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ABSTRACT

A general Riemannian fourfold of class one has been considered as a disturbance in a four-
flat introduced through a function ¢ of the co-ordinate variables z1, 22, 28, 4, The case when
4 is & function of one variable is trivial. If § is a function of two variables it is shown that the
gravitational situation is incompatible with perfect fluid distribution and with a distribution
of electromagnetic radiation and the vanishing of the scalar curvature R turns out to be a
necessary and sufficient condition for space-time to be flat. The curvature tensor and the
Ricei tensor bave been expressed for the general case in terms of the metric potentials. Assum-
ing spherical symmetry, the pressure and density are obtained in terms of . As a particular
solution a new form of the line-element for Lemaitre’s Universe has been deduced from class

one considerations.
1. INTRODUCTION

The study of the relativistic theory of gravitation is essentially a study of the
Riemannian fourfold of signature-2 under . certain analytical restrictions which
have an immediate physical bearing. These restrictions are of the nature of the
field laws and boundary conditions governing events in a gravitational situation.
If the Riemannian V4 is given by

d82=ngdx“dz”,p,v=l,2,3,4, .. .. .. 1)

for a systematic study some sort of classification is necessary. A well-known
type of classification is provided by the conditions (i) B up, =0, () B, =0,
(iii) B =0, (iv) R 3£ 0, which physically describe (i) a space-time devoid of gravi-
tational significance, (ii) empty space-time which may contain isolated masses as
the singularities of the field, (iii) radiation, and (iv) material distributions respec-
tively. Geometrically they amount to (i) flat space, (ii) space of mean curvature
zero, (iii) a space in which sum of the mean curvatures in any four mutually
perpendicular directions is zero, and (iv) a space of unrestricted curvature. Another
clagsification can be introduced from the point of view of class property of the
Riemannian space. It is well known that a Riemannian V, is, in general, of class
six. Hence the gravitational space-time given by (1) can be immediately classified
into six categories as Vg of class one, two . . . or six respectively. Whereas the
clagses of some well-known line-elements of physical interest have already been
determined, so far as we know, a class-wise study of the gravitational properties of
the Riémannian fourfolds has not been attempted. Herein we congider some of the
gravitational features of the most general Riemannian fourfold of class one.

2. A LiNE-ELEMENT-0F CLaSS ONE
The class of a Riemannian fourfold imposes certain structural restrictions on
it. -In the absence of a gravitational field the class of the line-element (1) is zero
and it can be reduced to the form _ ' ’
ds? = —(dx1)2— (da?)2— (dxB)2+ (dat)2 SO ()
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throughout space-time. In the Galilean space (2) a gravitational disturbance can
be introduced by inserting a scalar function ¢ of zl1, 22, 23, x4 such that (2) is
modified into

ds? = —(dr)2—(da?)2— (a3 + (a2 £ (@) .. .. (3)
where § = (21, 22, 23, 24). If we write ‘
A = o, drit da24-fgdad g dat .. .. .. @)
where , = 6%274 and substitute in (3) we get a Riem_acnnian V4 for which
gﬂv=ngv:t¢#¢v, .. .. .. .. ()

Nuw being the Galilean values —1, —1, —1, 41 of the orthogonal metric (2). If
in (3) we introduce the co-ordinates, 21, 22, 23, 24, 25 such that

A=zl 2=22 23=23

(3) reduces to
8% = —(dz1)2—(dz?)2— (d23)2+ (d2*)® I (d25)® .. .. (6)

which gives the embedding five-flat for the metric (5) showing that the Riemannian
V4 given by (3) is of class one and a hypersurface of S5 given by (6). The equa-
tion to this hypersurface is

25 = (21, 22, 23, 24) . .. .. (M

21, 22, 28 2¢ being Galilean co-ordinates in the five-flat. (7) is the equation of
the most general fourfold of class one. The positive or negative sign in (3) can be
chosen according as we want to introduce only one or two time-like dimensions in
the embedding five-flat. - It may be pointed out here that choosing the line-element
in the form (3) gives not only the differential picture of a V4 of class one but also
the large scale view of it as given by the equation (7). However, the co-ordinate
variable 25 has no observational significance in V.

If we introduce another function ¢ = $(z1, 22, 23, 24) and write the line-element
as

ds? = —(da)2— ({22)2 ~ (d¥)2+ (At 2ok ()2 (092 L®

we can raise the class of V4 to two.
A special form of (8) is

ds? = —(dx1)2— (dx2)2— (da3)24 (dat)2+-du dv .. 9
where 4 and v are functions of 1%, 22, 28, 24 and are independent of each other. If
we put

u=d¢+y, v=¢—y¢ .. .. .. (10)
(9) reduces to ‘
ds? = —(dx1)2—(dw2)2— (dx3)2-4- (dxt)2 4 (d¢)2 — (dip)? .. (11

which is of clagss two and includes Schwarzschild’s external solution (Eisenhart,
1949, p. 189) as a particular case. It is obvious that introducing four functions
¥, ¢, 0, X of 21, x2, 23, z¢ which are functionally independent of each other, the
class of (2) can be raised to four in this manner.

3. SoME ProrerTiES OF A V, OF CLass ONE

It is well known (Eisenbart, 1949, p. 200) that a space of class one cannot have
all the components of the Ricci tensor R, equal to zero. Hence the only gravi.
tational effects in a V4 of class one, which are to be looked for, are those due to

8B



FOURFOLDS OF CLASS ONE AND GRAVITATION 667

distribution of matter or radiation. If we take ¥ in (3) as a function of = alone
the equation to the corresponding V, is

25 = (2}) .. .. .. .. .. (12)

which may be called a ‘triply cylindrical’ hypersurface in the sense that co-ordinate
lines of parameters 22, 23 and z# are three systems of generators of the hypercylinder.
The line-element (3) reduces to the form

ds? = — (1ky¢7)(da))2—(da?)2— (dd)2+ (dzt)2. .. .. (13)

By an obvious transformation it reduces to a four-flat. Hence a *triply cylindrical’
hypersurface is a developable hypersurface.
If  is a function of two variables 21, 22, the hypersurface is given by

25 = (21, 22) .. .. e e .; (14)

which is ‘doubly cylindrical’ having the two sets of generators as the co-ordinate
lines of parameters 23, z%. Similarly, if,} is a function of three variables we get
an ordinary hypercylinder. The latter two types of hypercylinders are, in general,
not developable.

For the general case, when ¢ is a function of #!, 22, 23, 24, the metric of V, is
given by (5), the negative sign alone being considered here. In this case the deter-
minant of the metric is

g= 149,494,

and the contravariant components of the metric tensor are given by the following:

I~

] == ’J—.;’

g7 =n 7’

i ¢i¢4

4= 12

g g’

2

g‘4=l-—%-, ’l'-,j=l,2,3. .. . .. (15)

The Christoffel 3-index symbols can be expressed as
Pp.v, [ ] = _"bp.v'/’a’
and

I'°=-g°‘°¢w.pa, .. .. .. .. (18)

ny

where i, stands for 0%)/02+02".
Direct substitution of (16) into the expression for the curvature tensor leads to

1
Bupp= =5 (hubas—bupha). - - .. (D

It is worthy of notice that the third derivatives of  do not appear in the expression
for the curvature components. It may be pointed out here that the expression
for R,qg, in (17) is similar to the one already obtained (Eisenhart, 1949, p. 197)
in terms of Q,,, the coefficients of the second fundamental form of the hypersurface
V4 Here they are expressed directly in terms of the metric coefficients which
is convenient for the discussion of the gravitational properties. ¢, are ten
independent quantities in terms of which R,.g, is expressible. Hence in a V4 of
class one only ten of the components of R, ,g, are algebraically independent.
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It may be seen from (17) that if
Y= P(a12 4 a,22+ azxd4-a42t) . . .. (18)
R ., = 0 identically and space-time is flat. Hence the hypersurface

2 =lazl+ . .. +ag) .. .. L))
is always developable.
From (17) we have the Ricci tensor

aB
Rm—_-_;!] (bubap=tugha): -+ - - (20)

We proceed to examine the gravitational significance of the line-element when
is a function of two variables. If we put ¢ = (2!, 2*), the metric assumes the form

dst = — (14+412)(da?)2— (du?)2— (da)2+ (1 — §2) (dat)2 — 2o Aot dat.  (21)

The non-vanishing components of the energy-momentum tensor T; are given by

—8aTs2 = —8nT38 = (14 2—?) 2 (P11thas— ). S (22)

Equation (22) are not compatible with perfect fluid hypothesis. These stresses
cannot describe an electromagnetic distribution and 7' = 0 in this case is a necessary
and sufficient condition for the space-time under consideration to be flat. In the
static case when

Y = P(xt, 2?) e .. .. (23)

the non-vanishing components of T; are found to be

Bnlyt = —8aTgd3 = (1+¢12+¢’22)'2(¢11¢'22—‘/’f2)

which lead to the same results.

In order to investigate perfect-fluid distributions when i is a function of 21, 22,
23, x* we assume spherical symmetry and take the underlying flat metric in the
spherical polar form as indicated in the following discussion.

4. A SpeciaL ForM oF THE LINE-ELEMENT

It has already been shown that the line-element of class one in the static case
of spherical symmetry leads to the Schwarzschild internal solution, of which the
special cases are the Hinstein and de Sitter Universes (Karmarkar, 1948). In this
section we derive the well-known non-static cosmological model in a new form from
the considerations of class one property. We start with the flat metric in the form

ds? = —dr2—r2—(d62+sin? 0 dg2)+ds2, .. .. (29)

the gravitational disturbance being produced through the introduction of a fune-
tion ¢ = i(r, t), so that the metric (24) goes over into

ds? = —dr2—r2(d02sin? 0 dg?)+d2—[dy(r, ]2 .. .. (25)

This is a spherically symmetric non-static line-element of class one and can be
written as

de? = —(1+4'2) dr2—r¥(d02 4 5in® 0 dp?) + (1 — %) deB— 29/ dr ds, .. (26)
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where ' = 0y/0r and ¢ = 8y/dt, etc. .The components of the Ricci tensor for (26)
are given by the following :

Bu= =2 P g e
Ros = — g2 Al [(L— ) — (L 24 1P
Ry= = 2P (1= ) (i) P2

. .. @D
Bys = — 2 P (97— )P
Ryg = Ropsin?f, Ry = Ry3=0
Rog = Roy = Rgy =0 )

where P = 14¢'2—42.
The scalar R is expressed as

=PV P [2T¢ {2 — (L D+ 209} -(¢"4'J—¢"2)]. (28)
Making use of the field equations
—SwT;=R;—%g""R .. .. .- .. {29)

and (26) and (27) we get the non-vanishing components of the energy-momentum
tensor as

sor =L P M pagygigpin, . L L 6o

8nTy? = 8Ty = P72 [‘LTZ {<1—¢12>¢'-—<1+¢'2)¢'+2¢'¢'¢i’}—(¢'~'ﬁ—¢"2>], (31)

- ¢’2‘ - 24 ; ” IR
8nT4t =P l—r—2-+P 27—[(1—-51/2)1/1 9], .. .. . - (32)
- 2‘/" roN [ F s qm
8T 4= P 27—[(1+z/1 2y — '], . .. .. .. .. (33a)
_ 2([;' 9\ 7, o,
87T, = —P 27[(1-¢)¢+¢¢./,]. .. .. .. .. .. (33b)
If we consider perfect fluid distribution of matter we require
T) = (p+plops" =g, -~ .- .. .. (34)
together with
gﬂvv“v"= 1. .. . .. .. (35)

As a consequence of 742 = T'y* = T'g4 = T3 =0, it follows that vy = v® = v = o3
= 0 and equation (35) assumes the form

g11(v) 2420 vlvi g (042 = 1. .. .. .. (36)
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The equations (29)—(36) lead to the following expressions for the pressure and density:

8np=P-2[‘€-'{<1+¢'=)§6—(1—s62)¢'—2¢¢'¢’}+(W—¢"2)], . (37)

8mp = 207 P14 P2 [(W—s&’*)—‘ﬁ; {(1+¢'=)¢—(1—s&2)¢"—243¢'s&’}]. (38)

When one of the two quantities p and p is given as a function of r and ¢, ¥ is determined
by integrating one of the last two equations. We proceed to integrate (38) which
is an equation of the Monge form.

The quadratic equation in ), arising from the conditions of integrability of
(38), can be written as

= 0.

- [8mor? o . 2
] ,\2[ ;{’2’ P2-3P4y 2¢2]+2r¢/\+£,—2

The condition that two roots of this equation be equal yields
’2
Smp= —— 0"
(1442 —¢)
and the corresponding equation for ¢ reduces to

(39)

(=g p+ 2 =Dt T i—is) = L (o). . o)
The last equation admits
p=r/A2=p2 . .. .. .. (4))

as an integral, where 4 is an arbitrary function of time only.
The line-element (25), therefore, assumes the form

dr2 . 2w AA A2—r2— A242
; " —r2(d624-sin2 0d¢2)+A2—-r2drdt+ T2 dez. .. (42)

a4z

ds? = —

The components of the energy-momentum tensor for (42) can be readily obtained
from equations (29)—(33). They are as follows:

r
81rTi = SnTg = 871T§ = ZAA—A.-l-—I . .o (43)
A%(1—A2)2
T =T,=T=T,=Te=T:=0 .. .. .. (44)
4 2
T=Ty=T;=T,=T=0 .. .. .. .. (45)
1 2rA._ :o o
811‘1"4 = m [I—A ——AA], . . .. (46)
3
8alft = — . .. .. . - ..
T, 20— (47)
Also the expression for 7' is -
3 2 ,
= 1-A4*+ 44 C
47A2%(1 Az)z[ +44] )
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The density, pressure and the flow vector characterizing the distribution of matter
described by (42) and satisfying the equations (43)-(47) are given by

3 1

p=§;mﬂ, .. .. .. . .o . (49)
R A’—1-244 (50)
87 41— 4%)° ‘
v1=J—_o,v2=0,v3=0,v4=—~1~7. © .. (8D
AV 1= 4 1— 42
The line-element (42) can be expressed in the form
ds? = —dr2—r2(d02 +sin26d¢$?) 4 di2— (dr/ A2 —r2)°. .. .. (52)
substituting
: - zZl=rcos ¢ sinf, 22=rsind¢sind,
23 = r cos 0, b= A2 . .. .. (53)
in (52) we have
ds? = — (dz1)2— (d22)2 — (d25) 2 — (dz4)2 +-d¢2, ce .. (59)

where (21)24(2%)2 +(23)24-(24)2 = A2. This gives the three-dimensional cross-section
of the V, at any time ¢ as a sphere of radius A varying with time. The rate of
expansion or contraction, 4, must necessarily be less than unity, the velocity of
light, for the density to be positive. From (51) it is easy to see that v!/v? = # and
this leads to the relation

A
F=gn . o .. .. (59)

implying that the velocity of radial flow is less than unity.
The transformation

r=Asin X .. . .. .. (886)
carries (42) into
ds? = — A2[dx2+sin2 X(d62+sin? 0dg?)]4 (1~ A2)d12, .. (57)
which by a further transformation
dr =+/1—42dt .. .. .. .. (58
can be reduced to the usual form (Tolman, 1934) of Lemaitre’s Universe
' ds? = — A2[dX2+sin? X(d02 +ain® 0dg®)]+42. .. .. (59)

The line-element (42) is, however, advantageous insofar as it gives the radius 4

of the universe as an explicit function of time in the case when p = 0. Moreover,

it gives a description of the expanding universe for an observer for whom the fluid

filling the model is not at rest, but has got an average motion. From the above

discussion it is also clear that the expanding universe is of class one and it can be

interpreted as a disturbance in the flat space-time characterized by the i-function.
The case p = 0 leads to the expression for the radius 4 as given by

- ji—24 12]
.4-—Ao[l—l 2A0°‘ , - .. .. (60)
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which shows that within the interval 0 <t < 24, there is expansion and for
24y <t << 44, there is contraction. It may be pointed out here that the universe
starts expanding with the velocity of light, which steadily diminishes reducing to
zero at ¢t = 24, when contraction sets in and finally at £ = 44, it shrinks to a point,
the velocity of contraction again approaching that of light.
For the case p = 3p the radius of the universe at time ¢ is given by
ﬂAo

p— 220

A = A4g cos

y (61)

leading to similar conclusions.

In case p = 0, the acceleration A is always constant, whereas in the case
p = 3p the acceleration is a function of time as can be seen from (61). ‘
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