a constant along the streamline
cos 0
=f(y*),
where 0 is the angle between the streamline and the normal to the surface S.

(5.4)

Proor. The equation of continuity is also given by (Mishra, 1959)

op
at+u as(p n) =0,
or
at+cos 55 (pu cos 6) = 0.

Comparing this equation with (5.2a), we get (5.4).
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THEOREM (5.3). We have

(5.5) [ou /9] =0.

Proor. From (1.4a, c) we have

AR
00
or
[P u cos 0] == (),
00 0
Substituting from (5.4) in this equation we obtain [5.5].
THEOREM (5.4). In a steady state ( %;-) = O) the quantity

up\/a
remains constant along a streamline even when it possesses a shock surface.

Proor. For the steady state
0 -
PR (upv/a) = 0,

which shows that up4/a is constant along a streamline. This result coupled with
Theorem (5.3) yields the statement.
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