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ABSTRACT

It is shown how the equations of transformation may be obtained giving the field of the
attracting body in terms of the co-ordinates of an observer falling under gravity. The role of a
relativistic force of repulsion depending upon the velocity of the observer is pointed out.

1. INTRODUCTION

The falling apple is of historic importance in the theory of gravitation. In the
Newtonian theory the apple approaches the centre of attraction with an acceleration
which is inversely proportional to the square of its distance from the attracting mass.
To an observer who is relatively at rest with respect to the apple the attracting mass
appears to be falling towards him with the same acceleration. The consideration
of this question from the relativistic point of view is all the more important as will
be clear from the following discussion. :

It is customary to describe the field outside a gravitating particle in the spherical
polar co-ordinates (r, 6, ¢, ). The resulting field is described by the Schwarzschild
metric

2m

-1 . 2m
dt = —(1-22) ar—rr@pepein? 0 agn+(1- 20 @z ()

In such a representation the spatial origin of the co-ordinate system used and a finite
neighbourhood of it is not at all a part of the field, since the line-element loses all
meaning for the region r «{ 2m. Inthe Schwarzschild metric given by (1), r, 6, ¢ are
co-ordinate measures referred to the centre of the mass as the origin. In practice
the observer is situated far away from the centre of the sphere, somewhere on the
boundary r = a. Hence this co-ordinate system becomes inappropriate for his des-
cription of events. If the observer could be situated at the centre of the sphere
this inappropriateness could be removed by using the external metric for > a and
the internal metric for r < a. But as a matter of fact this is never the case.

The origin being a mathematical singularity, it gives rise to another kind of
difficulty. In order to obtain the isotropic form of the line-element the transfor-
mation . ‘

2
m
r=(1+é71)r1 R )
is employed which can be written as
2
T=7’1+‘m+;ir1- .. .. - . ('3)
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The origin r = 0 goes over into the surface, r14 =1 , and the new origin, r; = 0,

corresponds to r = 0.
Thus there is a real interest in the observations of an observer not situated at

the centre of the spherical mass but tracing a non-null geodesic in the external field
of a celestial body such as the sun. The problem becomes urgent and significant
from the point of view of a space-traveller. To deal with the problem we consider
an ideal situation typified by the gravitational fall of an apple in the field given by (1).

2. Mortiox oF A FREELY FALLING PARTICLE

Whittaker (1953) has already referred to the rectilinear orbit of a test particle
in a gravitational field and it has been shown that to the first approximation the
force of attraction is the Newtonian force. In the following we consider the problem

in greater detail.
If the co-ordinate time ¢ = 2% is taken as the independent variable instead of

the proper time s, the usual equations of the geodesic can be expressed as
2 * dxB * dxB
dx"__d_:f 4@_@_4_ "'(iz_@..=0, (4)
diz dt "eBdt dt T dt dt

which, as may be seen, reduces to an identity for . = 4. For the field given by (1)
the three geodesic equations obtained from (4) are:

3m am\7l. m 2m 2m\, - . .
e T_2 (1'— _T—) 7‘2+ﬁ (1— 7)—7(1— T)(02+Sln2 0¢2) = 0, .o (5)
-1
é+i‘é{§—277;(1—%?) ;—sin(?cos 02 =0, .. .. (6)
\ -1
$+f¢’>{§ - %’—;‘ (1- 27”””) §'+2 cot 942 =0, .. .. (7

where an overhead dot denotes a differentiation with respect tof. Now we consider
a test particle which satisfies the conditions.

- ‘ .
f=", §=0and ¢=0, ¢=0, .. .. .. (8

— bl

when ¢t = 0. From (6) and (7) it follows that § = § = 0. Hence the particle con-
tinues to move radially along the z-axis and equation (5) reduces to

3m 2m\7t. m 2m
“—- — —— e 2 —_— — i —
f—— (1 r) r+T2(1 r) 0. .. 9
If m is of the first order of smallness and m?2 and higher powers are neglected
m , 3m.
=—r—2+72—r2, .. .. .. .o (10)

which gives the Newtonian force only if # is a small quantity of the first order. But
if we consider the gravitating mass as a particle or a sphere of small radius a, 7 need
not always be small and consequently the relativistic correction which is of the nature
of a repulsive force produces pronounced effects.

"~ Incidentally, it may be pointed out here that in considering the motion in a plane
orbit this repulsive force is often missed. The geodesic equations (5), (6) and (7)
with the initial condition
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0=g, 6 =0, R 1 0 )

when £ = 0 lead to
d2u mu243Imh2ut
e T

which on comparison with the Newtonian equation for the central orbit gives the
force of attraction as F = mu2+3mh2ut. Thus the relativistic correction is
interpreted as an additional attractive force. However, in the exact case, the
relativistic orbit does not correspond to a central orbit. With the initial conditions
(11) the geodesic equations (5), (6) and (7) reduce to

(12)

Lo 2m\  3m . EE
r—1'¢~=_g(1_7”‘)+7’§r2(1—2%") —2mg?, .. (13)
-1
r¢'+2fq§=:l;(1—2—:") 4. R ¢ 7))

From (13) it is clear that in addition to the Newtonian force there is a repulsive
force depending upon the square of the radial velocity together with an additional
attractive force proportional to the square of the angular velocity. In an elliptical
orbit of small eccentricity the radial velocity is small and hence the net relativistic
correction is of the nature of an additional attractive force. But in a hyperbolic or a
rectilinear orbit the angular velocity is small or zero and the repulsive force pre-
dominates in the correction terms. If 4/3# > 1, the velocity of light, the attraction
completely disappears, in the case for which (10) holds good.

The equation of motion (9) for a particle falling radially towards the mass m

gives as a first integral

2 2 \8

(ir) =%7_n(1_2ﬂ) +K(1—g’—”) , C .. (1)
di r T

K being an arbitrary constant. Here r = z since the fall is along the z-axis. At
t =0, z = b, £ = 0 and subsequently

) 2m 2m\ 7t 2m\2(b—=x
B e T

At 2 =2m, & and ¥ both vanish. Hence the particle finally comes to rest at
z=2m. Also it attains a maximum velocity at

-1
| x=6m(1+‘fg‘) & 1 )|
the velocity at that point being

., 2 2m
x=3\/§(1——b—). RO O - )

If b = 4m the maximum velocity is attained midway between rest to rest and its
value is half of that which would be attained if the particle were falling freely from
infinity.
Finally, integrating (16) we get
b—2m Py — Im(b—=)
= o Em -1 /I _ -1 [T
t= | [(b+4’m) cos \/b+ \/:c(b x)] +4m tanh | J (—om)’ (19)

2m T

which implies that ¢ = co when z = 2m.
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3. THE C0-ORDINATE TRANSFORMATION

If there is an observer associated with a freely falling particle let us suppose that
he is using co-ordinates (z’, ¥', 2, ') such that his world-line in this co-ordinate system
is given by ' '

dx’ dy dz’ dt’

E;:O, 5-—0 a-—O and Eg—l. .o .o (20)
If the observer associated with Schwarzschild’s metric (1) uses the co-ordinates
(z, ¥, 2, t) given by

z = rsin § cos ¢,
y = rsin 8 sin ¢,
z=rcosl, .. . .. .. ..o (21)

the problem is to obtain a connection between (z', ¥', z’, ') and (z, y, 2, t) which
are viewed as the same events in two different systems of co-ordinates 8’ and S
respectively.
The transformation equations are completely determined only when we know
(i) the new origin of co-ordinates O’, and

(ii) the four sets of the co-ordinate curves of parameters z’, ¥, 2, t'.

In the present problem the new origin O’ is the point (z, o, o, t) where z is a
function of ¢ as determined by (19). We take the lines of parameter ' and 2’ the
same as those of y and z of the system S. The problem is to determine z’ and ¢’ as
functions of z and ¢ with suitable additional assumptions. Let

2 = 2—f(t),
¥y =9
z =z,
' =t—¢'x). T )
For O, the origin of co-ordinates of 8, we have
z = fit).

Hence f(t) is the function of ¢ as determined from (19) when z is expressed in terms
of t. We determine ¢ from the condltlon that

dt’)
— = 1’
(ds =0

which gives from the last of equations (22),

ot'dr ot dt] .
[676%+5t—£],»=0 = 1. .. .. .. (23)
For the world-line of 8’ we have

dz 2m fb—z dt_ [ 2m 2m\~!

When (24) is substituted in (23), the equation for ¢ assumes the form

dé _ b z b—2m 7t
dz™ N 2m N/b—:v —'\/ 2m (z—2m)\b—a 25)

I0
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and this, on integration, yields

¢={(b+4m)J%n@—J§%b cos‘lJ%

om(b— '
Jb —2m J v/ #(b—2x)+4m tanh- K/ Z’;( 2;; S (26)

Thus ¢ being determined equations (22) along with (26) give the required transfor-
mation between (z, y, 2, {) and (¢, ¢, 2', t’), i.e. the picture of the field events as
viewed by the falling observer §'. However, the functional relations involved in
the transformation equations are not in a form convenient for transforming the line-
element (1) as that would require a knowledge of (x, v, 2, {) explicitly in terms of
(@', y',2',t'). All the same the method can be outlined as follows :

The equations of transformation given by (22) and (26) can be rewritten as

t=Fx) = |22 2m{(b+4m ) cos K/ +4/X(6=%) X§+4m tanh-1 /2m(b—x)

2m X(b~—2m)’
(27a)
where X = z~—2x';
y=y,
2=z, .. .. - . .. (27b)
t—t = ¢(x) = A cos™1 E-I--B v/ z(b—x)+4m tanh~1 2mib—z) (27c)
b x(b—2m)’
b—2m b
where 4 = J o (b+4m)—N/2~”; b,

B \/b —2m J
Now the Schwarzschild line-element (1) can be expressed in the system § as
ds? = —(da2+dy?+de2)+ (1 — —2—?) dg?
- (1_ 27’”) (wdetydy+ads, .. .. (28)

and from equations (27) we can have:
dt = F'(x) [de—dx'],

dt-—-dt-l-»‘éd.’z
dy =dy',
de=d, .. .. .. o oL (29

where F'(x) stands for Z—F .
X

Theoretically we can solve from (29) for dz, dy, dz, dt in terms of dz’, dy’, dz’, dt’ and

thus get a transform of (28) for the observer falling freely under gravity.

I0B
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