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ABSTRACT

An asymptotic series for the back-scattering cross-section of a circular disk of radius a,
when illuminated at normal incidence by a plane wave of wave-number %, is obtained up to

order (Ica)'5/ 2 for the three cases, corresponding to (i) an acoustically hard disk, (ii) an acousti-
cally soft disk and (iii) a perfectly conducting disk.

1. INTRODUCTION

The classical boundary value problem of scattering of plane waves by a circular
disk of zero thickness has been the subject of numerous past investigations. In
this, as in other scattering problems, the knowledge of the back-scattering cross-
section, which is a measure of the amount of power reflected back by the obstacle
towards the source, is useful and important. The expression for the back-
scattering cross-section obtained by the usual method of separation of variables is in
the form of an infinite series involving spheroidal wave-functions. The slow rate
of convergence of the series of eigen-functions makes the evaluation of the back-
scattering cross-section difficult, when the incident wave-length is much smaller in
comparison with the dimension of the obstacle. It is therefore desirable to obtain
an expression for the back-scattering cross-section in the form of an asymptotic
geries in inverse powers of ka, where k is the wave-number and a is the radius of
the circular disk.

It is well known that the problem of scattering by a circular disk is related to
the problem of diffraction by a circular aperture of the same radius as the disk, in
an infinite plane screen of zero thickness. In a recent report, Levine and Wu (1957)
have obtained a rigorous asymptotic solution for the diffraction of a plane wave
by a circular aperture in an infinite plane screen for the two types of boundary
conditions on the screen, namely the vanishing of (i) the wave-function and (ii) its
derivative normal to the screen. By employing the methodology of Levine and
Wau, Seghadri and Wu (1958) have obtained a rigorous asymptotic solution of the
vector problem of diffraction of a plane electromagnetic wave by a circular aperture
in an infinite plane conducting screen. The investigations of the circular aperture
were restricted to the determination of the transmission cross-section. In this note, an
expression for the far-zone field on the shadow side of the screen and hence, with the
use of Babinet’s principle, the far-zone field scattered by the complementary obstacle,
namely the circular disk, is obtained. With the knowledge of the far-zone, back-
scattered field, the first few terms of the asymptotic series of the back-scattering
cross-gsection in inverse powers of ka, are readily evaluated. The calculations
pertain to (i) an acoustically hard disk, (ii) an acoustically soft disk and. (i) a
perfectly conducting disk and are limited to the case when the incident wave is
normal to the disk.

* Formerly the author was at Gordon Mckay Laboratory, Harvard University, U.8.A.
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2. AcovusTicatLy Harp Disk

Consider an infinitely thin, plane screen 8, of infinite extent, that is perforated
by a circular aperture 4 of radius a. ILet a rectangular co-ordinate system be
introduced with the origin at the centre of the aperture and oriented so that the
screen lies in the z-y plane. Let # and p denote points that lie outside and on the
aperture plane respectively. Let the primary wave-function, which may be con-
sidered to represent an acoustic velocity potential, be given by e#** in the half-space
2 < 0, where the harmonpic time dependence is suppressed.

For the case, when the complete wave-function vanishes on either face of the
screen, the diffracted field in the half-space z > 0, is easily shown (Levine, 1955)

to be
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For r - oo, (2.1) is readily simplified to yield
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Note that, for normal incidence, the screen function K (') depends only on the
radial co-ordinate and has no angular dependence. The corresponding complement-
ary problem is the problem of scattering by a circular digk with the z-derivative of
the wave-function vanishing at either face of the disk. Let the total wave-function
on the illuminated side (2 < 0) of the disk be set equal to e?**4¥~°, where e#** and
¥~ are respectively the incident and the scattered fields. Then, by Babinet’s
principle, it follows that ,
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In the direction (f = —2) towards the source, it is obvious from (2.2) and (2.3) that
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where

F(0) = f pK(p) .dp

Using a rigorous integral equation procedure Levine and Wu (1957) have obtained
F(0) in the form
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With (2.5) and (2.4), the back-scattered field is obtained as
' i i{2ka — -
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The back-scattering cross-section o, of an obstacle is defined to be the ratio of the
total power re-radiated by a fictitious isotropic scatterer (that maintains the same field

¥~* in all directions as that maintained by the obstacle in the direction toward the
gource) to the real magnitude, of the power density of the incident plane wave at the
obstacle. Thus

-5 "2 .
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Using (2.6) and (2.7}, it is easily obtained that
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3. AcousticALLY Sorr DISK

In the aperture problem, if instead of the wave-function, its z-derivative
vanishes on either face of the screen, the diffracted field in the half-space z > 0, is
easily shown (Levine, 1956) to be

e 1 3 Rate g HIT-FI
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For r —» o0, (3.1) may be simplified to give
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In the case of normal incidence, the screen function ¥(p) depends only on the radial
distance p. The complementary problem, in this case, is that of scattering by an
acoustically soft disk. The use of Babinet’s principle immediately gives

g P &)

where e**4 %'~ constitutes the total field on the illuminated side (z < 0) of the disk.
In the direction (A = —2) towards the source, it is evident from (3.2) and (3.3) that
itr
—s ey € g =
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where
F(0) = f pP(p) dp

Levine and Wu (1957) have obtained F(0) as

i(%a— %)

ia 1 e
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With (3.4) and (3.5), the back-scattered field is obtained as
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Using (3.6), the back-scattering cross-section is evaluated as
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4. PErrecTLY COoNDUCTING DISE
Let the vector problem of diffraction of a plane electromagnetic wave by a

circular aperture 4 in an infinite plane conducting screen 8 be now considered. Let
a plane electromagnetic wave

ﬁ‘( r) = feiks
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be incident normally on the aperture in the half-space z << 0. The field diffracted
through the aperture in the half-space z >0, can be derived from the vector

potential
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where J*( (p) is the current distribution on the shadow side (z = 0%) of the screen.
For r -+ o0, (4.2) reduces to
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In the far-zone, it may be easily shown that
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The corresponding complementary problem is that of scattering by a circular disk
with an incident plane electromagnetic wave in the half-space z << 0 given by

U P ; thz
B = —9 Jze

B = g™ .. .. .. .. .. (4.5)

If the total magnetic field H in the half-space z < 0 is set equal to H'+H-,
then it follows from Babinet’s principle that

g =8".. .. .. .. .. (486
In the direction towards the source (# = —32), it is evident from (4.4) and (4.6) that
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It has been shown (Seshadri and Wu, 1958) that
J(B) = Jpolp) c08 $
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With (4.8), (4.7) yields .
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By employing an integral equation procedure, it was obtained (Seshadri and
Wau, 1958) that
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With (4.9) and (4.11), the back-scattered field is obtained as
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The back-scattered electric field in the far-zone is easily seen to be

E‘*:Jggxﬁ-s e e o (43

The back-scattering cross-section B is now readily evaluated with the help of (4.12)
and the result is
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5. CoNcLUDING REMARKS

For the special case of normal incidence, the first few terms in the asymptotic
series for the field scattered by a circular disk, in the direction towards the source,
are obtained. There is a great similarity among the expressions for the three cases
corresponding to (i) the acoustically hard disk, (ii) the acoustically soft disk and (iii)
the perfectly conducting disk. If these expressions are interpreted in terms of
Keller’s geometrical theory of diffraction (Keller, 1958), the manner in which these
three expressions are related will become evident. It is convenient for the purpose
of comparison to rewrite the three expressions as follows :
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It is well known that the extended ray theory of Keller, known as the geo-
metrical theory of diffraction, introduces the concept of diffracted rays in addition
to the usual reflected and refracted rays of geometrical optics. In the problem of
scattering by a circular disk, only edge diffracted rays occur and at each edge

diffraction the order of the field is reduced by (ka)~. Let the interpretation of
(5.1) be considered first. The first term (ka) is due to the direct rays. Since, in the
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case of normal incidence, the specularly reflected field is in the direction towards
the source, the leading term contributed by the direct rays is order (ka) higher than
the field associated with the incident ray. The single diffracted ray introduces a
factor (ka)”!. However, since the caustic of the diffracted rays of all orders extends
in the z-direction, the field in that direction is increased by a factor (ka)!. Hence
the contribution of the singly diffracted rays is of the same order as the incident
field. It is therefore obvious that the second term in (5.1) is contributed by all the

singly diffracted rays. A phase factor of (2ka— 2) is introduced between two
successive diffractions from the opposite edges. Also, from an argument similar to
that advanced before, the contribution of the rays diffracted from the edges twice,
thrice and four times is seen to be proportional to (ka)~}, (ka)~'and (ka)~! respectively.
From the phase factor, it is clear that the third, the fourth and the fifth terms are
contributed by the rays diffracted from the edges twice, thrice and four times
respectively. The field on all these rays is characterized by an infinite series of
terms where each term differs from the preceding one by a factor (ka)~1. So far
only the contributions due to the leading terms in all these rays have been taken
into account. Again, from the phase factor, it is evident that the sixth and the
seventh terms are due to the second-order terms in the singly and the doubly
diffracted rays respectively. All the other higher-order diffracted rays and the
higher-order terms in the diffracted rays considered so far have not been included
since they do not contribute to (5.1) where only terms up to (ka)~t are retained.

It is possible to interpret, in a similar manner, the various terms in 'l’g as
arising from various orders of diffracted rays. As before, it can be easily shown
that the first two terms in (5.2) are due to the direct rays and the singly diffracted
rays respectively. These two terms are seen to be identical for all the three types
™
)
that the third term in (5.2) is due to the leading term of the doubly diffracted rays.
Note that this term is proportional to (ka)~¥ instead of (ka)~%, as in the acoustically
hard disk. This is due to the fact that the assumption that the diffracted field is
proportional to the incident field is not valid when the incident ray traverses over
the disk on which the wave-function vanishes. In the case of double and multiple
diffracted rays which have their incident rays traversing over the screen, the
diffracted field is proportional to the normal derivative of the incident field at the
point of diffraction. It follows, therefore, from dimensional considerations that the
diffracted field is reduced by a factor (ka)~t instead of (ka)~* as in the acoustically
hard disk. Thus the third term in (5.2) is due to the leading term of the doubly
diffracted rays. It is not difficult to see that the fourth term in (5.2) is due to the
second-order term in the singly diffracted rays. Similarly, the terms in (5.3) can be
interpreted as due to the various rays.

From a comparison of (5.1), (5.2) and (5.3), it is seen, if only the contributions
arising from the leading terms of all the diffracted rays are taken into consideration,
that (5.3) is the average of (5.1) and (5.2). This is to be expected from the follow-
ing considerations. The leading term of the various rays diffracted from the
circular rim of the digk is that due to a half-plane locally replacing the curved rim ;
and in the case of a half-plane the vector problem breaks into the two equivalent
scalar problems, But the second-order terms in these rays will contain the effect
of the curvature of the rim. Since in the case of a curved edge, the vector problem
does not separate into the two scalar problems, the contributions due to the higher-
order terms in the diffracted rays in (5.3) is not expected to be the average of the
corresponding contributions in (5.1) and (5.2). The simple theory of Keller does not
take into account the contributions arising from the higher-order terms in the

of disks. On account of the presence of the pﬁase factor {2ka— —}, it is evident
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various diffracted rays. Hence it becomes necessary to resort to an integral equa-
tion procedure (Levine and Wu, 1957 ; Seshadri and Wu, 1958), in order to obtain
(5.1), (56.2) and (5.3) which are accurate to all orders in ka.
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