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ABSTRACT

This paper is & sequel to an earlier paper of the author in which he has introduced the idea
of absolute Riesz summability with index k¥ and has proved the first theorem of consistency for
it. In the present paper he establishes a result on the second theorem of consistency for integral
order of summability.

DEerFixITIONS

1.1. Let {),} be an increasing sequence of positive numbers such that
O< A <)do<<...A,—>00,88n— 20,
and let Za, be an infinite series.

We write

:1,1=a1+... +(1,1,
and if w = 0. A, < w < A4y, then
Ay(w) = A\(w) = 4,

= Z a,
:\y< '
Ay(w) = 0 for w < )y,
and for a > 0,

A:(w) = z (w—M)"a, = f (w—t)*dAy(t).
B < w A

Let
A; (w)

w>

X 1) —
O/\(u) =

A series Za, is said to be summable R, A, ajs, k> 1, « >0, ok’ >1 and

J ! T 01 () du
h ‘

is convergent, where / is a convenient positive number (Mazhar 1960).
The series Ja, is said to be summable | R, A, «, V] 4, if the integral

1 1 . .
Z:+I;’ =1, if the integral

a0
|k
“ wk+ kY - 1‘~ Ox(w) dw

v h
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. 1
is convergent, where ¥ is a real number, k > 1, 0 >0, ak' > 1, -+

' % =land %

1
k/
is a convenient positive number (Mazhar 1960).*

In what follows we shall take function ¢(t) to be defined in (A;, c©) and to be

as many times differentiable as we may require.

IxTRODUCTION

1.2. The first result on the second theorem of consistency was given by Hardy
and Riesz (1915) in the following form.

THEOREM A. If a series Zu, is summable (R, A, k), where A, = e#, then it is
also summable (R, yu, k) to the same sum.
Later on Hardy (1916) generalized this result by proving :

TurorEM B. If a series Za, is summable (B, A, «), 2 > 0 to the sum s and p
is a logarithmico-exponential function of A such that '

p=0(x%),

where A is some constant, then the series Xe, is summable (B, u, «) to the same
sum,

Subsequently a generalization of this result was made by Hirst (1932) who
replaced p by a more general function ¢{f). Analogous theorems for the case of
absolute summability have been given by Chandrasekharan (1942), Pati (1954) and
Guha (1956) in the case of integral order of summability, and by Guha (1956), and
Prasad and Pati (1957) in the case of non-integral order. The most general result
on the ‘second theorem of consistency’ for absolutely summable series, known so far

i the case of integral order of summability, is the following theorem of Guha
(1956).

Tarorem C. If ¢(f) is a positive and monotonic increasing function of ¢,
steadily tending to infinity as ¢ ~ oo, such that for positive integral £,

i (k)
t*%(‘f)(i) =0(1), as t — ¢0,

then any infinite series Za, which is summable | R, A, k| is also summable | R, ¢
(A), k.

The object, of this paper is to prove an analogous theorem for generalized abso-
lute summability which includes as a particular case the above Theorem C of Guha.

2.1. We establish the following theorem.

TaeorEM. If §(1) ts a positive and monotonic increasing function of ¢, steadily
tending to infinity as t — oo, such that for positive integral %,

X0
0

(@) By, )Y

* Very recently, a similar definition has also been given by Borwein.
1 By ‘ f(x) € B(h, k)’ we mean that f(z) is bounded in the interval (k, k).
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KU }" i
(ll) ;t¢/(t) e'B(A]. 3 m);
then any infinite series Za, which is summable |R, A, k|p, p > 1, is also summable

| R, $(0), k|-
2.2. The following lemmas will be required for the proof of the above theorem.

Lemma 1. (Hardy and Riesz 1915)
If p is a positive integer then
A1) = %(%)U; ).
LEMMa 2.
If » is a positive integer and mz£0, then the nth derivative of f () )™ is a sum
of constant multiples of a finite number of terms of the form

iy

()" I @)

where 1 < 7 < % and o’s are zeros or integers such that
H "
z o; = and Z o, = .
i=1 i=1

If m is a positive integer, then 1 <7 < Min. (m, n).
This is a particular case of a result, due to Faa di Bruno (de la Vallée Poussin

1923), on the successive derivative of a function of a function.

Lemma 3. (Guha 1956).
If
kg (k)
£'6(0)
eB(A{, ®©
50 (A1, o)
then
r g (r)
t t
Z(t)( )eB(/\l, o), forr=1,2,... k~—1.
3.1. Proof of the theorem.
Without any loss of generality we take ¢(A;) = A, = h.
Now we are given
x ko | P
=t 44,0 dt < oo
dt ¢ } ’
Al
and we have to show that
¥ AL )| ?
w'™t 4 qs(’\)(“)\ dw < o
R dw wt

1
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Now
d Ay (@) k -~ _
dIt ¢ll/\) = FH-_I (u’—gb(/\u))k 196(/\/1)0‘:1
SlAn) < w
k t
=—— | ($t)— b)) ‘plw)dd,(w).
k+1 . A
(¢() J N
Therefore, in other words, we have to establish that
A% ¢ ) ] t P
(3.1.1) J (~ —~7M (¢(t)— ()" p(w)dAyw) | dt < co.
A

Let us first consider the inner integral.

nt

I =J (S{’(f)'—s‘b(?t‘))k~]¢(1(')d.4,\('z(r)
A

1

__[a
- du
A

1

But

-1

|
[ J——

{pte{gt)

—¢(0))* " Ay aw) dw

Jﬁ () L0301 =t0)" (;l%)k’lAﬁ-l (1) die, by Lemma 1
- A () 10000900y} 42 ) a

('E‘Z;_' ;; () totmwm—sn =1 (=) 4 o

(-{1‘1); - 2) g - ) { [uk( (%)ZAEEZ")]
+[2k : ‘%Aiff)q.k(k—l)w’*‘?fg;ﬂ] }d/,,.

I+ 1, say

(_@k_l{(%)k (g0 — ) 7wt ‘%@L

Lot (ag)[(d%)“ I K
LA

s (e
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YA i1y, d Aw)
+ 'k J/\l (d_w) [(ﬁ(%)(g{)(t) d)(u ] d’l; —Zr du
(=1 A 1 ! d 4, (u)
i I_IE J\)‘1 (CE‘) [Sb(w)(d)(t)-—d) ]k dw  wt i 4
Therefore, for k > 1, we have
k-1 rd A ()
= oo 800
_lk—l ¢ dxk,l . p A}" y
o L (i) toers0—s0 }{k £ 2 Ed
(=1)* d\' , wh-1y 4, (w)
1 JA (2] tstns0—gen’ L2
-1 o1 M 4 \*-1 . . K
= J X (2) ™t gy~ *4 o

1
= Li+ L+ L+ Ly, say.
when k = 1, it is easily seen that I = L,+Ly+ Ls.

Now
t
(=" d A} (w)
L4_[k—2 Aﬁ’O(”q() ” du
1
ot
(=1 d 4, (w)
Tok=2 olt u')du' k.
—_— A]
where

a) k-1
(d_) [$(o) ()= (o))"}t -2 do

k-2 i
fdy , -
= Z Kjui (&_0) {¢(-u')(¢(l)—¢(u'))k '}, where K;'s are constants.

j=0

It is therefore sufficient to prove that

(3.1.2) J —L{Ll "t < o
3, (B
and

(3.1.3) J (¢¢(kp+l[L Pt <o, r=234.
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Proaf of (3.1.2)

J m‘%i,%-lmmdt
A

1

I T O NP e 1
- cf,\l (¢(t))kﬁ+j (‘?S(t)) (‘?S () t 3} 7— dt
_ " th(t)\'/’ P+ dA())P

= N (W) o J ¢ i

<X 00,

by hypothesis.

Proof of (3.1.3)
To prove (3.1.3) it is sufficient to show that

f: Aﬁ+1 " i!“](du {d’ $(w)) N

Api=v
l
f
i

¢ A,

Now
wi (Ziiw) {$(w)(p(t)~p(w))* 1}

= sum of constant multiples of the expressions of the type

) (G-7 k-1 0<j<k
wi{w) ) H{ (b)) "} 0<r<j

= sum of constant multiples of the expressions of the type
w (3} Bty —4(w)) " I {($O=$00)")", by Lemma 2,

where

R
i
=

1<s<r<k—-1,2a,~=sand 7
i=1 i

The above expression equals
1 $(w)

w7 ($(w) 7" $)(d(t)—d(w) ' (Blw)’
= (p(w)) T ($(t) ~$(w))* "' T*F(w), where F(w) eB.

it
—

[ N

B(w) Tt w

* Where ¢ denotes a constant, not necessarily the same at each occurrence.
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But
” ~t t » ! Id
t 15 g b1es) o, d Ay )

J A J (Sl (S0 = $fao)) T Flay | g A duwt i
2, () ) o

w”

AT , ‘ , . .
SO oen, [ G Byt L A"

<< (¢(”)1+kr (p(1) TR A di(bn" " dt

J Al A1 ‘

no . | ) ,

') [ P(w) ),‘wl! poper "1,\(“‘) i

= 0l P L A ‘ L

Ja (‘f’(t)\/zd A (?UqS'(u') RACOS e Tk Py dur di

4 1

_ {7 (g )”‘J, g d A"
R (mﬁ’(u-)/ | Fae) |7 Erira bir) du | e dt

' /1 L

T NP t k 'p
— ﬁs,“"\’, p-1 ST j f] ,4/\(31') L
R (.7"&7(;”)) | o) [P dwe ok die << 0.

Jy,

by hypothesis. The cases r = 0, k—1 and k, can be disposed of in a similar manner.
This completes the proof of the theorem.
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