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ABSTRACT

In this paper, we discuss topologies on particular classes of entire functions and continuous
linear transformations of these classes into themselves. Such discussion leads us to a very
natural proof (probably for the first time), by the methods of operator theory in linear topo-
logical spaces, of the existence of a solution for the functional equation a(z-4w)—2a(z) = §(z),
where @ and § are entire functions of the same order and same type. The case A = 1, without
the reference to the type of the functions, is the classical theorem of Whittaker (1935), which
was subsequently improved by Scott (1935) to the same case with the mention about the type.
In the process we also prove that the space of all entire functions topologized by uniform con-
vergence on compact sets and similar spaces of certain subclasses of entire functions are all
Montel spaces (cf. Bourbaki, 1955).

§1. INTRODUCTION
The following theorem of Whittaker (1935) is well known :

THEOREM A: If B(2) be an entire function of finite order p, then there exists an
entire function a(z) of the same order p such that

(LY a(zFw)=~u(z) = B(2),
where w 18 any complexr number £ 0. .
Sheila Scott (1935) improved, on this theorem and proved the following :

TeEOREM Bt: If B(2) be an entire function of finite order p and type
d(0 < d << o), then there exists an entire function a(z) of order p and the same type d
such that the difference equation (1.1) is satisfied.

It is the purpose of this paper to use the theory of linear operators, in locally
convex linear topological spaces, to prove Theorems A and B above. In fact, our
Theorem 11 implies the above theorems for the more general equation,

(1.2) a(z+w)—Ax(z) = B(2),
where w and A are any complex numbers 7 0.

With this end in view, we consider the following classes of entire functions :

(1) the class C of all entire functions ;

(ii) the class C(p, d) of all entire functions of order p and type not exceeding
d, where 0 < p < 00, 0 < d < co~—we note that this class includes all
entire functions of order less than p;

1 As far as functions of order less than 1 were concerned, this theorem was reeent':ly
rediscovered by Sikkema (1953) by using his methods of the applicability of differential
operators of infinite order to given classes of entire functions.
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(iii) the class ((p) of all entire functions of order not greater than p, where
0<p< o0;

(iv) the class C(p, 0) of all entire functions of order p and minimum type,
where 0 < p << c0—we note that this class includes all entire func-
tions of order less than p; and

(v) the class C(0) of all entire functions of order zero.

Of these, the first three classes have each been made! into a complete linear
metric space by introducing a sequence of normed topologies on each and taking
their lattice product. The topological spaces thus obtained will be denoted by I,
I'(p, d) and I'(p) respectively. The details pertaining to these topologies are proved
in the papers cited in Footnote 2, and, for convenience, we catalogue the relevant
results in § 2 below. An analogous topologization of the other two classes mentioned
above, namely C(p, 0) and C(0), is not difficult and we state the results of such
topologization in Theorems 1 to 6, without proofs, in §§ 3 and 4 of this paper. We
call these spaces I'(p, 0) and I'(0)—which are also complete linear metric spaces.
We can now state the various properties of these spaces, which we prove in this
paper and which lead to the proofs of Theorems A and B above.

First we prove in Theorem 7 that all the five spaces in question are reflexive, in
the sense of Bourbaki—in fact, even more, they are all Montel spaces? (cf.
Bourbaki, 1955) defined by the property: ‘ Every bounded set in the space is
relatively compact.” This result is interesting in itself, for the corresponding result
is not valid in the case of a normed linear space unless it is finite dimensional.
For the purpose of proving this, we obtain, in Theorem 8, a characterization of
bounded sets in each space, in the manner in which Toeplitz (1949) did for the
space I
P As a consequence of Theorem 7 and of the fact that the spaces in question are
all Frechet spaces (cf. Bourbaki, 1955)—Ilocally convex space having an invariant
metric with respect to which it is complete—we note in Theorem 9 that every
continuous linear transformation in these spaces is also a completely continuous
transformation, that is, one which takes bounded sets into relatively compact sets.
This enables us to prove, in Theorem 10, following the theory of Riesz, that if 7' be
a continuous linear operator, then U = T'—AI, where A is any non-zero complex
number and I is the identity, has a closed range; and so, is an onto mapping,
whenever the range is also dense. It then remains only to define suitable trans-
formations to which these theorems can be applied. It happens that the operator

T{a(z)} = a(z+w), w0,
is of such kind and so we are able to prove the existence of the solution for the
corresponding functional equation (1.2). These results are enunciated and proved
in Theorem 11—which gives Theorems A and B as a particular case.

§2. THE Spaces T, I’(p, d) axp I'(p) 3.

The space I is defined by the sequence of topologies I'(R)’s, for R > 0, each of
which is specified by the norm

2.1) ua;Rn="§01a.lR',

1 See Ganapathy Iyer (1948, 1930, 1952) for the class C; Ganapathy Iyer (1959) for the
class C(p, d) ; Krishnamurthy (1980) for the class C(p). . . .

2 With reference to the space I' this result is mentioned in Dieudonne and Schwartz,
Annales de L'Institut Fourser, Tome I (1949), p. 79. But the author has not come across a
proof anywhere. _ . : :

3 For proofs of results in this paragraph see the papers cited under Footnote 1 above.
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where

] ac.,€C;, e, =2, n=0,1,2,...
n=20
As R increases, these topologies become finer and finer! and their lattice product,
that is, the coarsest among those, which are finer than all of them, is the topo-
logy I''2 It can therefore be defined by the invariant metric

2.2) la—Bll = die, B = > 51; i‘lﬁﬁ%%ﬁ’

p=1

under which I" is a complete linear metric space. The metric in I’ may be defined
in a more direct fashion (cf. Ganapathy Iyer, 1948) but we shall not be using it in
this paper.

The class C(p, d) similarly becomes a complete linear metric space I'(p, d),
specified by the sequence of topologies I'(p, d, 9)’s, for all § > 0, each of which is
given by the norm 32

© n/p
(2.3) Ja; d+8ﬂ=[a0|+2|a-|{#3‘);;} :
n=1

As & decreases, these topologies become finer and their lattice product is the space
I'(p, d), whose metric is

< 1 Je—B; d+1/p|
(2.4) la—Bll=d B = > o —
12;2 I+[a—8; d+1/p]

as before.
In the same manner, we obtain I'(p) by defining a sequence of topologies
I'(p, 8)’s on C(p), given by the norms 4

(2.5) los p+3]=|ag[+ & |au|n"P+.
n=1

The three spaces are thus Frechet spaces. The concepts of convergence in I',
I'(p, d) and I'(p) are respectively equivalent to (i) uniform convergence in any finite
circle, (ii) uniform convergence in the finite complex plane, relative to the function
exp {(d+39) |2 ]p }, for each 8 >0; and (iii) uniform convergence in the finite
complex plane, relative to the function exp {|z|/*3} , for each § > 0.

Familiarity with these results and with the following Lemmas, which give the
representation of continuous linear functionals on I'(p, d) and I'(p), will be assumed
in the sequel.

LemMmMa A (Ganapathy Iyer, 1959): Every f€ I'*(p, d), the dual of I'(p, d), 18
of the form
f=2ca,, where a=Za.e,EIl(p,d),

1 Finer = weaker = ‘ more open sets’. Coarser = the opposite of finer.

2 We shall use the same symbol to denote a space and its topology.

3 Tt may be mere specific to use the notation {ja; p; d+8| instead of || ; d+3 ], but we
shall stick to the latter for brevity.

4 The scrupulous use of the letters p for order and d for type will help to distinguish between
l@; p+38] defined here and ||« ; d+38] defined in (2.3). When a is considered as & member
of C(p, d), we write the corresponding sequence of norma as || «; d+38 ||, where, though the order
is not mentioned, the use of the letter d is sufficiently decisive, When we write || a; p+8] we
ghall think of @ only as a member of C{p).
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where

(2.6) , lim sup|e, [*" " < 1/(dep)'”,
n—> 00

and conversely.

Lemma B (Krishnamurthy, 1960): Every f€ I'*(p), the dual of I'(p), i3 of the
Jorm
f=2c,a, where o=2Za.e,EIp),
where

@7) lim sup |, [1"/n}¢+9 < 1,
7" 00

for some & > 0, and conversely.

§3. TaE Space I'(p, 0)
If & = Za,e, € C(p, 0), then.« can be characterized by the condition
(3.1) lim {a,|""n"* = 0.

n—> 0

So, for each R > 0, the expression
(3.2) la; p; Rl =|ao)l+ & |a,|n"" R
n=1

is convergent and defines a norm on C(p, 0). Denote by I'(p, 0, R) the topological
space defined by this norm. As R increases, I'(p, 0, B) becomes finer and the lattice
product of these topologies may be called I'(p, 0). This can be metrized by the
distance lja— B8], where

aegle S L _la=8;p; p]
B ;2,, T+ [a=F; 7; Pl

It is easy to prove (cf. the corresponding proofs for I" and for I'(p, d) in Ganapathy
Iyer (1948, 1959)) that I'(p, 0) is a complete linear metric space. The general form
of continuous linear functionals on I'(p, 0) is given by

THEOREM 1: A functional f € I'*(p, 0) ts of the form

~ f((l) =2c,a,; a=Za,,E F(P’ 0),
where
(3.3) lim sup |¢, ["*/n'* < o .
”n —> o0

The proof is similar to that of Lemma 2 in Ganapathy Iyer (1950) and to that
of Theorem 9 in Ganapathy Iyer (1959), quoted as Lemma A in this paper.
Convergence in I'(p, 0) can be interpreted in the classical fashion as given in

the following

TreEoREM 2: Let {a,} be a sequence of elements in I'(p, 0). The statement «, - a
8 equivalent to the statement that, for every R > 0, the sequence {a,(2)} converges
to a(z) uniformly in the finite complex plane relative to the function exp {(]z ,'/R)p }.

Proof : The proof is similar to that of the corresponding theorem for I'(p, d) in
Ganapathy Iyer (1959). . We shall, however, give below a sketch of the proof.
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For each positive R, the number
max [exp { —(z[/R)’} .|a2) ],
as z varies over the finite complex plane, defines a norm on C{p, 0). Also

_|a, ]n"/pR"
T (pe)lP

Therefore, for any given p, the topology induced by the above norm is comparable
with I'(p, 0, R). The lattice product, for all R > 0, of these normed topologies,
which grow finer as R increases, is hencé comparable with I'(p, 0) and can also be
proved to be a complete linear metric space just as I'(p, 0). So the two metrics are
equivalent and the interpretation of convergence is as given in the theorem.

We finally state the following criterion for the existence of a continuous linear
transformation of the space into itself. The proof is analogous to that of Theorem
6 of Ganapathy Iyer (1952) for I.

THEOREM 3: 4 necéssary and sufficient condition that there exists a continuous
linear transformation T of I'(p, 0) inlo stself, such that T(e,) = a,, where a, € I'(p, 0),
n=12...,1s ’

max |a, |7 exp { —(r/R)°}

Hl/n

(3.4) lim sup I o5 BRI < w0, for each R > 0.

n—> 00 nllp

§4. Tae Space I'(0)
Any a = Za,e, € C(0) is characterized by the condition
4.1) lim [a,|"" #'® =0, for each & >0.

7 —> 00

So, for each & > 0, the expression !
s 05 8 =ao|+ £ [a,|n"

is convergent and defines a norm on C(0). Denoting the topological space thus
obtained as I'(0, 8), we obtain, as before, the lattice product I'(0) of these I'(0, 8)’s,
which become finer as 8 decreases. The metric in I'(0) can be written as before.
The completeness of the space can also be proved as usual and we state the follow-
ing three theorems, without proofs, analogous to Theorems 1, 2 and 3. -

THEOREM 4: A functional f € I'*(0) is of the form
f@) =Zc,a, = Za,e,cI0),
where
4.2) lim sup j¢, ["*/n'? < 1 for some &> 0,

n—> 00
and conversely.

TuEOREM 5: Let {a,} be a sequence of elemenis in I'(0). The statement o, — o
18 equivalent to saying that, for every & >0, the sequence {a4(2)} converges to a(z)
uniformly in the finite complex plane relative to the function exp {1/8 |z} .

1 There need be no confusion between | o; 0; 8| defined bere, and |la; p; E{ defined in
(3.2); because, in the latter, p is supposed to be greater than zero always {cf. definitions of
C(p, 0), etc., in the Introduction). ‘
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THEOREM 6: A necessary and sufficient condition that there exists a continuous
linear transformation T of I'(0) into itself, such that T(e,) =a,, where «, E I'(0)
n=12...,18

- loga,;0; 3]
(43) lim sup —= Joan

b

< oo, for each 6> 0.

§5. REFLEXIVITY OF THE SPACES

Having equipped ourselves with the necessary tools to deal with these spaces,
we are now in a position to take up the first main theorem of the paper and state
it as

TeEOREM 7: The spaces I', I'(p, d), I'(p), I'(p, 0) and I'(0) are all Montel
spaces. In other words, they are barrelled spaces in which every bounded set is
relatively compact.

Remark : The fact that Montel spaces form only a subclass of the class of
reflexive spaces (cf. Bourbaki, 1955) establishes the reflexivity of these spaces.

The proof of Theorem 7 depends on a characterization of bounded sets in these
spaces in terms of growth properties on the coefficient sequence (a,). As far as the
space I' is concerned, this characterization was done by Toeplitz (1949). We, how-
ever, include it in the statement of the following theorem for the sake of complete-
ness.

THEOREM 8: Let o =Za,.e, be an arbitrary element in a set A in one of the five
n

spaces I', I(p, d), I'(p), I'(p, 0) or I'(0). A ts bounded in the respective space if and
only if

(i) the sequence (a,) is bounded, uniformly for all a € A ; and

(i) one of the following conditions, relevant to the space in question, is satisfied :
(6.1) Given € > 0, whatever may be « € A C I, there exists an ny(e) such that

| @ }”" <€ for n>un,.
(5.2) Given € > 0, whatever may be « €A C I'(p, d), there exists an ny(e) such that
la, [0 < {({d4e)ep} P for n >,
(5.3) Given € >0, whatever may be « €A C I'(p), there exists an nyle, 8), for each
3 > 0, such that
!a. ]U"n]/(P+8) < €, fOT n > ng.

(5.4) Given e > 0, whatever may be « EA C I'(p, 0), there exists an ny(e), such that
la,["n"* < e, for n > n,.

(6.5) Given € > 0, whatever may be « € A C I'(0), there exists an ny(e, 8), for each
8 >0, such that

la,[""n'® < e, for n >,

The proof of this theorem, as far as it concerns the space I', was given by
Toeplitz (1949). We shall prove the part pertaining to the space I'(p, d) and
indicate similar lines of prgof for the other spaces. "In the proofs we shall make
good use of the following classical results:
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Lzyma C (Bourba,kl 1955, p. 8) : In order that a subset A of a topological vector
space E be bounded, it is necessary and sufficient that for every sequence (w,) of points
of A and every sequence ();) of complex numlbers tending to zero, (A,x,) should tend lo
zero.

Lemma D (Bourbaki, 1955, p. 70): If E be a locally convex Hausdorff space
and E' its topological dual, every subset of E tounded for the weak topology o(E, E') is
bounded for the initial topology of E.

Proof of Theorem 8 for I'(p, d). Sufficiency: In virtue of Lemmas C and D it
suffices to show that for any arbitrary sequence («,) of elements of 4 and for every
sequence (),) of complex numbers tending to zero, (),x,) tends to zero in the weak
topology o(E, E'), where E = I'(p, d) and £’ = I’*(p, d) is the dual of £. We have
thus to show

fOpa,) >0 as p—>oo, forall fEI*(p,d).
But any f € [™*(p, d) is of the form (cf. Lemma A)
f=2Zc,a,, where o=2Zae,El(p,d),
where the (¢,) satisfies (2.6). We have therefore only to prove

f’z\pc,,ap,—>0 as p—> 0.

ne1
In virtue of (2.6) we have, given n > 0,
L ea] "' < 1/{(d4n)ep}'? for n > ny(n).

Let 2p = Za,ue,. By hypothesis (5.2), we know, given 0 < e <7, there exists
an ng(e), independent of p, such that

lapn| " 0P < {(d4e)ep} ™ for n > ng(e).

Choosing N = max {ny(e), n1(n)} , we have

2 tadian< 3 (4

Whlch is bounded, irrespective of the value of p; and since (a,,) is bounded
uniformly for all p and =,

N-1 '
Z |eallasm]
n=1
is also bounded and is independent of p. This gives

z ApCnllpn = ,\p 2 c,,a,,.—> 0,

n=1
as A, —> 0. The sufficiency part of the theorem is thus proved.

Necessity : Assume that the set A is bounded. This is equivalent to saying that
(Bourbaki, 1955, p. 4) the norms |a; d+8], where a € 4, is bounded for every 3 > 0.
So, fixing 8, we must have, for all « = Za,e, E 4,

;a.,1+21 .1{(d+8m}
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So

L Y

Choose n, = integral part of {(d+8)ep}+1. Then, for all n > ny, |a,| < K. Also,
for n < ny,

n/p
|a.,| < max K{@-}-_S)e_p} .
-1
[1]

n=1ton n

Thus the a,’s are uniformly bounded for all & E 4.

To prove condition (5.2), we shall assume its negation ; that is, we assume that,
in the inequality

|a, 1" 2 < {(@+e)ep )P forall n>n,,
the ng is not the same for all x € A. So there exists a sequence of positive integers
ny, Mg, ... (Mg < ng < ...) such that, with the notation a, = Za,.e,, we have, given
>0,
lapnplllnpnpllp> {(d+€)6p}1/P, p= 1’ 2, .

We may note that p < n,. Now define a sequence (c,) as follows:

¢, =0 for nmny,ns, ...

and
y 4
Cp. = ————— for p=12,...
"p laplpl 8gn (a’pnp)
Then,
1/n 1/»,
lim sup |0-1| = lim sup ic"’lilp ?
7n—» OO n I P> 0 np
llnp
= lim sup ——~~——=
ror e [agmy [Ty
whereas,
pllnp npl/np
| a}mp Il/np nplfp = l apn,, |1/np npl/P
14¢
——————— for all .
S {@Faer} © P > Po
Hence

lim sup |, ['"/n" < 1/(dep)'".
7% -0

This shows (cf. Lemma A) that f = Zc,a, is a member of E" = I'*(p, d).
Taking the sequence («,) in 4 and writing A, = 1/p, we have

0
FQp2p) =”f'l,\,,c-ap_ = ,\,,”Z'lc,a,,, > ApCalpny, = 1 forall p=1,2,...

Therefore f(A,,) does not tend to zero as p —+ <o, even though (},) does so. This
implies that the set A is not weakly bounded and so not also strongly bounded—
which contradicts the hypothesis. The theorem .is therefore proved for the space
L(p, d).

7
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Proof of Theorem 8 for the other spaces: The proof is similar to the above one.
We only use the characterization of functionals in the respective dual spaces, as
given in Lemma B, Theorem 1 and Theorem 4.,

§6. Proor or THEOREM 7

We are now ready to take up the proof of Theorem 7. Since the spaces in
question are all Frechet spaces and therefore barrelled, we have only to prove
that every bounded set is relatively compact. This we prove in the form of two
Lemmas below.

Lemma 6.1: In each of the spaces I', I'(p, d), I'(p), I'(p, 0} and I'(0), there exists
an ngle), dependent only on € >0 and the space in gquestion, such that, for all
a=2ae,EA,

2 aeli<e

n.:no

where ||| ||| represents the metric distance from the origin in the respective space.

LemmA 6.2 : There exists an e-net for A, in each of the SWS. In other words
vn each of the spaces, there exists a finite number of elements in A such that any element
of A is al an arbitrarily small distance from at least one of the finite number of elements.

That Lemma 6.2 implies the required property about bounded sets stated in
Theorem 7 follows from the completeness of the metric in these spaces (cf.
Bourbaki, 1953, p. 21). :

We shall now prove Lemma 6.1 in each of the spaces separately.

Proof of Lemma 6.1: For the space I, Lemma 6.1 is a consequence of the
following two Lemmas the first of which is due to Ganapathy Iyer (1950):

LevmMa E: In the space T, if J|af| > d > 0, then [« ; R| > d for all R > A(1/d),
where A(t) = max(1, t) for t > 0.

LeMMA 6.3: In the space I, for exch R such that 0 < R < oo, there exists an
n,(e, R) such that, whatever may be o = Za,e, € 4,

[ z ae,; R <e

no=mn

We have only to prove Lemma 6.3. Let ¢ >0 and 0 < R< oo be given.
Choose B’ < 1/R so that R’ > 0. In virtue of Theorem 8, we know that, since 4
is bounded, there exists an »,(R’) such that, whatever may be a € 4,

1/n

e, < R for n > n,.

So
| 2 aw.; Rl= % |a,|R"

n =Ny N =Ny

< f R'*"R* < ¢

n =1y

for sufficiently large 7,, dependent only on € and R, because R'R <-1.
In a similar manner, as regards I'(p, d), Lemma 6.1 is a consequence of the
following two Lemmas, analogous to those stated above for I'.

7B
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- Levma F: In I'(p, d), if lall] > K > 0, then we must have
lo; A48 > k/(Z—k) for some & =8,
where 0 < 8y < 1 and therefore for all values of & < &.

Luzvma 6.4: In I'(p, d), for each 8 > 0, given € > 0, there exists an n,(e, 8) such
that, whatever may le a = Fa e, & A,

I E auen; d+8)<e.

= %,
=

Lemma ¥ is a known result (¢f. Subba Rao, 1958, p. 60, and Krishnamurthy,
1960, Lemma 1). Lemma 6.4 can be derived from Theorem 8 by choosing a
positive 8’ < 8 just as Lemma 6.3 was derived above.

For the other spaces, Lemma 6.1 follows from analogous Lemmas in the
respective spaces.

Thus Lemma 6.1 is completely proved.

Proof of Lemma 6.2: We shall set out the proof for the space I. For the
other spaces, the argument is similar.

Consider the set § whose elements are

n0-1

Z ae,
n=0

for all complex numbers a,, where n; is chosen such that

6.1) I E aeli<e

'l-—-‘flo

for all « = Xa,e, in A. This is possible because of Lemma 6.1. Now the set Sis a
finite dimensional set with basis eg, €q,... €,,_1. This set is also bounded, because
the elements satisfy both the conditions of Theorem 8, in relation to I So §is
compact. Therefore there exists an ¢/2-net in 8. This ¢/2-net is obviously an e-net
for the whole of 4, because, if

n. -1

o= z ae, €4 and o' = DE ae, €S,
n=20 n=0
then, for some X in the ¢/2-net for §, we have
(6.2) o' —x|l < e/2.

So
la—x || <fla—o [+ &' =X]j<e
in virtue of (6.1) and (6.2). Thus there exists an e-net in 4. This completes the

proof of Lemma 6.2.
Theorem 7 therefore stands proved in full.

§ 7. Coxrinuous ENDOMORPHISMS
We proceed now to study the continuous endomorphisms in these gpaces. We
first give a

Dapmrrion : A continuous linear transformation is said to be completely conti-
nuous if and only if it transforms bounded sets into relatively compact sets.
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Since the five spaces in question are Frechet spaces, that is, complete with an
invariant metric (and locally convex), a linear transformation from one of these into
another or from one into itself is continuous if and only if it sends bounded sets into
bounded sets (Dunford and Schwartz, 1958, p. 54). This result coupled with the
result of Theorem 7, that every bounded set is relatively compact in these spaces,
establishes the following

THEOREM 9 : Every continuous linear transformation in I', I'(p, d), I'(p), I'(p, 0)
or I'(0) is also completely continuous.

This enables us to prove

THEOREM 10: Let T te a continuous linear endomorphism of any one of the
spaces I, I'(p, d), I'(p), I'(p, 0) and I'(0) and let I be the identity transformation. Then
the operator U = T —Al, where A i3 any non-zero complex number, has a closed range
and so is an onto mapping whenever the range is also dense in the space.

The proof runs parallel to that of the corresponding theorem in the Riesz theory
for transformations in Banach Spaces (Dunford and Schwartz, 1958, p. 485). We
shall therefore not reproduce the proof here but it will suffice to note that the only
property of the transformation used therein is that U = 7—AI maps bounded
closed sets onto closed sets. The fact that this property is possessed by the cor-
responding U in the case of any continuous endomorphism 7 in the spaces in
question is proved in

Lemma 7.1: If T is a continuous linear endomorphism in the spaces in question,
then U = T —AI maps bounded closed sets onto closed sets.

Proof : Let E stand for any one of the spaces in question. Let G be a bounded
closed set in E. Leta,EG@(n=1,2,...). Let lim U(x,) =pB, We have only to

n—> oD
prove the existence of an ay € G such that U(xp) == fq.

Since 7' is continuous, it is also completely continuous (Theorem 9). So it maps

the bounded set {a,} into a relatively compact set {7'(a,)}. This implies that there
is a subsequence {7'(a,,)} conyerging to k, € & (say). Now Aa,; = T(a,)—U(2y).

So lim a,, = /1‘ (ho—Bo) € @, since G is closed. Therefore, U (ho_ﬁ 0) = lim U(x,,)
+—> 00

A i—» 00

= By. This proves the Lemma.

§8. THE DIirrErENCE EQUATION (1.2)

We may now tackle the functional equation mentioned in §1. Instead of
Theorems A and B, we shall in fact prove the following

TagoreM 11: Let E stand for any one of the four spaces I'(p, d), I'(p), I'(p, 0) or
I(0). Then, for every BE E, there exists an « E E satisfying the equation

@8.1) a(z+w)~a(z) = B(2),
whatever may be the complex numbers w 3£ 0 and ) # 0.

This theorem immediately leads to Theorems A and B, with (1.1) replaced by
(1.2). To see this, when B(z) is an entire function of zero order, we have only to
apply the theorem to the space I'(0). When B(z) is of finite order p’(>0) and
type d'(0 < &’ < ), we note by inspection of (8.1) that «(z) cannot be of a lower
order than p’ and in the order p’ cannot be of a lower type than d’. This en,t
coupled with an application of the theorem—to I'(p’) when d’ == 00, to I'(p’, d')
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when 0 <P’ << 0 and 0 <d' < o and to I'(f’, 0) when d’' = O0—gives decisively
the analogues of Theorems A and B, for the functional equation (1.2).

It remains only to prove Theorem 11. Given B(z) EE, we shall gearch for
solutions «(z) € E satisfying (8.1). We shall define

(8-2) T{a(2)} = a(z+w),

where w is any complex number #0. 7 is a linear endomorphism of E. Ifit can
be proved to be continuous in the topology of E and if the range of U(E), where
U = T—Al, is also dense in K, then we can, in virtue of Theorem 10, say that the
mapping U: E — E is onto. This is in fact what is asserted in Theorem 11. In
order to prove Theorem 11, therefore, it suffices to establish the following two
Lemmas.

Lemma 8.1: The operator defined by (8.2) is continuous in the topology of E,
where E stands for any one of the spaces: I'(p, d), I'(p), I'(p, 0) or I'(0).

LeMmA 8.2: The range of U(E), where U = T—M, T is defined by (8.2), E 18 as
in the previous Lemma and A 18 any complex number 5~ 0, is dense in E.

The second Lemma is obvious. For, any element o in E can be represented
asa = Ja,e,. Now Ule,) = (z4w)*—Az" = «, (say). Theelements e;, es,...,¢,,...
can all be represented as finite linear combinations of the («,) and so every element
« € E can be uniquely written as X a,’a,. So

a=Za,Ue,) = lim U[ z a,,'e,,J
p=0

n—> 00
which shows that U(E) is dense in E.
In order to prove Lemma 8.1, it is enough to prove that, whenever a,(z) - 0 in
E, a,(z4w)— 01in E. Since the criterion of convergence depends on the space under
consideration, we shall do this for I'(p, d) first, and the proofs for the other spaces
will be similar.

Proof of Lemma 8.1 for I'(p, d) : Convergence in I'(p, d) is equivalent to uniform

convergence in the finite complex plane relative to the function exp {(d+9) [z {P }, for
each § > 0. Let us assume, therefore, for each § >0,

W@,
(8.3) exp{(d+8)izip}_> , as m—> o,

uniformly in the finite complex plane. This naturally gives, for each & >0,

(8.4) GG
exp {(d+9)|z+w|’}

uniformly in the finite complex plane. But, for the continuity of T, we have to

prove that, for each &' >0,

(8.5) ,_M.'fl‘__r -0,

exp {(d+¥) ([}
uniformly in the finite complex plane. Now choose 8 = &'/2 and then, in order that
(8.4) may imply (8.5), we need only show that

(8.6) exp {(d+8[2)|z4wf —(@+8)|zf}

is bounded uniformly in the finite complex plane for each 8’ > 0. The expression
(8.6) lies between

—-0, a8 n—> ©,

a8 n — 0,

exp {(d+82)(r£|w)’—(@+3)"},
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which is equal to
exp (F[[d+8/2){14+001/r) } —(@d+8)])

= Olexp {r(—5/2)}]

= O(1), uniformly, for all finite r. This completes the proof of Lemma
8.1 for I'(p, d). :

The proof of Lemma 8.1 for I'(p), I'(p, 0) and I'(0) will be similar. We have
only to use the proper criterion of convergence in the respective spaces.
Thus Lemma 8.1 is fully established and the proof of Theorem 11 is complete.

§9. CoNcLUSION

It is worth while to examine whether the existence of the solution of (1.1) cannot
be inferred from the general spectral theory of continuous operators in linear
topological spaces. In fact, Leray (1950) extends the classical Fredholm alternative
theorem to locally convex linear topological spaces and proves that (I'—1I)x =8
has a unique non-zero solution if and only if (7’—JI)x = 0 has the only solution
@ =0. Altman (1953) proves the same theorem more directly than Leray, because
he does not bring in the theorems on the invariance of domain proved in earlier
papers of Leray via Algebraic topological considerations. But Altman’s definition
of continuity is sequential continuity, which, however, coincides with ordinary con-
tinuity, as far as our spaces are concerned, since they are all metric spaces.

Thus we can apply either Leray’s or Altman’s extension of the Fredholm
Theorem, provided we prove that our 7T is completely continuous according to their
definition. According to them 7' is completely continuous if there is a neighbour-
hood V in E such that T(V) is relatively compact in E. This of course is stronger
than our definition of complete continuity, but the two concepts can be identified,
as far as our spaces are concerned, in virtue of our Theorem 9, Proposition 6 of
(Bourbaki, 1955, p. 90) and Theorem 3.4, Definitions 2.4 and 2.1 of Ringrose (1958).
This shows that Leray’s and Altman’s theorems are applicable to our situation.
But, in spite of all this, their theorem does not help us fully, because, (I'— 1)z = 0
has the trivial zero solution as its only solution if and only if the space considered
is either I'(1, 0) or I'(0) ; so that, we will be able to prove Theorems A and B only .
for functions of order 1 and minimal type or of lower order.
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Note added in proof: In the statements of Theorem 11, Lemma 8.1 and
Lemma 8.2, the space I' can also be included without making any alteration in the
, proof. Consequently, in inferring Theorem A from Theorem 11, we can also apply
Theorem 11 to I when p’ = o (cf. the paragraph following statement of Theorem 11)
and this shows that Theorem A is valid for the equation (1.2) even when p is
infinite.
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