THE STABILITY OF FORCE-FREE MAGNETIC FIELDS

by B. B. CHAKRBABORTY and P. L. BHATNAGAR, F.N.1., Department of Applied
Mathematics, Indian Institute of Science, Bangalore 12

(Received April 6 ; read May 6, 1960)

ABSTRACT

The condition. for a force-free magnetic field to exercise a stabilizing influence on an equili-
brium configuration has been derived with the assumptions that the normal component of the
field and the variation of the total pressure arising from the disturbance vanish on the surface
of configuration. For an axisymmetric field and axisymmetric disturbance a few cases have
been pointed out where the above conditions are satisfied.

I. INTRODUCTION

In a recent paper Woltzer (1958) has proved the interesting result that ‘the
axisymmetric fields, characterized by a constant ratio of magnetic field strength
and current, are stable against all axisymmetric disturbances, the normal component
of which vanishes on the surface of the field containing region’. The present note
has the inspiration from the above paper and may be regarded as a supplementary
contribution to it. We find that if we assume that the variation in the total pres-
sure on the surface of the configuration vanishes, the condition for the force-free
field to exercise stabilizing influence on the medium remains unaltered in the
absence of Woltzer’s assumption that the normal component of the displacement at
every point of the surface is zero. In fact, it is possible to point out conditions
alternative to this assumption of Woltzer under which the force-free fields will
increase the stability of the medium even under a displacement where normal compo-
nent at the surface does not necessarily vanish. In passing we note that all the
surface integrals in part IV of the above paper need to be altered by the introduction
of proper direction cosines of the normals to the bounding surface. When we
modify these surface integrals in this manner, the necessity of proving the positive-
definite contribution of the surface integral in the equation (43) of this paper by
turning the direction of z-axis through 180° does not arise, as this contribution
is zero, if we assume with Woltzer that the normal component of the displacement
at every point of the surface vanishes.

II. TuaE EQuaTIONS OF THE PROBLEM

With usual notation, the equations of the problem for the case of infinite
electric conductivity are:

Dp .
pad = .. .. .. .. 1
Dt+P divV=20 1)
p%t!=—gradp+£(curlﬂ)xﬂ—pgrad9 . o (2)
£ being the potential from which non-electromagnetic forces are derived.
@ =c? .e .e (3)
dp
¢ being local velocity of sound
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and

%?=eurl (VxH). .. .. .. @

Denoting the initial state by suffix 0 and changes in the initial values arising
due to a small disturbance £ by suffix 1, we get on linearizing the above equation

py = —div (Pof), .. e o (B)
o2¢
Po 3= —grad pl-i-:& (eurl Hy) x h, +f;r (curt h)) x H,
—p, grad Q,—p, grad £y, .. . . .. (8
Py = czpl = ‘“Cg div (Pof) }
Py =p'—§.Vro;

and
h1=curl (fxﬂo) .. . N .. (8)
with the initial equilibrium equations
—grad p0+4ﬁw (curl Hy) x Hy—pg grad 2y =0 .. 9
and
V 23, = 4n(p, . .. .. . (10
Also
V 22, = 4n@p; = —4n(@ div (ng) . .. .. (1D
which on integration gives
grad £, = —4aGpf+curl ¥ .. . . (12

where F is an arbitrary vector function of space co-ordinates such that

curl curl ¥ = 4nG curl (§p,). .. .. . (13

Using (7), (8), (12) and taking varying quantities as oce®™ we can write (6) in the
following form

~powtf = grad { e div (Pof)+£. Vo } + £ (curl Hy) x curl (¢x Hy)

+{; {curl curl (ExHy)} xHy+div (Pof) grad £2,

+-4nGYE~p, curl F O ¢ £ 3

To get an integral expression for w2, we take scalar product of (14) with § and
integrate over the whole equilibrium configuration. For a force-free magnetic

field
Hyn=0.. .. .. .. .. (19

on the surface of the configuration, where R is the unit outward drawn normal. We
shall now assume that the variation of the total pressure is zero everywhere on the
surface, so that

= E =
8P-—p1+4_nﬂo.h, 0
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ie.
—£. Vpo—c? div (pg)+;";rno courl (§xBy) =0. .. .. (16)
On integration of (14) after multiplying it scalarly with § we get, on using (15),

..,zf E.fdm=f o div (of) divfdr+f £. Vo div £dr
M T T
+a f curl (¢ x Hy) . {curl (x Hy)—x curl Hy} dr
_ f div (pef) €. grad 2, dT_4nt P0§.§m+f £.curl Fdm
T M M

+f E.n[—cﬁdiv(PU§)+£THo.curl (foo)—-f.Vpo]ds.. (17)
S

We note that the surface integral in the above equation vanishes either when
8P =0 or £.n = 0 on the surface.
If we denote the value of @ in the absence of magnetic field by «, and put

w? = w§+k ,

then, remembering that § is an arbitrary small displacement, we have from (17),
wgf g Edm= J- [cgdiv (Pod) div E~div (Pe)E . grad 2y+£. Vo div €
M T

—4nGplE . E+pof. curl Fldr .. .. .. (18)

and
k.[ €. Edm = :—”J [curl (ExHy)—§&xcurl Hy].curl (§xHy)dr .. (19)
M T
Hence for magnetic field to increase the stability, we should have
f ourl (& x Hy)—¢x curl Hy] . curl @x Hy) dr > 0 @0

which is the condition obtained by Woltzer under the condition that £. n =0 on
the surface instead of (16). Evidently Woltzer’s condition is more restrictive as
far as the surface displacement is concerned than the condition (16).

III. SiMPLIFICATION OF THE CONDITION (20)

Following Woltzer we resolve § parallel to z-axis, y-axis and H,, and take

E=de.+ye,+6H, .. .. .. .. (2D

where e,, e, and e, are unit vectors parallel to an arbitrary set of rectangular axes
forming a right-handed system. Writing

ExHy=4¢Q+yP .. .. .. .. (22
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where
Q==¢,xHy; P=¢ xH, o . .. (23)

and simplifying (20) in the manner indicated by Woltzer, we get the following con-
dition for the increase in stability due to force-free magnetic field characterized by
curl Hy = a Hy, with « constant.

| [(erad 4)x @+ (grad ¢)x P} +1{ grad ¢—¢ grad ¢} .

(grad Hﬁ)xe,]drﬂf E.n{¢a%+¢é%}ng ds > 0. .o (24)
S

If we take £ .0 = O we get Woltzer’s condition. It is clear that due to the presence
of second volume integral and the surface integral no definite statement can be
made about the effect of magnetic field on the stability in the general case.

IV. AxI1SYMMETRIC CASE

We shall now consider the axisymmetric force-free magnetic field with constant
«. Taking the co-ordinates to be (r, 8, z) and the axisymmetric displacement

& = B(r, z)e,+ A(r, 2)eg+C(r, 2)H, .. .. .. (25)

we have

¢ = —A(r, 2) sin 4 B(r, z) cos 0} (26)

¢ = A(r, 2) cos 4 B(r, z) sin 0
Using (25) and (26) in (24) and simplifying we get on integrating with respect

to 6,
HoA® 24\ 24\’ 94 34
2 H +rH,2( ) +rH?2 (_az) +2HH, o o

r or

+}az

0H,2 H/2B* H,2B?
or + r +

r

o (0B\? aB)2
+TH0 (5’—') +TH,2 (—a—r'
oBs (aB 0H,?

z dB*
+H327+THIZ '5;) -HrHJ —a;+%B2 ar

H.HyAB 0A 9B 04 0B
o

—2HGH A _gg] wrdzﬂj Billg;(Hg) as>0 .. .. (27
S

where
| Hy= (H, Hp, H), .. .. .. .. (28
and (ly; I, lg) are the direction cosines of n with respect to the directions of r, 9, z.

We may mention that in simplifying the surface integral we have used the condition
(15).
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By choosing new co-ordinates as 7’ and 2z’ where r’ = ar, 2’ = az, the equation
(27) does not change whereas the components of the force-free field satisfy the
following equations in which « does not occur

0Hy
9z
0H, o0H, _
5z " or e
whereafter substitution primes have been dropped out.

We shall now simplify the various integrals occurring in (27). On using (4.5)
and div Hy = 0, i.e.

=H, lz(ng)=H,
ror
(29)

10 oH,
c5 (H)+= =0 .. .. .. .. (30)
we have
oH® H,
2 4220 ey = 20 | A2 H,aH'—J+H, o, drdz
2 or or r 0z

oH, H; oH, 042
=27TJ.|:A2{H, aT ‘—T—H, aZ }—Her -a—z]drdz

2)%2
+J ———~H'HT‘A } 2nr dr
4

1

A2 2 042 Her 2
(rH,*)——Hy—H,H, —a‘z—] d"dz'l-J —— A%y dS

S

2 2 2
=27 ——7‘112i ‘i ——é—H"—H,H,a—A—]drdz
Tor\r r 8 0z

[ 2f 2
+ Iirrff_zAzl3dS+J{Af'%2nrdz

Js
r = r surface

0 (Az) A2 0A%
= —ZWJ[TH'.zg; (—r—)+ 7—H0+HrH='—a“z—] dr dz

: 2
+J Az [I-J%Zﬁ %z,] as. .. .. .. ..@D
s
Collecting all the integrals containing quadratic terms in 4, we have on simplification
9 (4), H,04]*
3 — = ok S
217Jr [H'ar (r)+ p 32] drdz

2 ‘.
+J A—fl———'[H,l,+H,l3]dS P )
S
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Similarly the integrals containing quadratic terms in B reduce to
9B\*  (9B\* B2 2a(fo z
22 {22 22 4= ==
2#J[TH, {(az) +(ar) +r2 }+r3H9{ar - } ] dr dz
B2 o
+| = [(H,+H2)l,—H H ]l d8s. . .. .. .. (33)
s
Finally the contribution of the remaining terms in the volume integral in (27) is
o (B 0 (A), H,04
- sH, 2 {2 Rl i Wl il
4#Jr Hy or (r){H'ar (r)+ r 0z } dr dz
-2j é_{i{l_e {H1,+H,1,)} ds. .. .. .o (34)
s

In view of the condition (15) with I, = 0, the surface integral in (32) and (34)
vanish without making the assumption that Hg = 0 on the surface and the surface
integral in (33) can be put as

J I%ZHO% ds. .. . .. .. (35)
s
Hence the condition (27) reduces to

9 (A H,04 9 (B\)? oB\%* [0B\? K B2

+1[B2(an"2 ?——H*”)zld5>o. L @e)
2 or r
ds

The volume integral in (36) is positive definite. The surface integral can also
be expressed as
1 B2 1 (B2, @
= = — {(rtH,? = V51 5 (Hp2r?) ds. .o (37
2Js.nﬂar{vno)}dSorzjrzl,a,mor)ds (37)
s

This integral vanishes if we assume £.n = 0 as in case of Woltzer and the left
hand side of (36) is positive definite. .

The surface integral can be positive definite also if (i) the normal at no point of
the surface of the equilibrium configuration makes an obtuse angle with the direction

of r and (i) eitheréa;(ﬂor)z is positive or the field strength attains an extremum

. 0
value as we approach the surface along r. We may easily check thatz (Hor)2 >0

in the case of force-free field that can exist in a cylinder.

In conclusion we note that the theorem given by Woltzer has been provc?d
here in a rigorous manner and further some more cases have been pointed out in
which the force-free magnetic field will exercise a stabilizing influence on the equili-
brium configuration.
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