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ABSTRACT

This paper gives formulae for the number of Partitions of j-Partite Numbers into exactly 4,
5 or 6 parts, distinct or otherwise.

1. In this paper, I give formulae for the values of p(¥;, k)—the number of
partitions of N;, a j-partite number, into exactly k¥ summands for k =4, 5 and 6
and of ¢(N;, k), the number of partitions of N; into exactly k distinct parts, for
k=2, 3,4,5and 6. Dr. Gupta (1959) has already found the formulae for p(Nj;, k)
for £k =1, 2 and 3 in his paper ‘ Graphic Representation of a Partition of a j-Partite
Number’. We use the same notations as used there.

2. Let N; = (n), ng, ng, ..., n;) = (n;), where each n, is a rational integer > 0.

We denote by p(N;, k =l+m-+n+ ... 4¢t) the number .of partitions of N; into
k parts, | of the parts being equal and of one kind, m of the parts being equal and
of another kind and so on.

Obviously & = l4+m+n+ ... 4t is a partition say s(k) of k.

Evidently p(N;, k) = 0, if any

77/.' < k.

In what follows, therefore, we assume that
n; > k.
Now
2(Nj, k) = %;)p(Nj, s(k))

where s(k) runs through all the partitions of .
Also

where we write 1, for the partition 141414 ... 41 of %.
We shall similarly write the partition

k=l+mtn+... 4t .. .. .. .. Q)
in the form
k=L+... 475 .. .. - .. .. 2
when in the partition (1) I occurs & times . .. and r occurs d times.
We shall denote by ¢; the number k!/I! m!...¢! corresponding to the partition

8(k) of k given by (1).
We make use of the fundamental formula

ZeipWy alky) = 11 (',:‘:11) B

[ED)
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For brevity we shall write i f(n,) simply as ITf(n). Moreover
i=1

l"m(ni) = B = 1 when m[ni

= 0 otherwise
Aa = I, 80 that A, =1 if m divides each n,
= 0 otherwise.
3. Dr. Gupta has shown that
PN 1) =1=¢q(N;d), .. .. .. .. o 4
n—1
21p(Nj,2)=11( : )+,\2, R
n—1
3!p(N,-,3)=H( 9 )+3H[ ]+2,\3 .. .. (8)

As an immediate consequence of these results

. ~1
2!q(N,,2)=H("1)—,\2 e m

31q(N;,3) =11 (";1) -317[

Now from (3) we have

]+2,\3 e (8)

4! 4! 4! .
4!p(Nj, 4 = 14)+ﬂp(Nja 4= 21+12)+m—! PN, 4= 22)+3—!P(Z\’j, 4=3,+1,)

4! n—1
+;—!p(l\s,4=4l)=n( ,) @
Now
PNja=4))=1Ilp; = A,

—1
Pp(N,4=314+1))+p(N;¢=4y) =11 [" . ]

because the number of partitions of N; into exactly 4 summands with at least three
parts equal is the same as the number of partitions of N, into two summands, one of

1
them being divisible by 3. The number of parts divisible by 3 is IT [n 3 ] When

the second of the two summands is § of the first, we get the case with all the parts
equal.

Using (7), we have

PN =241 4pNjd =Bkl = F  g(N;=2M;2)

=il ("T ) -3 )

- {(5-f]-4m )
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N;
PN, 4 = 2,) = Aoq (5

n
i
From (9) we now get

. ._; N
n— 2 - 1
4! p(N;, 4) =H( 3 )+6H[(—- ——1) :|+3A2H(§ —1).}.8]][__3_]_'_6/\4; (10)

n—1 z n n—1 :
41 q(N;, 4) = H( 3 617[(— -1 +3/\,H(§ —1}48I1 [—3—] —6), (11)
Proceeding on the same lines, we obtain

5! p(l;, ) = H(n . 1) + 1017[("" 1)(”;43)(2”‘7)] 201 [(_”_%‘_3_)]

+15H22[ 5 ][”23]}+30n[ ]+20n{ [”;1] psf+2:;5)

[}
w§

ro] 2

Ml

L g}, 5) = H(": 1) - 1017[("_ 1)("'2'43)(2"‘7)] +2011 [—_____(”“2)65”“3)]

Y1[n—1[{n—3 n+1 .
) o R I o I
(13)

4. The evaluation of 6! p(N;, 6) involved some new difficulties and I think it
worth while to give the results which I had to use.

P(Nj, 6= 6,) = Ilug = Ag

-1
p(Nj, 6 =5;+41,;) = HI:%] —~2g
(N, 6 =4,42;) = Azn[n 2] —g

(N1,6~32)—Jz‘/\3n( 3 ) e

P(N;, 6 = 4, +1,)+p(N;, 6 =5, +1y) = w[‘" 3) ] - n[" 2]

D(N;, 6 =314+2;+11)+p(N;, 8 = 4;42,)+2p(N;, 6 = 3)

4200, 0= 5,41+, 0 = 0 = 1| =33
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P, 6= 29) = 512 {H["“f)] 317[ ]+2Ao}

PN, 6 =25+ 15)+p(Nj, 6 = 3142, +1,)+p(N;, 6 = 3,)

(7)o 5 ewenal 5 a2

P(Nj, 6 =3;4+15)+p(N;, 6 =4,+1,)

_1 [(n—1)(n—4)" (n—3)°+3 n—3
_3!{”L 18 ] 3”[ i2 ]+2A3H( 3 )}

(N}, 6 = 2;+1,)+p(Nj, 6 = 31+ 13)

- n—1 A
_ 1 (n2— 61+ 6)(n2—6n+8) —5— n—3
_;—!{n 18 ]—617(2( 2 )+F2(“——8 ))

Using (3) and the above results we get

~1
6! p(N;, 6) =11 (n5 )+1517 [("2"6n+6)(n2—6n+8)]

48

(n—1)(n—4) (n——3)2+3]

2 2
+90IT [("‘“3) ] F16M0T [(_”-'ﬂ]
8 8
14417 [ ]+90A 11 [ ]+40A3H (—33’)

+12024 . . . . .o (14)
( )_15[] (n2—6n4-6) (nﬁ——6n+8)]

6! q(N;, 6) =

])(n—-3)(n—5) (n—3)}
H2\"g

+4517{(
+4on[( 1)(" 4)] 12017[(_?:312‘*—_3]

12

—oor7 |= 3)]-15,\,17[(" 3)]+1441:r[ l]

+9o,\217[ ]+40A3H(n 3)-12@\, e .. (18)
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5. It is noteworthy that in each of the cases considered above the expressions
for k! p(Nj, k) and k! ¢(N;, k) have
(i) Integral coefficients for the various terms.
(ii) Terms of the same degree have the same sign.
(iii) The number of terms in each case is p(k).
(iv) Sum of the coefficients is k! in the case of k! p(Nj;, k) and zero in the
case of k! ¢(&;, k).
(v) Coefficients for k! p(N;, k) are all positive.
(vi) Coeflicients for k! ¢(N;, k) are alternately positive and negative degree-
wise.
(vii) Coeflicients of corresponding terms are numerically the same in both
expressions.

- These observations have now been proved by Professor Gupta, who has also
obtained general formulae for p(N;, k) and ¢(¥;, k).
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