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ABSTRACT

The ‘number theory * approach to the problem of degradation of polymers, developed in
earlier papers, is employed here in order to study the problem of polymerization. For the case
of condensation polymers, the discussion includes the problem of molecular weight stabilization
and multi-chain polymerization. For the case of addition polymers, where the mechanism of
chain termination is of great importance in determining the nature of the statistical distribution,
we have given a formulation which includes all the important mechanisms. It is noticed here
that in order to obtain the expressions for the size distribution and averages for the overall
material, the necessary integrations, in general, cannot be carried out. We have, however,
indicated a procedure in which the various integrals are expressed in the form of series expan-
sions which are rapidly convergent whenever the fractional change in the mean degree of
polymerization during the process is small.

1. Introduction.—In a recent series of papers (Nanda and Pathria, 1959), the
problem of degradation of linear polymers has been studied in terms of a correspond-
ing problem in the theory of numbers. There, it was found possible to develop a
consistent technique which could be employed in a straightforward manner in order
to study certain problems in degradation. In all the cases investigated, the final
results were exact and could also be put into a form convenient for numerical
computation.

Since the phenomena of degradation and polymerization are inverse of each
other, it is natural to expect that the number theory approach would prove fruitful
in the study of various aspects of polymerization as well. Accordingly, we have
investigated along these lines the problem of both condensation and addition
polymerization. In the following section, we start with the simplest type of
polymerization process in which there is only one type of bifunctional monomers.
In the theory of numbers this would correspond to the process of building up of
higher integers from a given set of unities of one type. In section 3 we take up
the case in which the molecular weight of the polymer is stabilized through the
agency of certain stabilizing molecules. The corresponding problem in the theory
of numbers would then be to compose integers from two types of unities under
suitable restrictions. In section 4 is discussed the process of multi-chain polymeriza-
tion, the analogue of which in the theory of numbers would be the problem of multi-
dimensional compositions.

In sections 5 and 6 we extend our treatment to various cases of addition
polymerization. The technique of the generating function is applied to the polymer
increment formed in a small interval of time ¢ to {4 8¢, and then, by a superposition
of such distributions, the overall distribution for the entire polymer and the various
averages of interest are computed.

* Read at the Symposium on ‘High Polymers’ held in January, 1960, at the Indian
Association for the Cultivation of Science, Calcutta.
t Benior Research Fellow of the National Institute of Sciences, India,

VOL. 26, A, No. 6.



V. 8, NANDA & R. K. PATHRIA : THEORY OF NUMBERS AND POLYMERIZATION 701

2. First of all, we take up the simplest case of condensation polymerization
when there is only one type of monomers present. The corresponding problem in
the theory of numbers would be to compose higher integers from a given number N
of unities. If K be the total number of entities at any stage of the process, then
2N, K), the total number of ways in which this process can take place, is enumera-
ted by the generating function (G.F.)

2.2 = [E :v']K
N

f=1

={r.%}K’ L

9:@3) O 1)

whence

Proceeding in the same manner as in Paper I, we obtain for n;, the number fraction
of i-mers in the polymerized material,

N—i—l) N—1\ .
n..=(K_2 /(K—l)’ i=12..., N—K+1. .. (3

This expression is exact in that it covers the full range of K, viz. from K = N to
K = 1. The results for various moments and averages of the distribution derived
in Paper I are applicable as such to the present case. However. in actual practice
K > 1 and also (N—K)> 1. It is, therefore. more convenient to write (3) in the

form :
n; = (1—p)p*, .. .. .. N (Y]

where (1 —p)~?, which is equal to N/K, is the mean degree of polymerization. This
is identical with the result derived from the probability considerations (Flory, 1953).
For the sth moment of the size distribution, we have

l=zln'—T(p55) ‘1—;?) 3 .. .. . (5)

whence, in particular, we have for the number average chain length /, and the
weight average chain length i, the expressions

fn=i1=(l=p)7L, .. .. .. .. (6)
and )
ie = 12fi; = (1+p)(1—p)~ L R 1))
The sth average i; ( = #/%-1) may be computed from the general result (cf. appendix
of T)
i—sz(l—p)“sjé'lepi . .. .. .. (8)

where

j-1 . s+1
Q= 'go(—lm—rr( o).
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It may be noted that right at the beginning of the process (p =0), i, =1 and
towards the end (p - 1), i; = s(1—p)~1. This shows that as the reaction nears
completion the inhomogeneity ¢ of the distribution becomes very large.*

3. It is, however, of great industrial importance to prepare polymer samples in
which the mean molecular weight is not allowed to exceed some desired value. This
is achieved by the introduction of the so-called molecular weight controller or stabi-
lizer into the reacting monomers. The stabilizer molecules, N in number, can react
with the growing chains and prevent their further growth. Obviously, the final
molecular weight depends upon the amount of the stabilizer introduced. In the
following, we shall deduce expressions for the size distribution and other quantities
of interest for all stages of such a process.

Here, one has to deal separately with the two cases : (i) when the growing chain
can be blocked only at one of its ends, and (ii) when it can be blocked at either of
the two ends.

(i) In the number theory problem corresponding to this case we have to com-
pose integers from two types of unities, say N white and N; black. The integers are
to be constructed by taking unities from the two sources at random and arranging
them in one direction, say from left to right, over K rows (where K is the number of
molecules at a particular stage). A row remains open for further addition so long
as it contains only white unities and gets closed as soon as it receives a black unity.
The G.F. describing such a situation would obviously be

K

2 QxVyNs=| Ly

N, Ng i+j =1
i=0,1

= [z+y)/A=2). .. .. .. (9)

Further calculations can be carried out exactly without recourse to any approxima-
tion whatsoever. However, the numbers N, N, and K appearing here are always
very large. Woe, therefore, write, as in the preceding section, our results in a con-
venient form which may also be obtained directly by the method of steepest descents.
The number fraction n; ; of yet unstabilized chains is then found to be given by .

1—p..
6,0 = —r— .. .. .. .. (10
i, 0 p+qP, (10)

and the number fraction n; ; of the stabilized ones by
1—-p

;g = — .. .. .. .1
ma =P (11)
where p and g, the values of x and y respectively at the saddle point, are given by
1— K
P=1"N¥N,
and
=P —

* It appears worth while to point out here that theoretically the process may continue till
k = 1 and therefore 0 must eventually tend to zero. The statement in the text, however, is true
so long as k> 1. In fact, if we use the exact expression (3) instead of (4), as was done in I, it
is readily seen that o shows & maximum at k = 0(N1) and then falls to zero as k1.
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For the sth moment of the weight distribution, we have the expression

Es = _Z,T(mli+m2j)’n;,',~
L3

l—p( 0 a)‘p+q
- myp — fmag~ ) T4 .. oQa
g\ ‘pap 2qaq l—p’ (12)

where m; and m; are the weights of the monomer and the stabilizer respectively.
For the number average molecular weight one obtains from the foregoing equation

1 A
M, = 1=pp¥9) (m1p(14-¢)+meg(1—p)], - - (13)

and for the weight average molecular weight

M, = ™ PU+P)1+g)+2mimepg(l —p)+myPe(1—p)*

4
mip(1—p)(1+¢)+mag(1— )2 (1)
When the reaction has proceeded to completion (K = N,), we have
p= N/(N+N,), and g = c0.
The final molecular weights will then be
M,=m1—1—£—;+m2 . .. .. .. (13a)
and
m2p(14p)+2mymop(l —p)+mo3(1 —p)?
M, ="1F 2 . . (14a
myp(I—p)+ma(1—pJ? (144)
From equations (10) and (11) we have at this stage
7o =10 .. ‘e .. .. (10a)
and '
n;,1 = (1=p)p'. .. e .. (ila)
For the number of unused stabilizers, we obtain
No,1=N;.n,,
= N2/(N+N,), .. .. . .. (15)

which means that only a fraction N/(N +N,) of the original amount of the stabilizer
is actually used in the reaction. Therefore, the total number of polymer molecules
at the end of the reaction is
NN,
N+N,'

(ii) In the number theory problem corresponding to this case the K rows can
be extended in both the directions. Here, & row gets completely closed for further
additions only when it has received black unities at both of its ends. The G.F.
for this case is

Z QY= [zw.-,ziyf]x,
NN, i §
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where the weight factor

w‘,=l f()l'j=0; 1"=1y2)"'

j=2;i=0,1,...
j=1; i=0
and
wi=2 for j=1; i=1,2,...
This gives
Z 2y = [a"'—y)(ﬁ'l)]x .. . .. (16)
N, N, l—z
whence it follows that
1—-p

Ny = wyp'q! ( (17)

1+q)(p+q)’
where p and ¢ are respectively the values of « and y at the saddle point. We have
q = [(1—p)(N+N;)—K]/[K—(1—p)(N+N,—K)],

Pl

¢ = K2[{N(N+N.—K)}.

and

with

For the sth moment of the distribution, we have

o 1 9 af
- f(p,Q) [mlp ap+m2q aq] f(p’ q)s .. .- .. (18)
where
(1, q) = (1+9)(p+9)/(1—p).
This gives
. _ 1 _

Mo = AU+ g g MP1 0 +meg(l—p)(1+p+2)], .. (19)
and

M, = %[mlzp(l +)(14q)2+4mymapg(l —p)(1+¢)+m.2q(1 —p)2 x

(14+p+49)1, .. (20)

with

D = mp(1=p)(1+9)2+meg(1 —p)2(1+p+29).
At the end of the reaction (K = N,/2), the above equations give
p = 2N/(2N+N,)
and
g == 0O.
Correspondingly, forj =0 or 1

n‘j=0, .. .o . ‘s - ..(17(3)
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and forj = 2

o N (oW .
l'J‘_zN_l_Ns 2N+Ns . . .. ..(7b)

The number of stabilizing molecules that have been used up merely in forming
pairs of their own is thus equal to N.2/(2N+N,), i.e. only a fraction 2N/(2N+N)
of the original amount of the stabilizer has actually been used in the reaction
proper. The total number of polymer molecules at the end of the reaction, therefore,

is (2—1\71%\7—:) . Also in this case

M,,=m1.l—f—p+m2.2, < . . .. (19'1)
and

i, = MPp(l+p)+dmymyp(l—p)+4mse2(1—p)?
i mip(l—p)+my. 2. (1—p)? '

.. (20a)

4. If in the polymerizing material we have besides the bifunctional monomers
a small proportion of an f-functional substance (f > 2), then each of the resulting
polymers will consist of 1, 2, ........ or f chains attached to a central unit. This

fHi—1

f—1
number of ways in which ¢ monomers can be distributed amongst at most f chains.
It appears worth while to point out that the situation here is precisely the same as
would arise in the case of an assembly of f-dimensional oscillators; the number

S+i—1
(7
the eigenstate i. The analogous problem in the theory of numbers can then be
looked upon as one of f-dimensional compositions.*

If K, denotes the number of polyfunctional centres and K, the number of lin-

ear chains present at a particular stage of the reaction, then the appropriate G.F.
would be

a;) . Kirw K,
z .Q:vNyKl = [ z (f-H_l) x"y:l [ z ;v'] = [y(l—x)'f]Kl [:l:(l—-;r)‘l]K2 R
N K, i=o\ f—1 i=1 ’
(21)

whence we obtain for the number fraction n; of the linear chains of size ¢ the
expression '

multi-chain i-mer can be realized in ( ) distinct ways, corresponding to the

) would enter there as a weight factor corresponding to the degeneracy of

K, 1
- —p)pf .. .. .. .. (22
™= E K2(1 PP, . (22)
and for the number fraction »;" of the multi-chains containing : monomers each
oK f (f ¢ 1) ¢ 22a
n = m (1—-p) f-1 P, .. . o )

where
p = (N—K,)/(N+fKy).

* For a parallel problem in the partition theory of numbers, see Nanda (1951).
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Let mg be the weight of each of the f-functional centres and m that of the
monomer. The sth moment of the distribution is then given by

K 2\ 1 K, 1—p o[ »
ot o) 5 () a2
K+ K, P Mty ) Gyt R K T el \T-p).
(23)
This gives for the average molecular weights
1
Mn=m‘;[moK1+’MN] . . ..o (24)

and*

1 . P 14p p )ZH
= |m.2 s 2] y2 L — £
My =k, N[mo K+ 2momfK I +m Nl, p+f(f l)Kl(1 » .

(25)

As the reaction approaches completion, the linear chains tend to disappear and the
relevant results may then be obtained from the previous ones by putting Ky = 0.
The presence of the polyfunctional centres thus results in the molecular weight
stabilization.

From equations (24) and (25) we formally obtain, by puttingm =1 and my =0,
the following expressions for the number average and the weight average degrees
of polymerizaticn :

. N
"= K,+K, .. (240)
and
. 2N—K,+fK, KI(N—K2)2
= 2D g gy 102 ) . (25
Kotk DT \RaK, (25a)

The coefficient of inhomogeneity { of the distribution can then be obtained from the
relation

p==2—1. S 1)
At the end of the reaction (K5 = 0) this reduces to
1 K,
2 = -1
4 f+N’ .. .. . .. (26a)

that is, {~~f-%. Hence, the larger the value of f the narrower will be the final
distribution.

5. Finally, we take up the problem of addition polymerization. Here, the
distribution in the polymerized material follows no simple pattern such as holds for
condensation polymers, In fact, one has to consider various cases according to the
nature of the mechanism involved in the process. The treatment here will be based

on the usual stationary state method and will include the more important mechan-
isms of chain termination.

* This result may be compared with the corresponding one due to Schaefgen and Flory
(1948). There, the term involving the product mgm is absent. This discrepancy arises because
they have incorrectly obtained the weight average molecular weight from the weight average
degrees of polymerization by just multiplying the two contributions with their respective weights.
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For the sake of simplicity we consider here the zero order process in which the
number of growing chains 4 can be taken as constant throughout reaction. If én,
is the number of monomers consumed through propagation in the interval ¢ to ¢4 6t
(referred henceforth only as the interval 8), we have

Sny = Ak, M5, ee e @

where k, is the propagation rate constant and M the monomer concentration at
time t. Further let dng;, 8n49, 6ns3 and 8n.4 denote the number of dead chains that
emerge in the interval 8t as a result of transfer through monomer, transfer through
a foreign agent, termination by disproportionation and termination by mutual coup-
ling, respectively. We have

dngy = Ak, M8t .. .. . .. (28a

dngy = Ak, S8t

dngg = A2kgdl .. .. ..

oy = A2k St .o .. .. .. (28d
where k;, ks, k3 and k, are the respective rate constants and S is the concentra-
tion of the foreign transfer agent.

The appropriate G.F. for the polymer increment formed in the interval & is
readily seen to be

ngsnl + snzlylsng:; + 28”24y28n22

dngq 8ngp dngg Sngy
- (7)™ ()™ ()™ () ™ = v o

The index of  on the L.H.S. stands for the monomers consumed through propaga-
tion as well as those which are used as transfer agents, while that of ¥, gives the
number of activities which are destroyed by disproportionation and coupling and
that of y, gives the number of foreign transfer agents which are consumed in this
period. An application of the saddle-point method yields

dng+8n. dny+1

Qz(——l ) * “(1) YL L 60
1-p p

where p, the value of z at the saddle point, is given by

_ ’ 87&1
P = SnytonyFong,
_ kM
T ke, M+ by M AkoS+ (ks +2k,)A4°

and

4
8n2= z 8”2,..

r=1
The G.F. for £2; would then be
zQ, O t+dng; "N Sngg+28ngy s Sngg
= af [{8n21+8n2n+8n23}{1 z}+8ngy(t4+1)(1—2 2] G(=z, y1, y2), .. (32)

whence
» 1 Sns-j»Sn“—l l\ 87'1—‘.“"1
Qo2 [Sng, 4 8ngs +3ngg+Snsg(i+1)(1—7)] (i_:-p) : . (;)) .. (33)
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The number fraction f; of i-mers in the polymer increment is then given by
o)
h=7g,

=pf(1—p)[1+%’:f;-{(i+1)(1—p)—1}]. e e (39)

For the overall material, we may obviously write

n‘-_—.fff..dnz/denz. R )
0 0

It is not possible to evaluate, in a closed form, the integral occurring in the numera-
tor. However, if the concentration of the foreign transfer agent remains sensibly
constant during the reaction, (1—p)/p would be of the form

k
a4-B exp (4k,t); (a = 701, B= Ic2S+A(k3+2k4)) .
2

This mtegral can then be readily evaluated. We get

n= Dk Lo MoBIz, o+ ke A {(i4+1)]o, —214,1}], .. .. (36)
where
= []]?- (MO—MT)+A4102ST+¢42(]C3+’C4)T:| 5 . .a (37)
X
and
Po (1—p)=pi-1
I .=  dp e . (38
o=t %)

Changing over to the variable % defined as
l—p—u M
~TPTXP_ g0

U= 39
p (39)
we may evaluate the integrals under the valid approximation
p' == exp { —i(1l—p)/p} .
We have
. —_— 1 «2) | Y
= o~ (i+1)a —_— e e
Iy, ,=¢ ) [ exp (—i+41u) {i+l+u} “,
+20 {1 = (i+ 1) f(ug, u7>}] , e e . (40m)
5 g
e e iR} w{ _}
IZ)I € [ ’I:+2 +2 o +2
a2 f(ug, u.,.)] R .. . o .. (408)
and
G exp{—i+1u
Il,l'—‘e‘(ﬂ’“[ _RLII—‘”) +°¥f(“o,uf)] . - (40c)
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Here, f(uo, u;) stands for the definite integral
f“f exp [~ (i 4 1u] du,

w

Up

the value of which may be obtained from the relevant tables (see Handbook of
Chemistry and Physics, 1959-60). It may be noted that the foregoing result has
been obtained here without having recourse to the method of Laplace Transforms
(cf. Bamford et al., 1958).

Next, we consider the general case which, we believe, has not so far been
tackled even by the method of Laplace Transforms. Here, (1—p)/p has the form

@y exp (Aryt)+p exp (Argt)+B exp (Ak,b),

where a;, as and 8 are constants in time.
We may change over from the variable ¢ to a variable* ¢ defined by the relation

£ =14 exp (4k,t).
The distribution function would then contain integrals of the form

&
I= f f F(£) de.

Since the variable £, throughout the process, remains close to unity, |£,—£&|<1.
The integrand may, therefore, be expanded in the form of a Taylor series in the

neighbourhood of E="" 5 ) A termwise integration then yields
- s F@1 (ﬁf—fo)z FY@)1. f,—fo)“ ]
I = (&~ = i
(- EO)[F(§)+ svs =5 )+ 5( )+ .. (41)

F~(Z) being the value of nth derivative of F(£) with respect to £ at £ = £.
Tt is found that this series is rapidly convergent, especially when the fractional
change in the mean degree of polymerization during the process is small.
Lastly, we shall derive expressions for the average molecular weights. For the
sake of mathematical simplicity, the weights of the initiating units will be neglected.
‘We have then quite generally

M"=m’(M°*M’)/ ;%‘M"‘Mf)+<SO—ST>+A2<ks+k4>f}, .. 42)
and r
2m [ rrT p ) J"r p ° J
v = 1 d (-——-) dngg | . .. (43)
M (MO"Mf) Jo(l—-p nl+ 0 .1'—]) 24
Now, when (1;})) is of the form a+pBexp (4kyt), we get ’ :
I
E— [MO—M.,aZ 1—vo u,.+ I—Mokpp ]”+ og, {1—v) of ]’ (44)
where

v, = a/{a+Bexp (dky)} -

* Evidently there are three choices for the new variable. In an actual case one should
select the one which gives the most rapid convergence to the series expansion (41).

Il
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For the general cage, however, when the expression for (1—p)/p involves two
or more exponential terms which are functions of time, the final result may be
obtained by following a procedure similar to that given in the corresponding case
for the distribution function.

6. In order to test the usefulness of the general method indicated in the
previous section, we have firstly considered a rather simple case in which the
mechanisms of chain transfer and coupling are absent. Here, the integrais can be
evaluated exactly so that the error in taking the first few terms of the series expan-
sion (41) can be confidently determined. In our calculation we have taken

kg = 5x108mole~1lsec™!,
kp = 102 mole~11lsec™1,
My = 10molel 1,
M, =5molel"1,
and A4 =2%10"8molel 1,

The values of My and M, imply quite a drastic change in the statistical distribu-
tion of the polymer forming during the reaction. The average chain length, for
instance, changes from 10,000 in the beginning of the reaction to 5,000 towards the
end with an overall mean of 7,214. Our computations show that in the case of the
distribution function, for chain lengths below 4,000 only the first term of the
expansion is sufficient to keep the error within one per cent. For 4,000 < ¢ < 16,000
two terms and for 16,000 < ¢ < 36,000 three terms suffice in order to get the same
accuracy. In the case of the weight average molecular weight, the exact result is
15,000 whereas the first three terms of the series expansion give the value as 14,923,
the error being about 0-5 per cent. Next, we have considered the case in which the
mechanism of chain transfer through the monomer and mutual termination by
coupling are also operative. It is again found that the error in the weight average
molecular weight by taking three terms of the expansion is less than one per cent.
One may, therefore, expect that similar results would. be obtained in other cases
also. ’

Finally, it may be pointed out that a change of variable from p to g, defined
by the relation g = p* (s being of the order of average chain length), considerably
improves the convergence of the series expansion. For instance, the weight average
molecular weight is obtained to the same degree of accuracy as above by taking
just two terms instead of three. A similar improvement results in the case of the
distribution function also.
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