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ABSTBRACT

An exislly symmetric gravitational field has been considered in oblate spheroidal coordi-
nates. It is well known that one of the field equations for empty space-time in case of axially
symmetric gravitational fields is the Laplace equation. Three special solutions of the field

equations T, = 0 have been obtained. Considering the motion of test particles two of the solu-

tions are identifiable as the relativistic analogues of the Newtonian field due to an oblate sphe-
roidal homoeoid and the field due to & homogeneous oblate spheroid respectively. The equations
of motion to the first order of approximation reduce to the well-known Newtonian form.

1. IxTRODUCTION

Static axially symmetric gravitational fields were investigated first of all by
Levi-Civita in 1917. Afterwards Weyl (1917, 1919), Bach and Weyl (1922), Silber-
stein (1936) and many others have made valuable contributions to the study of such
fields. As regards the nature of the solutions obtained by these authors the follow-
ing points are worthy of notice.

(i) The solution obtained by Levi-Civita has a smgularlty all along the axis of
symmetry.

(i) The solution obtained by Bach and Weyl has two point-like smgulamtles
and the energy-momentum tensor does not vanish along the line joining them
meaning thereby that the two mass-points are relatively at rest under certain
constraints.

(iil) Silberstein succeeded in constructing a solution which has two point-like
singularities but the energy-momentum tensor vanishes everywhere except at the
two mass-points. Since the two mass-points remain relatively at rest in spite of
their mutual gravitational attraction and the absence of external stresses, Sitberstein
concluded that singularities of the empty space-time field equations should not be
interpreted as due to the existence of material particles there.

Later on it has been shown by Bergmann (1942) that several point-ljke singuls-
rities cannot simultaneously exist on the axis of symmetry. Singularities off the
axis of symmetry are necessarily circular. A similar remark has been made by
Synge (1956) as well.

The author has been interested in certain axially symmetric static gravitational
fields whose investigation is very much simplified by the use of oblate spheroidal
coordinates. It is found that every solution of the empty space-time field equations
in this coordinate system has a circular singularity which is along the focal circle
besides the coordinate singularity p = 0 on the axis.

In what follows an attempt will be made to obtain the relativistic analogues of
the following Newtonian situations:

1. The gravitational field of an oblate spheroidal homoeoid.
2. The gravitational field of a homogeneous oblate spheroid.
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2. THE COORDINATE SYSTEM AND THE FIELD EQUATIONS

In the classical Potential Theory the solution of problems of the type we are
going to investigate is considerably simplified by the use of oblate spheroidal
coordinates and we shall use them here as well for the sake of certain mathema-
tical conveniences. The advantages of this system will become clear as we proceed.

Oblate spheroidal coordinates are defined by

p = ky/(1+8)(1—p2),
z2=klxp,
1) $ =4,

where P, z, ¢ are the usual cylindrical polar coordinates and where # ranges from
0 to oo and g from —1to +1. The surface § = 0 is a disc of radius %, in the z, y
plane, with centre at the origin. The surface p = +1 is the positive z-axis and the
surface u = —1 the negative z-axis. - The surface p = 0 is the z, ¥ plane except for
the part inside a circle of radius &, centred at the origin (which part is the surface
0 =0). The surfaces 6 = constant > 0 are flattened spheroids of thickness 2kd
through the axis, and of radius k4/1+62 in the equatorial plane. The surface
p = constant are hyperboloids of one sheet, asymptotic to the cone of semi-vertical
angle cos™! u with the z-axis, which is the axis of the cone.

Now the most general static line-element with axial symmetry can be taken in
the form

(2a) ds? = — 2 (dp2 4 dz2) —pre-2K dg2+€2K di?,

where
H=H(p,z2), K=K(P-z2).

We transform the line-element (2a) to the new coordinates defined by

p=kA/(1+62)(1—u?), z = kip,
d=¢, t=t

The Jacobian of transformation is
J = kr(0un) (1409 (1 —p2)} T,

which vanishes on the focal circle, i.e. when § =0, p = 0. Accordingly the inverse
transformation will not exist there.
The transformation carries the line-element (2a) into

(2b) de? = — Adf?— Bdu2—Cdgr+ Ddie,
where ‘

_ kB(024pY) Ly
A="Fey

o B@HNA+E) o RO
(1+62)(1—p?) (1—p?)

C = k2(1+462)(1—p?) e~2X,
D = 2K

and where H, K are both functions of 6 and »p.v.
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The non-vanishing compbnents of the energy-momentum tensor corresponding
to the line-element (2b) are given by :

— 8‘H'T11 = + 81TT22

~2H
= g [ IO+ (1=Kt + 8+ Ko) +(Hat K),
o~ 2H
—8nTgd = Bt [(1+46%)(Hyy + Ky, + Ky 2)+0(H + Ky)
+ (1= p?)(Hoo+ Koo+ Ko?) —p(Ho+ K»)],
~2H
3) —8aT= k—2~(§,+—y—2) [(146%)(Hyy — K11+ K12)+6(H, —3K3)
+(1—p2)(Hpo— Ko+ K,?)—p(Hy—3K5)]
o B2 +p?) ' o k() '
8. _(1+02) TZI = 8. “—_‘(1_,‘2) TIZ
__ -2H © )
=e [—2K1K2—(1__—‘“—“7)(H1+K1)+ 0+ (H2+K2)]

where the suffixes 1 and 2 after H and K denote a partial differentiation with res-
pect to 8, p respectively.

A straightforward calculation shows that the field equations for empty space-
time,

(4) T =0,
reduce to the following three independent equations to determine the two unknowns
Hand K:
O+ (1—p?) ., 6(1—p22 , 2u(l+02)(1—p?)
K.2— K" ——— " K K,
(62+u?) V@) (62+p?) e
14092 p(ee—D(I+02) o, 2u2—1)8(1467)
6) HotK,=PUtES g o pw?— DU+ g, 2w =D+ g g
© et =T s O e (R
) (146K 11+ (1 —p2) K gp+20K 1 —2uKy = 0.

(6) H,+K,=

The last equation is Laplace’s equation in oblate spheroidal coordinates. It is
well known that it has solutions of the form

(8) K = A,P.(1)qx(6),

where A4, are constants and P,(y), ¢,(8) are Legendre functions of order n. It has
been pointed out by Hobson (1931) that, at a point on the focal circle § = 0, p = 0,
the function P,(u)g,(8) has an infinite differential coefficient in the direction normal
to one of the hypersurfaces § = constant, or u = constant. Hence every solution
represented by (8) will be singular on the focal circle.

3. SoruTioNns oF THE FIELD EQUATIONS FOR EMPTY SPACE-TIME

(i) First we consider the simplest case when n = 0. In this case Po(pn) =1,
go(0) = cot~16. Hence we take

9 K = A cot™19,
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as the solution of (7) where A is a constant which will be found to be connected
with the mass of the homoeoid.
Substltutmg for K in (5) and i.ntegrating with respect to 8, we get

_ 0 624 p2
F——J— 1
(10) He=—4 cot-1 0+ 5 log o7 +F (),

where F is an arbitrary fanction of p only. Differentiating (10) with respect to x
we have

A2
(11) 2 = W’:ﬂ"'F"
Also substituting for K in (6) we find that
A2p
(12) 2T @y

Hence comparing the two expressions for H, as given by (11) and (12), we see
that :

Fo(p) = 0.
Hence F(p) is a constant.

Since the line-element must be Galilean at the spatial infinity, i.e. when
r=z kf — oo, we see that F(u) = 0.

F(u) being determined (2b), (9) and (10) constitute the first solution of the
empty space-time field equations. It clearly has a singularity on the focal circle,
ie. when 8 =0, up = 0.

(i) Next we consider the case when » = 1. In this case Py(u) = pu, q,(6) =
1—8 cot™18. Hence

(13) K = Au(1—0 cot™10),

is another solution of (7).
Substituting for X in (6) and integrating with respect to p we find

(14) H = —Au(1—0 cot~1 6)+ F(6)

+2 " [1—26 cot™1 04 (14-62) (cot1 6)2]

A2
- _§" 108 (02+F2))

where F(0) is an arbitrary function of 8 only. Differentiating (14) with respect to
0, we get -

N
(15) Hy= —K +F(0)— -2

@+ a?)
+A2pu2 [1_‘: 7 —2 cot~16+0 (como)z] :

Also substituting for K in (5) and rearranging the terms we get

42 s ~19—f(cot~16)2
—n 1+02+2cot (cot—10)

(16) Hy = "K1+m

+p.2;1_0;_02+2(1 —62) cot~19~—8(1— 02)(cot™ 19)2}

—0{1—26 cot"9+92(00t'19)2}] .
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From (16) and (15) we find that
Fi(6) = A2[2 cot~160—0(cot~10)2] ,
which on integration gives
F(8) = A2 [m+08cot10—1(1+462)(cot™18)2+ 4 log (1462)],

where m is a constant of integration. Substituting for F(f) in (14) we find finally
the expression for H to be

(17) = —Au(l-—0 cot™16)

+A2[m+9 cot™! 0—4(1+462)(cot™18)243 log (002—2_:—-1—2)
N

+ %2 { 1-26 cot‘10+(l+02)(cot'10)2}] .

(2b), (13) and (17) constitute another solution of the empty space-time field
equations. It is al=o singular on the focal circle.

Since H must vanish at the spatial infinity, i.e. when r &~ k6 — o0, we find that

m= —4%

(iii) As another special case of (8) we take

K = A[4Pqqo+4Psg,],
(18)

= A[4 cot-10+(3u2—1){(14362) cot-16—36}],

where 4 is a constant which, as will be shown later, is connected with the mass of
the spheroid.

Substituting for K in (6), arranging the terms in descending powers of p and
integrating with respect to u, we find

(19) H+E = F(6)+9A42u*[(1462)(14962) (cot-1 6)2
— (1464 186%) cot=16+44-962]
— 18422 (1462)(14-562) (cot1 6)2
—(664-1068) cot—1 64-562],

where F(6) is an arbitrary function of 6 only. Differentiating (19) with respect to
6 and comparing the expression for H,+ K, thus obtained with the expression for
H,+ K, obtained from (5) and (18), we find that

v 63
= 3642 2 ~19)2.2902 cot-1 G40 _
Fy0) =364 [0(1-{-0 ) {cot~10)2~262 cot 0+1+02] ,
which on integration gives
F(0) = 9A%[(1462)2 (cot~16)2+2(6—63) cot-1 +02+m],

m being an arbitrary constant.
Substituting for #(6) in (19) we find for -H the expression

(20) H = —K+9A42u4[(1+02)(14962%)(cot ™ )2~ (1464 1863) cot =10+ 4 +962]
—18A42u2[(1462)(14-50%)(cot~ 10,2 — (604 1083) cot—16 4 562)
+9A42[(1+462)2(cot 10,2+ 2(0—63) cot ~10+ §2+m)],

where K is given by (18).
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Since I{ must be Galilean at the spatial infinity we find that m = —4.
(2b), (18) and (20} constitute the third solution of the empty space- -time field
equations.

4. Moriox oF TEST PARTICLES
For the discussion of the geodesics it is convenient to use the line-element (2a).
The line-element (26) is a transform of (2a) and we have used (2b) to obtain
solutions of the field equations (4) in oblate spheroidal coordinates. We shall,
therefore, transform the functions H and K to the cylindrical polar coordinates
denoting the new functions by H and K and then discuss the motion of test

particles.
The geodesic equations are:

dp N (e 1) o _emoer (48)
S R e

dp dz
2K -2f 2 =
+K,e ( ) +2H2d ds._.O,

d’ — [(dr\® (d 2
CEE S

dp dz
2K - 28 > %
+Kqe ( ) +2H, e T

d¢ (k )dpd¢> —d~d¢
(23) —Ky) 5 - —2Ke g oo =0,

dp dt dz di

(24) +2K1 2K, = =0.

If we consider the test particle to be moving initially in the plane ¢ = const.
then %? = 0 and consequently from (23) we have
d?4
dsz =0

Hence the particle continués to move in the same plane.
Also from (24) we have on integration
di

(25) = ae— 2K,

d . .
where « is an arbitrary constant. Making use of (25) and Ed) = 0 in the line-element

(2a) we get

2 2
(26) (gis’) + (g_:) = (aze-2F —1)e-28,

Now using (25), (26) and (—i(—ﬁ = 0 in (21) and (22) we find

27 ‘ +2H1 (3”) ~H,(a2e-28—1)e¢-2F
+2H, % Py B are-27-2F = g,

ds ds
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dz

2 — 2 — _
(28) %+2H2 (cTs) —H,(a2e-28—1)¢-2H

7.3 % g oo em_ok _
+2H1d_SZ§+K2a'e = 0.
Eliminating ds from (27) and (28) with the help of (25) and (24) we finally get
(29) P—2(K;—H,)P*—2(Ky—Ho)P2+ (K, — Hy)e?K -27

+}izl eu?—zﬁ — O,
*X

(30) 5=2(K,—Hy)22—2(K;—H))pt+ (K, — Hy) 2K -2

1 B2 k0
a2

Since H and K are small quantities of the first order their second and higher
powers may be neglected. Assuming that the velocities are also small of the first
order, we find correct to the first order

31) ﬁ+1?1—17,+% =0,

(32) 2+Kz-ﬁz+% =0.
Now since & =~ 1 we are left with .

(33) p==3

(34) ' P — ?a;f,

which are the classical equations of motion of a test particle in a forcefield of poten-
tial K. The relativistic trajectories of the test particle will, therefore, to the first
order be the same asin the classical theory provided the forcefield has the potential K.
The expression for K occurring in the first solution constituted by (2b), (9) and
(10) is
K=2A4cot™19;

when referred to the cylindrical polar coordinates it becomes
AL
Ak J du

E=27| —— 2 |
2], @+uveitu

where ) is the greatest root of

i +~—Z2—=1/\>Oa>c(k2=a2—c2)
(12+/\ Cz +A > 3 bl ?
and k has the same meaning as before. If 4 = s K becomes the external poten-

k b
tial of an oblate spheroidal homoeoid (1952) of mass M. Thus with the meaning
given to 4 above we can say that (25), (9) and (10) constitute the external solution
of an oblate spheroidal homoeoid of mass M.
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In the third solution given by (2b), (18) and (20) K is
K = Al4 cot=1 0+ (3u2—1){(1+362) cot~1 6—38}],

which when referred to the cylindrical polar coordinates becomes

K =3k ! ~__(1 LA )dv
' L (@+v)V/ e+ attv 4o/
wpac
3k
golid homogeneous oblate spheroid of volume density p, as is well known in the
classical theory.

Hence with the meaning attached to 4 as above we can say that the solution
constituted by (2b), (18) and (20) represents the external field of a homogeneous
oblate spheroid of volume density p.

The internal solutions corresponding to these are under investigation and will
be communicated later.

where ) is the same as before. If 4 = K gives the external potential of a
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