DIFFRACTION OF A PLANE WAVE BY A UNIDIRECTIONALLY
CONDUCTING HALF-PLANE

by 8. R. SesnADRI, Gordon Mckay Laboratory, Harvard University
(Communicated by S. R. Khastgir, F.N.I1.)

(Received February 2, 1960)

ABSTRACT

The diffraction of a plane wave by a unidirectionally conducting half-plane—a problem which
has heen treated previously by Karp—is investigated in this paper by a different method. The
problem is formulated in terms of an integral equation whose solation is obtained by the stand-
ard Wiener-Hopf procedure. Expressions for the fields and the current induced on the screen
are given.

1. INTRODUCTION

Diffraction of electromagnetic waves by a screen composed of fine parallel wires
is the subject of a few rccent investigations. Such a screen has been idealized by an
infinitely thin disk which is perfectly conducting in one direction. Based on this
idealization, Toraldo di Francia (1936) has obtained an approximate solution of the
problem of diffraction of a plane wave by a small circular disk composed of fine
parallel wires. Diffraction by a unidirectionally conducting half-plane has been
treated by Karp (1957) for a plane wave incidence and by Radlow (1957) for a dipole
field. In this paper, the problem of diffraction of a plane wave by a unidirectionally
conducting half-plane is investigated by a procedure which is entirely different from
that used by Karp. This procedure is based on the formulation of the problem in
terms of an integral equation specifying the screen function. An advantage of this
procedure is that it can be readily applied to obtain rigorous asymptotic solutions of
other diffraction problems involving unidirectionally conducting screens. The result-
ing integral equation, which is of the Wiener-Hopf type, is solved by Fourier trans-
form technique. Expressions for the fields and the current induced on the screen
are obtained.

2. FORMULATION OF THE PROBLEM

Consider the problem of diffraction by a unidirectionally conducting semi-infinite
screen: £ >0, —o0 < y < 00, z = 0, where x, %, 2 form a right-handed rectangular
coordinate system, Tt is convenient to introduce also, a rotated system of coordinates

¢, m, 2 where )
f=wxcosatysina

p= —axsinafycosa .. .. .. ..o @an

The screen is assumed to be conducting in the direction £ only. A plane electromag-

netic wave

Ei(“) B AL And) . F B‘eihi' ¥

7) = Be =

) —~ kR .7 ¢
H®) = kxBe ’ . . . . .o (22)
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is incident on the screen. 7 denotes the position vector of a point P(x, y, 2) in space.
The direction of propagation of the incident wave is given by its direction cosines I,
m and n. B is a prescribed constant vector, which on account of the divergence rela-
tion, is subject to the condition

—

B.k=o0 .. .. .. .. .. (2.3)

The time dependence ¢~ @, which is assumed for all the field components, is sup-
pressed throughout. The wave-number k is assumed to have a vanishingly small
positive imaginary part, which is set equal to zero in the final formulas.

The incidence of (‘) 2) upon the given screen gives rise to the total fields

()+E’( H +H which are conveniently denoted by E(#) and H@)

respectively. The total ﬁeld vectors E(#), H(7) satisfy the time harmonic Maxwell’s
equations

VxE# = ikH® .. .. .. .. (24a)
v xH@FE) = —ikE@#) .. .. .. .. (2.4b)
v.E®)= 0 e (240
v.HH= 0 . . . .. (2.44d)

in the exterior to the screen. The unidirectional conductivity of the sereen is taken
into account by imposing the following conditions on the screen :

[He(x, y)] = He(w, y. o) —He(x, 9y, 07) =0 .. .. (2.8)
[E,(x.9)]=0 .. . . . . @2

Further, in order to have a unique solution, it is necessary, in analogy with the
theory of perfectly conducting screens, to require E@), HF) to be integrable at the
edge of the sereen and thus impose appropriate edge conditions. 1In addition, the
scattered fields E'(#), H'(?) are required to be outgoing at infinity. Since k is
assumed to have a small imaginary part, it follows that E'(¥ ), H'(?) vanish at infinity.

In view of (2.4), it is evident that the electric vector E(r) satisfies the vector
wave equation

V X VXEF~EEF =0 . .. .. (28)

In order to solve (2.8) subject to the boundary conditions (2.5-2.7), it is convenient
to introduce the fundamental tensor Green’s function of free space

. 1 ST
I(T,T)=(€+EEVV)W .. .. .. (2.9)

where e represents the unit dyadic. It is noted that I'(#, #) which describes a sphe-

rical wave moving outward at large distances from the source point is a solution of
the differential equation

V X v X7, #)—k2l(, #) = e8(2—+) L. L (210)

where 8 (7) is the familiar Dirac delta function.
1B
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It is now desired to formulate the problem in terms of an integral equation
specifying [Hy(x, y)] on the screen. For that purpose, use is made of the Green’s
second vector identity

de[Z.v XVXB-BUXVXAd]=

l*f dSh. | BxVXxAd—AxvxB] .. (211
S=8 +S 4S5

wliere # is a unit vector in the direction of the outward normal to the surface S and
F is the volume bounded by the two planar surfaces Sy (z = 07) and Sy(z = 0%) of
the screen and a sufficiently remote cylindrical surface S . By setting

AGF) = E@) . .. .. .o (2.12a)
BE)=T@E#).8 .. .. .. .. (212

in (2.11) where & is an arbitrary constant vector, it follows with the help of (2.8)
and (2.10) that

E(?).E:j s {0, 7). e} x O xEF)=EF)x v’ x {TF, #).¢}]
Sy S+«

(2.13)
For the integral over the surface S, the electric vector consists of the incident
electric field E‘(7) appropriate to a situation where the screen is absent and a
cvlindrically diverging wave scattered by the screen. Hence the integral over S,

taking account of the radiation condition, vields E‘(#) .¢. Therefore it results from
(2.13) that

E(?).@:Em.z-;-J AS'a [{N@, 7.6t x V' XE@E)—E@E)x v x { T
Cie

A S
12

o
hid
4
92
[
L

where p denotes the position vector in the plane of the screen. By using the follow-
ing vector identities

A AL, 7). 8} x V' X E@) = 9 x {D#F, ). &) (W XEF))
#EBE)x 0 ) AT, 7). 2] = {1 9.2} (' XE) x '
(2.14) is simplified to yield

E(i").é:ﬁ’(?).é-{-J J' ddy[ v x (D@ 1. el .2 x[E@, )]

—{r@, . e} B, y)Ixz] . . L (215)

In view of the boundary conditions (2.5) and (2.7), &' X [E(@2', y)] is equal to zero.
Also with (2.6) it follows that

(H@', y)]xz =éHy, 9] .. .. .. (216)
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Together with (2.16), (2.15) yields

=

Y =
E(f)=E‘f(f)—ikf f TG p). 8y, y)l dedy .. (217)
3= -

=0

By taking the ¢-component of both sides of (2.17), it is obtained that

Y 1’ 5 ?‘ 82 Pl'z * y’zw eik[;‘-p,” ’ ’ ’ ’
E¢(7) = E'f(r)-i-m <k2+8-§§) “ J T?—_—ﬂJ(m L) da'dy’ (2.18)
x'=0 = e

where it has been set that J(z', y') = —[Hy(2', ¥')]

Note that J(2', ¥), which is the total current density on the screen, has only a §-com-
ponent.

From the geometry, it is evident that the dependence of all the field quantities
on y arises on account of the incident wave only and hence, as in the case for the
incident wave, the field quantities depend on y only through the phase factor e*".
In particular it is convenient for the further development to set

Ee(7) = E¢(x, z)ei*™
E(7) = Ey(x, z)e*m
[Hy(z, y)] = [Hy(x)Jeim = J(x)e . .. (219)

By substituting (2.19) in (2.18) and on carrying out the integration with respect to
', it results that
E¢(x, 2)ei = Ey(x, 2)eitm

X

1 az { . 1 T NS A9y ’
—— k2 Yot | J(@) Hy (kg (x—2')2422) da L. (2.20)
4k o¢ J
0
where
ko2 == k2(1—m2) .. .. .. ..o (221
In view of (2.1) it is clear that
0 0 . 0 5 o
a—§=cosoc5§+sma5?~/ . . .o (2.22)

With (2.22), (2.20) yields

; 1 5 8 .. .\
Ef(x, z) = Eg(x, z)— o [k +(cos o a+zkm sin oc) ]

. f J@ H (keV/ (@=2")E+22) da’ .. (2.23)
Yo
Together with the boundary condition
Egz,00=0 >0 .. o . oo (2.29)

(2.23) yields an integral equation which specifies J(z). The integral equation is of

the Wiener-Hopf type and may therefore be solved by the Fourier transform
technique.
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3. FoUmiER TRANSFORM SOLUTION OF THE INTEGRAL EQUATION

It is necessary to know explicitly E’é(z, 0) which with the help of (2.1) and (2.2)
is seen to be _ 4
Bz, 0)=ad™ .. . @31
where a is the amplitude of the £-component of the incident electric field. Let the
following Fourier transforms be defined.

_ 0

E(0) =f e~ B (x, 0) du .. .. (32

J() =f e~ () da e (33
0

H() =f e HY (ky| ) da e (34)

Since the field components are required to be exponentially damped solution of the
wave-equation, it follows that E}({) and J({) are regular in the overlapping half-
planes Im{ > —Imkl and Im{ << Imkl respectively. Similarly H({), which can be

ViE-¢
By taking the Fourier transforms of both sides of (2.23) it results that

shown to be equal to » is regular in the strip | I'm{ | << Imk,.

_ . 1 1
Be(l) = al [{-—kl-l—iel - {—kl—iej]
+ _JO {22 cos? a+2km cos « sin al+k2m? sin2x—k?2) .o (3.9)
2k, [k~

where ¢; is a convergence factor. The transform relation is valid in a strip
{Iml| < €y, where ¢ is the smaller of the two quantities Imk! and Imk,. Hence the
Wiener-Hopf technique may be applied to the solution of (3.5).

In order to obtain J(Z), the transform relation (3.5) is first written in the form

Bt ai ] Vktt | ai [\/k..+c _ Vktk+ie ]
d0— {—kl4ie;] Lcosatdy  {—kl—ie, [Lcosatd, (kl4ie)) cos add,
- @i/ ko +hl+ic, IO (teosa—dy .. .. 36)

({—kl—ie;)[(kl+ie;) cos add,]  2k\/ ky—1
where
dy = k[1—m sin «}
dy=kf{l4+msina] .. .. . .. 37

It is then seen that the left-hand side of (3.6) is regular in the upper half-plane
Im{ > —¢ and the right-hand side is regular in the lower half-plane Im{ < €.
Both are regular in the strip | Im{ | < ¢, and may be considered as analytic continua-
tions of each other ; together they define an integral function throughout the finite
{-plane.
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For o £ g , in analogy with the perfectly conducting half-plane, J(z) is required

to tend to zero for # tending to zero as z!. This implies the following asymptotic
behaviour for the transform J({)

JO =1 as 18— oo for oc;é%

~

And for o = 7~: , the condition that J(x) vanishes at = 0 is no longer valid. Again

comparison with the perfectly conducting half-plane shows that J(xr) has the x—*
behaviour for x tending to zero, sinee in this case the current is entirely parallel to
the edge of the screen. Hence it is evident that

JO)~LFas|l]—»> o forov,:%

Therefore it turns out that for all « (O< a < Z) the integral function (3.6), as seen

from its right-hand side, has algebraic behavionr at infinity and is in fact zero.

Hence from the representation of the integral function in the Jower half-plane it is
obtained that

) = 2aik\/k,+kl Vke—1
(&)= (kl cos a+dy) * ({—kl—ie))(L cos a—d,)

(3.8)

It follows from (3.8) and (2.17) that when the & -component of the incident
electric field and hence a is equal to zero, the incident field is undisturbed by the
presence of the screen. There is non-vanishing scattering of the fields only when
the incident electric field has a component in the direction in which the screen is
assumed to be conducting.

4. CURRENT INDUCED ON THE SCREEN

With the knowledge of J({), it is possible to evaluate all the quantities of
physical interest. The total current density induced on the screen is a useful
quantity and it is readily evaluated by the inversion of (3.8) as

{\w

J ) = aik\/ o+l J V=1

o il v
w(kl cos a+d.) (T—Fkl) (L cos oc—-d,)e ac .. o4

where the path of integration passes below the branch point {=k, and the poles
{=kl and {=d,; sec x of the integrand. By expanding the integrand by partial
fractions, (4.1) is written in the form

J(@) = J @)+ o) .. .. . (42)

where

T ) = aik \/ ko+kl Viko—2 ..
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~J

and

Jox) = T dr . (44)

" wlkl cos a+ds)(kl cos a—d, (£ cos a—d,;)

aik A\ ky+kl . cos « \/ku-—{
)

By closing the path of integration in the lower half-plane, it is evident that J,(x)

and J(x) and hence J(x) = 0 if x < 0, as it should. By closing it in the upper half-

plane, it is found that when z > 0
i (/\‘11 +IT) s
4

. 2ak2neit taikZne 2
Jy(z) = — — = et dt
(kl cos a4do)(k cos a—dy) 4/ 7(kl cos 2+ d,)(kl cos x—d,)
NIOE
. i(/;0x+;)
2akA/ kg + kl e y
(4.5)

- A/ 7(kl cos a+dy) (Kl cos o—d,)

Where the first term arises from the pole and the next two terms from the evalua-
tion of the integral around the branch cut. In a similar way from (4.4), Jo(x) is
obtained as

J () = 20/ koKl A/ ky—d, sec % idy secax
Jole) = (kl cos a+d,)(kl cos o—d;)

tiakA/ kg + kL A/ ky—d, secx ex‘(zz1 scca:x+7—;) - o g1
A/ 7kl cos a+-dy) (Kl cos x —d,)

Wy =dy sec 2

. T
box4 —

2ak A/ g+ Kl ;o 5)

_ : 4.6
Vo (Kl cos a4-dy)(kl cos a—d;)  ** o

The sum of (4.5) and (4.6) after some simplification yields the total current density
as
. ™ ko - klx
4aik2ne1(k1x+ 3) i J() o
e di

J(x) = ——
) A/ 7kl cos a+-do)(kl cos x—d;)

. - Vg -dy secaje
_ 4(2]{,”\/1(70-{- kl ‘\/ko—dl sec o ei(d1 sec X . x+ -I) G”Zdt N (47)
7kl cos a+dg)(kl cos a—d;)

0

From (4.7) it is easily seen

Loy

The expression (4.7) is valid for all « excepting « =

oy

that J(x) vanishes at = 0 as x}. To find the expression for J(x), where « = 5, it

=

is necessary to start from (4.1) which for « = Z) is easily reduced to

J@) = —

7Tk02

al'k\/ko-i-kl‘[ \ékol'c_l‘{eilx d¢

— 00
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0 ( +4) NioeTn
_ 4cuk e [ euz it

\/ﬂko

Y0
2ak/ ko + kI et +3) for o == (4.8)
A\ nkg? xt 2

From (4.8), it is obvious that when a = g , J(x) has ~* behaviour for x tending to zero.

5. DETERMINATION OF THE FIELDS

The components of the electric field may be easily written down with the help
of (2.15) as follows:

N Py b 2\
Biy= B4l O ap
-r)(7) n(r)+k@;* ('r)
. N -
E (T) Ez(r)+k§£é—§[1(r} .. . . .. (:).1)
whereA.(?)::iei"’”J’f J(x H(”[ko\/(x x') 2+22]d1¢ .. .. .. (5.2)

The use of (2.3a) together with (5.1) immediately yields the components of the mag-
netic field as

B
H, ()= Hy(7)+ 5 A0)

H (%) = Hi(#)— a AF .. .. .. .. (B3

It is readily seen that A4(%#) given by (5.2) is just the magnitude of the vector
potential (denoted by w in Karp’s paper), which like the current density has only a
£.component. It is desired to simplify (5.2) to the form obtained by Karp. For
that purpose, the Hankel function in (5.2) is replaced by its integral representation

(7 dreite-z)+/ke? =8 12|
1J dte ’ (5.4)

(1) (2422 = =
0
"On carrying out the integration with respect to &’ first and making use of (3.8) it is
readily derived that
(kmy——

A@) = —iae o Jk“+kl (2, 2)— Ao, 2)] (5.5)

k[l — (I cos a+m sin o)
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where
dgeiterVEE -T2 |z ]
Ay (=, J (5.6)
T2/ VTN ()
dcezh-# JEE-T2 2
Ay, 0 .. (B
24/ Vko+L(l—cy)
and =k (sec a—m tan «) .. .. .. (5.8)
1t is evident that A,(x, 2) may be rewritten in the form
i(klx+7—7) x - . 7%
, 1 . 17 iltgt N/ Fo2 - L2 | 2]
Ay, 2) = — dge™ % ( dhertror~ 0 T T (5.9)
AVER S, Vket!
With the introduction of the polar coordinates
xo=pcosf; z=psin{ .. .. .. (8.10)
it is possible to reduce (5.9) to the form
f* ik P /
Ay, 2) = et | dgeittg 2 (5.11)
J_, Ve =
In a similar manner (5.7) becomes
) r* ) eik P
Aolz, 2) = 1 drge 10 —— sin .. .. (5.12)
J . Ve o2

The expression for A(#) given by (5.5) together with (5.11) and (5.12) is the
form in which the result is stated by Karp.

It is observed that the solution of the problem of diffraction of a plane wave by
a unidirectionally conducting half-plane consists of two parts, of which that corres-
ponding to (5.11) is similar to that for a perfectly conducting half-plane. It is
known that by using an integral equation procedure, solutions of the problems of
diffraction by an infinite slit and a circular aperture may be obtained by perturbing
the solution of the corresponding half-plane problem. With the success of the inte-
gral equation procedure for the problem of diffraction of a plane wave by a unidirec-
tionally conducting half-plane, it may be anticipated that, for example, the problem
of diffraction of a plane wave by an infinite slit in a unidirectionally conducting
screen may be solved using the integral equation procedure and by iterating with
the known solution of the corresponding half-plane problem.
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