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ABSTRACT

The stress distribution in a large plate having a non-lunar hole composed of two equal or
unequal ecircular arcs is studied in detail. Numerical values of the maximum stress are
obtained when the conditions at great distances from the hole follow one of three important.
fundamental stress patterns.

In a previous paper (Sekhri 1957), the author had taken up the problem of
stresses in an infinite plate having two complete circular holes which may be of un-
equal size. General formulae for the stress at any point were obtained and numerical
results were given for the case of ‘All-round Tension’. In the present note we take
up the case of an infinite plate having a single hole, formed by two intersecting
circular ares (which may be of unequal size). Three important fundamental stress
systems are taken for purposes of illustration. Numerical values of the stress at
the critical points of the hole are given.

Ling (1948) gave a complete solution of the problem when the plate has a hole
formed by two equal intersecting arcs. In the present case the stress function
emi)loyed by Ling has to be given a more generalized form. Moreover, the sym-
metry afforded by the equality of the two ares is no longer there and the vanishing
of stress components at all points of one of the arcs no longer automatically ensures
their vanishing at all points of the other.

For numerical evaluation of the infinite integrals involved, the * Ga.uss-Laguerre
formula with ten ordinates and corresponding weights has been employed.

I. Let the points of intersection of the two arcs be taken as (0, & a). This fixes
up arectangular cartesian reference frame. Now consider the bipolar transformation
T+jy = —a cot 1 j (£+j),
so that z=Jsinn, y=/J sinh £

where __a/J = cosh n—cos £.

The poles of the co-ordinates are located at (0, & a}. Any circular arc passing
through these points is given by % = a constant. In particular n =7 represents
that portion of the y-axis which lies between the poles, while n = 0 represents the
remaining portion of the same axis. The #-axis is given by ¢ = 0 and the point at
infinity is é = % = 0,
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The co-ordinate 5 is multi-valued but we restrict it to vary only between — 7 and
+m. The value of 7 is positive or negative according as the point lies to the right
or to the left of the y-axis, We also assume that the curvatures of the two arcs
are in opposite directions, so that we are not dealing with a ‘ lunar’ hole.

The two arcs composing the hole are then given by 5 = «, and 7 = —8, where

O0<a, <.

2. It may be assumed that the solution under identical conditions for a
complete plate has already been obtained and that the presence of the hole does not
alter the state of stress at infinity.

Let the stresses in the complete plate be given by a stresq function X, which is
evenin £ (If Xg is odd, the argument which follows has to be modified only slightly,
while if X, is neither even, nor odd, it may be broken up into two appropriate parts
and the solution then obtained by superposition).

We now superpose upon X, another stress function satisfying the following
conditions :

(i) The stresses at infinity arising from the additional stress function vanish
identically ; and (ii) the normal and tangential stresses at all points of
n =« and 7 = —pB, arising from the total stress function, vanish,
The condition (ii) above is not enough, in the ‘ unsymmetrical’ case that we
have taken up, to furnish the values of the parameters. This will therefore be later
on replaced by two conditions.

3. To obtain a possible form for the superimposed stress function, we observe
that the biharmonic equation

V.4X =0
becomes in the present bipolar system
0 04 o4 X
(a§4+235261}2+5;]; 3§2+2 )j-—O. .. .. (b

A solution of this equation which is even in £ is known to be

——f (n) cos nfEdn, .. .. .. R 4

where
F.(n) = a, cos n cosh ny-+b, sin % sinh ny+4-¢, cos n sinh nn4-d, sin n cosh ny,

where a,, b,, c,, d, are independent of n, but not of n.
Another well-known solution of (1) (representing a radial tension) is given by

cosh £—cos

cosh £4cos 7y’ @

T—f: K(cosh §—cosn) log

where K is a constant.

Any linear combination of X, and X, is a solution of (1) and so we may take X,
4+ Xz to be the superposed function, in which the parameters a,, b,, ¢,, d, and K are
to be determined so as to satisfy the conditions stipulated in Art. 2,
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The normal and tangential stresses arigsing from any stress function X are

given by
- 2 0 . 0 X
algg) = [(cosh £—cos 1) W‘Smh 3 EY; —sin 5 577+cosh f] 7 @
—_ 02 . 0 ) 0
”'(7777) = [(cosh E—cos 77)8?2 —sinh £ —a—g —sin 5 é:l+cos ’7] §, .. .. (B
and
- 92
m(f’rl) = —(cosh £—cos 1) @§ .. .. .. .. .o (8)

It is easy to see now that 57 = 0 at £ = n = 0 (that is, at infinity) in all cases,
while 1/,7; and €€ will vanish at infinity provided X+ X, =0, for § = = 0.
Thus the first of the conditions in Art. 2 is equivalent to

J“a,,dn=0. .. .. .. . (7

0

4. Now X,, X1, Xe and therefore also their sum X, may be looked upon as func-
tions of 5, in which the different coefficients are functions of £. Let us write

*—B
,

mMm=1=—

so that we have
M1 = }(«+B), when n = a,
and '
m = —}(a+B), when n = —8.
The functions X,, X1, X3, or any other functions that come under discussion
hereafter, may be broken up into two parts, one even in 7,, and the other odd.
Let us agree further that a superscript © placed over any function will mean
that part of the function which is even in 7;, while a superscript ! placed above it,

will mean that part of it which is odd in %,. Thus (%)O is that part of 57 which is
even in 7,, while (X,)! is that part of Xo which is odd in 7,.
Further let us agree that the symbol « placed as a subscript under any func-

o+8

tion will mean the value.of that funetion at n = «, that is, at n; = -5 -

Finally, a dash placed above a function will mean the derivative of that fune-
tion with respect to » (or, which is the same thing, with respect to »;).
The second of the conditions in Art. 3 will be satisfied, if the stresses arising from

the stress function
X =Xo+X1+ X2

satisfy the relations

()" = () = (En)y” = (En)” = 0.
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These lead to the following differential equations :

\ O
T D
1
%[%(ﬁ}a=q e
'(aa;_.az)(g)::o; o
and
(%_%)(;):=0. .. au

The equations (7) to (11) are sufficient for the determination of the parameters
@y, b,, ¢y, d, and K.

TI.LUSTRATION

5. Let the stresses in the unperforated plate consist of a tension 7 parallel to
the z-axis and a tension 7" parallel to the y-axis, so that we have

Xo= T .2+ T .a%).
The following three cases are of importance :

(i) If T = 7", we have the case of ‘ All-round Tension ’.
(ii) If 7" = 0 (but not 7'), we have the ‘ Longitudinal Tension’ case.
and (iii) If 7" = 0 (but not 7"), we have the ‘ Transverse Tension’ case.

Changing to the bipolar system which we have adopted, we get
2‘]3 = 3aT (cosh £ —cos n)+aT cosy
sin%y

—1 -7y
ta(? T)coshf—cosn'

The term } a7" (cosh £—cos 5) may be removed from the right-hand side of the
above equation without affecting the values of the stresses.
We may then write

)"—]0 = aT cos n—3a(T—1")
So that Xy/J is finite throughout the plate. )
6. Performing the operations indicated in (8) and (9), and adding and sub-
tracting the results, we get '

sin2y

cosh é—cos ' (12)

f n [(FO4+FV)) sinn £ dn
0

K sin 2a sinh 2¢
(cosh ¢ —cos «) (cosh é+cos a)2

sin « ginh (1 —cos « cosh §)
(cosh §=—cos )3

- —a(T=T) . e .. (13)
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and f n [(FO—F1')], sin nf dn
0

= the same expression as above with « replaced by 8. .. (14)

Now applying the inversion of Fourier’s sine transform to (13) and (14), we get
n [(FO+FV)]y

2K in 2 f * sinh 2¢ sin né d¢
w o o (cosh £—cos a)(cosh £4-cos a)2

sin o Jm (1 —cos « cosh £) sinh £ sin n¢ d§

—2a (T—=T") a ). (cosh £—cos )8 . .. o (1)
and
n [(FO—=F1 )]y
= the same as above with = replaced by 8. .. .. o (16)

7. Similarly integrating (10) and (11) with respect to &, performing the opera-
tions then indicated, and adding and subtracting, we get

f,*+(?’+f (RE+T1Y)(FO4F1'), cos nf dn
0

cosh £—cos o
cosh £+ cos a

2K cosZ o K sin2 2a o
cosh £+4cos o (cosh £—cos a)(cosh £+ cos a)2

3 sin%a cos a 2 sinfo
-1 L 1 —_ : 7
2T —1") [(cosh £—cos )2 (cosh £—cos oc)3] ’ e (17)

= (2K —aT') cos a4+ K cos o Jog

and
(= J’+f (n?4-1)(FO—F1) cos nfdn
0

= the same as above with « replaced by 8, where
C, " are constants of integration. .. .. .. (18)

The integrals on the left-hand sides of (17) and (18) will vanish as £ —» oo,
provided
C+0" = (2K —aT) cos a,
and

C=C" = (2K —aT) cos B.

Let these values be supposed assigned to (', ¢'. This only entails the removal

of a term (a7'—2K) cos n form :?; .
X

The new 5 now vanishes as £ - o,
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The condition (7) must now be replaced by
f a,dn =alT—-2K. .. .. .. .. (19)
[}
The application of the inversion of Fourier’s cosine transform to (17) and (18)
now yields

(n241)(FO4F1)q

_2K ” /10 cosh £—cos a
- ( cosh €4 cos «

) cos nedg

TJy

A Y
+— cos2a —
a cosh £ 4cos o

4K Jd' _cos nfdé
0

2K ., Jm cos nédé
—_ 8in%2u
m o (cosh £—cos a)(cosh £4-cos )2
a ® 3 cos « 2 sin2x
_Z T__ Y oin 2, —_— 08 7. . 2“
T (T'—17) sin® f” [(eosh E—cos a)2  (cosh £—cos 7.)3] cos ng dg (20)
and
(n241) (FO— Fl)o = the same as above with « replaced by 8. .. .o 2n

8. Hvaluating the right-hand sides of (15), (16), (20) and (21) with the help of
some famous integrals obtained by coutour integration, we get

n sinh nar [(FO4FV)]a = 4K [sin « sinh ’—’2-’-’ sinh n (g ——a)

-7 sinh no cos oc] Fan (T—T") [cos a sinh n{r—a)

—n sin o cosh n(m—a)]; . .. .. (22)
n sinh nn [(FO—F1)], = the same as above with o replaced by 8; .o (23)

- n(n2+1) sinh nw(FO+ Fljo

= 4K [7,,2 cosh na cos a—sinh %ﬂ sinh n (g —oc) CoS a

9

-n cosh %’«T sinh » (1—7 -oc) sin oc]

+-a(T=T")n(n2+1) sin « sinh n(r—a) ; (24
and

n(n2+4-1) sinh nw(F0— F1)y

= the same as above with « replaced by g. . .. (25)
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Oun solving the above four equations, we get

= 2K [2 sinh na sinh ng sinh n «+8
—n(sinh2ra sin 2B84sinh2nf sin 2x«)
—n2 (sinh 2nx sin2B+sinh 2xn8 sin?x)
+2n3 sin 2 sin B sin OTB]
+a(T—="T"n2 (n2+1) [sin2x (sinh 2n8—n sin 28)

+sin28 (sinh 2na—n sin 2a)]; .. .. .. Lo (26)
(sinh2no + B—n2sin2x+B) [(712+ 1)b,—2K loth 7};]

= 2K[(sinh 2na cos2B+sinh 2n8 cos?«—2 cosh na cosh nf sinh no+B)
+n(cosh2na sin 284 cosh2nf sin 2x—2 cos o cos B sin a+B)]
—a(T=T")(n2+1)[ coth nrr(sinh?n;q-wﬁ—n?sin?o:;ﬁ)
—2 cosh na cosh #8 sinh na+ B —n(cosh2na sin 2B+ cosh2uf sin 22)]:  (27)
n(n2+1)c,(sinh2na + B —nsin2a + B) = 2K[(sinh2na—sinh2nf)

+ $n(sinh 2na sin 28—sinh 278 sin 22) 4+ n2(cosh 2na sin?f— cosh 208 sin? x)]

—2a(T—T")n2(n2+1) (coshna sin2B—cosh2nB sin2a) ; .. .. (26)
and
(n2+1)d,(sinh2no+ B —n2sin2a+ B) = —2K[(sinh%na cos 28—sinh?8 cos 2x)
+ 3n(sinh 2ne sin 28—sinh 218 sin 22) —n2(sinZe—sin28)]
—a(T—T")(n2+41)[(sinh®no—sinh?nB) — in(sinh 2na sin 28—sinh 2x8 sin 2x)
+n2(sinZa—sin2g)] . . .. .. . o .o @0
The equation (19) now furnishes the value of K and we get
2K 7 *
— f Widn = T—(T-1T") Wodn ; .. .. (28)
@ 0 0
where
n(n2-+1)(sinh2na+ B—n2sin2x+B) W, = 2 sinh na sinh %8 sinh ne4f
—n(sinh2na sin 28-sinh2nf sin 20) —n2(sinh 2na« sin2p
+sinh 218 sin2x)4-2n3sin « sin Bsin a4-8; .. .. e (29
and ) '

W o(sinh2no+ B=—mn2sin2a+B) = n sin2x (sinh 2nB—n sin 28)

+n sin28 (sinh 2na—n sin 2a). . - . . v (30)
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Remembering that a term (a¢7'—2K) cos 7 is to be removed from §We see that

§ = 4Kf Wacos ng dn—2a(T—T") f W scos n€ dn, .. (31
0 0
where '

W a(sinh2na+ B —n2sin2x+B) = sinh %8 sinh nx+f cos 7 sinh nx—x

—mn(sinh nx sin B cos B+ sinh n a—n4sinh 28 sin « cos &= sinh ne—7
—sinh %8 sinh nx+8 sin n cosh na—n)
—n2(sinh na sin B sin B+ cosh noa—n+sinh 7 sin o sin «—» cosh nB+7

—sin B sin «+f sinh 7y cos —n)=+#3sin B sin x4+ cosh nn sin a—7y, .. (32)

and

W o(sinh2na 4B —n2sin2x 4 B) = cosh nf sinh na+B sin 5 sinh na—y
—n{sin 2 cosh 8 sin & —7 sinh nB+4n+sin B cosh na sin B4 sinh na—n
+n2sin B sin a4 8 cosh ny sin a—y. .. .. .. .. .. (33)

X
J’

plate may now be calculated. Of special interest naturally is the value of the stress

9. Having obtained the value of the stress components at any point of the

E{E at any point of the arc n = o, or of n = —8.
It is seen that al(€2)]s

2 2 \y
=(00Sh 5—005 (7.) [(—872—3§+1) j}a‘ .e .o ‘.. (34)
where

X = Ml}"'—xz —(aT —2K) cos n.

On performing the necessary calculations, we come to the result

a[(é—é)]a = 4 (cosh £—cos a) f W cos né dn, .. .. (35

where
W (sinh2n a+pB—n? sin? o+pB) = K[2 sin « sinh #8 sinh n o+ 8

—2n sin B sinh na sin a+ 8 +;2{|j sin & cosh na (sinh%a—sinh?nﬁ)]

—a(T=T")n [siﬁh n o+ B (n sin « sinh nf—cos a cosh nf)

—n sin 4B (n sin B sinh na—cos B cosh nx)). . .. .. (36)

By interchanging « and B in (35) and (36), we obtain the value of the stress ££
at any point of the arc n = —8.



.

STRESSES IN AN INFINITE PLATE WITH HOLES 77
NumEeRICAL RESuULTS

10, We take up the particular cases afforded by
x, B = 60°, 90°, 120°, 180°.

The integrals invalued in (28) are evaluated by ‘ Gauss-Laguerre’ quadrature
formula with ten ordinates. The abscissae and the corresponding weights are taken
from Salzer and Zucker (1949) as quoted by Kopal (1955).

a
K
(i) 7 =T =1 (All-round Tension)
(ii) T =1, 7" = 0 (Longitudinal Tension)
and (i) 7' =0, T" =1 (Transverse Tension)

The values of — furnished by (28) in the three cases

are given in the three following tables (after rounding up the results to three decimal
places).

TaBLE |

Values of I% in the case of ‘All-rownd T'ension’

; i | | ’
‘ \ f C80° 1 90° 1200 | 180°
oo . :

60° | 0836 1252 | 1409 | 1692

90° | 1-252 1999 2.533 2906

: I |
120° 1499 | 2533 | 3342 ‘ 3-601
R R e M
3601 | 3.994
|

180° | 1-692 2:906 |
| |

TaBLE 2

Values of & inthe ¢ Longitudinal Tension ® case
K

~. |
- 60° . 90° ¢ 120° 180°
) \ i ;

T
60° 1-281 2-104 ‘ 2-998 7-837

90° | 2104 | 3999 | 6557 | 11:987 |

120° 2.998 | 6557 | 13-679 | 34.586

|
i
|
180° 7-837 11-987 1 34-586 [+4)
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TasLe 3

. « . . .
Vulues of - it the cuse of ‘Prunsverse Pension’
K

i | | i

| \ﬁ 60° 90° 120~ 180°
74

[

60° T2577 3-0890 ;2997

120¢ 2-997 4-128 4-422 4-020

180° | 2158 | 3:836 ‘ 4020

|
!
f
\
90° | 3080 | 8996 | 4128 ‘ 3-836
1
i
|
T
i

11, The maximum stress obviously occurs on the periphery of the hole. The
positions of the points on the ares n = o, and n = —p are better specified by the
angle €, 6" shown in the figure below.

In the case of ‘All-round Tension’, the maximum stress ocours at 8 = 0, and at
9 = 0, that is, at ¢ =0, unless the hole is a lenticular one (having re-entrant
corners), in which case the maximum (infinity) occurs at the common points of the
two arcs. In practice, this ‘ infinite stress’ or ‘stress concentration’ may be avoided
by smoothing out the re-entrant corner. Re-entrant corners occur if a+8 > 180°.
_ The following table gives the maximum stress for 7 = 7" == 1. The entries
marked with an asterisk correspond to those where there are stress concentrations
at the re-entrant corners.
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TaBLE 4

Values of stress at 8 = 0, n = a @n the case of ‘All-round Tension’

B | | |
_ 60° | 90° 1 ou200 11800 |
T I | |
; ™ __,_-‘;,,*4.___,]_, —i -
60" 2490 | 1084 { 1-699 *
e | | ‘*
! i ]
90° 3204 | 2:001 | S *
A 1 i
1200 | 1-306 ‘f I I T B
\ ! |
! | | i |
{ 150” j * ]\ * J * ! *
| I |

12. In the case of ‘Longitudinal Tension’, the maximum stress occurs at
8 = 90°, if the arc is greater than a semi-circle; otherwise the stress is maximum
(infinity) at the common points of the two arcs.

The only cases of interest are therefore afforded by

o, B =60°, 90°,
The cases a = 8 = 60°, 90° have been dealt with by Ling, 1945,
The result for a = 60°, B = 90°, § = 90° is found to be
& = 2-452.
The same result holds for @ = 90°, 8 = 60°, § = 90°.
13. In the case of ‘Transverse Tension’ the maximum stress always occurs

at 0= 0, that i, at £ = 0.
The values of the maximum stress in this case are given in the following table :

TABLE 5

Values of maxémum stress in the case of * Transverse Tenston’

X 60° 90° 120° | 180°
a

60° 3470 3-U80 2-837 2-497

|

90° 3-860 3-000 2-693 2-185

120° 4-153 2-760 2-479 3-044

180° 0-548 1-344 1-205 1-000
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14. 1If « and B both tend to zero, we have the limiting case of two touching
circular holes. ) .
This will be discussed in the next paper.

ACKNOWLEDGEMENTS

The author’s thanks are due to the Commandant, College of Military Engineer-
ing, Kirkee, for facilities granted for the work ; to Dr. B. 8. Madhava Rao, of the
Institute of Armament Studies, as well as to Dr. V. R. Thiruvenkatachar, of the
Defence Science Laboratories, for their constant encouragerment.

REFERENCES

Kopal, Z. 1955. Numerical Analysis, Chapman and Hall.
Ling, C. B. (1948). .J. appl. Phys., 19, 475.
Sekhri, J. N. (19587). Proc. nat. Inst. Sci. I'ndia, A23, 246252,

CORRIGENDUM

The author had occasion to revise once more the numerical work in connection
with his earlier paper (Sekhri 1957), some slight inaccuracies were detected,
necessitating a minor revision of the stress tables given at the end of that paper.
The general formulae remain unchanged, as also the inferences that can be deduced
from these tables. '

The revised tables are as follows

TasLe 1

Values of & atm = &, & = 0, for T'= 1

i i

A\‘* 13 | 2 3 5 8
15 2:255 | 2154 2:044| 1-956 112
2 1950 | 2:158 | 2:250 | 2-299 | 2346
3 0-319 | 1401 2:080| 2564 | 2834

| 5 —4-817 | —1-586 | 0470 | 2:033 | 3-046
8 | —14-231 | —7-480 | —3-272 | —~0-184| 1.793
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Valuesof&atq:u,f:w,fofT:l

TasLe II

A Al 15 2 3 5 8
15 | 2888 | —1-318 | —4:565 | —6:942 | —8.147
2 7-616 2411 | - 1-371 | —4-136 | —5-642
3| 14-450 7207 2:155| —1-673 | — 3-847
5 | 25609 | 14-790| 7630 2:049 | —1-601
8 | 404029 | 24479 | 14-616| 7-272] 2018
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