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ABSTRACT
In this paper expressions have been obtained for the reactions on the boundaries of an elliptic
ring bounded by confocal ellipses and clamped along each boundary.
1. INTRODUCTION
Let the plate bounded by the confocal ellipses
yz xz ya
32 =1 22Z—A Bz
and be clamped along each boundary. A transverse force # is applied at an

arbitrary point (x4, ¥o) of the plate and W denotes the transverse displacement at
any point (z, y) of the plate. Using the transformation

z=xtiy = AL+
where { = &+in = pe'®,

_1’

the expression for the plane biharmonic funetion w may be written as

F .
w= 8’—]) { 12—40\910g|c COI_ (91+(/2+{/3+g/4)} .. . (l)
Where
g = 2/ 42) i (J +I" IOg P)+ E(Jlnp +K2”P An) Cos 27’)4)}
n=]
©

+ { (L0+M0 log p)+ z

n=1

(Lignp?+ Mo,p=2"} cos 2nd ‘% . e (20)

gs = (2x/A) {(J1+K1 log p}+ z (Sont1p®+ Kypyp1p~2") cos 2n:/>}

n=1

+z (Ly, P+ M, p~21) cos 2n+ 1), @)
=0

g3 = (—2y/4) {(jl_‘kl log p}+ z (jont1p™* —kony1p~2") cOS 2"‘#}

n=1

z e 1P m,  p=?=1) sin (2n+1)4, e (20
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. o0
W 4 -9 3
gq = (r2/A42) Z (ja, P2+ g, p=2") sin 2n¢} ‘
n=1

(lgap 2" +Mg,p~2") sin 2né, .. .. .. Lo(2d)
1

+

\s

"

and the unknown coefficients in g1, ¢z, 93, 94, can be evaluated (Singh 1960).

2. ExPrESSIONS FOR THE REACTIONS ON ANY CLOSED CURVE

If ¢ is any closed curve drawn in the interior of the plate and v is the normal
to the curve at any point P on it, the transverse force N ds and the couples G ds
and H ds (about axes directed along the tangent and the normal to the curve at P)
exerted across an element ds of the curve (at P) on the part of the plate inside ('
are given by (Love 1934)

N =N, cos 0+Ng sin 0 = —Da% V2w, .. .. (3a)
G = G4 cos? 04-Gy sin2 §—H, sin 26, .. .. .o (3h)
H = {(G1,—G.,) sin 20+ H, cos 26, .. .. .. (30)
where
d d
= DY g2 = —D2 o2
Ny= Dawa, N, Dawa, .. .. (4a)
02w 2w ; 02w 02w
! —_ e i ! — _— —_
(71 - D(axz +o ayz): (72 D (ay2+0 axz) s .. (4,))
2
Hy = —Hy = D(l—0) 2¥ (4¢)

oxdy
and 6 is the angle between » and the z-axis. _
Now let V(z, y) denote the function conjugate to the plane harmonic function

¥V 2w, so that
V2w4-iV = f(z), (z = x4-1y).

The resultant force N* perpendicular to the plate on the closed curve € is given by

N*=J Nds = —DJ aa—vvzwds
c c

av
= —DJ -a;dS' = —D[V]C’
[

or
N* =D f()]., .. .. .. .. (B

where [U]. denotes the change in the value of U by going once round C'
The resultant moment M, about x-axis of forces acting on the curve is given by

M, = f (yN +H cos —G sin 8) ds
C

= [ (yN+H; cos 6—Gysin 6)ds
Jc
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on using (36) and (3¢). Hence, using (4b), (4¢) and noting that

0 .
é;’ = CO8 05—?-/—8111 O‘a—l',

we have

f (H; cos 8—0y sin 6) ds
c

02w 02w J%w\ |
= DJ-C {(I_O)E'ta—y Ccos 0+(a‘yz+05{ﬁ> sin 0} dS

=D fc {(sin 0) v 2w+ (1—o) % (gi:) } ds

=P f (sin 0) v *w ds+D(1—o) [%]
¢ Tl

= Df (sin 0) V2w ds,
¢

since [31:] = 0, w and its derivatives being single valued in the region of the plate.
¢

Again
0 ov
y_ T2 = — hild
yN = =Dy viw = —Dy 5
§o oy
- —D{gg(Vy)—V—a;}

d oy .
= — 7Y _ 2 '
M, = Df(: {83 (Vy)— ¥ 5, — sin V) w} ds

0
= —D [fc {Es (Vy)} ds+fC (Vdy— v 2w dx)]

= -—D{[Vy]c+RJ-cf(z) dz} .. .. .. . (6)

where R(U) denotes ‘ the real part of U,
Proceeding exactly as above, it is easily seen that if I{U) denotes ‘ the imaginary
part of U, then

M,=D f[xV]c_If f(z)dz}. W
¢
From (6) and (7) we have

M +iM, =D{i[zV]c—-f f) dz}
C

=D {[zf(z)]c— fcf(z) dz} L. .. .. (8

since V2w is single valued.
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3. REeacTions oN THE BouNbaries oF THE Crameep Errreric Rine

Tt is seen from (5) and (8) that, in the series for w given by (1) and (2e¢-2d),
only the terms containing 72 log p will contribute to the resultant force and only
the terms containing « log p, ¥ log p will contribute to the moment.

Thus, to find the reaction N* on the inner boundary, we can assume
‘szﬁ) qa7log e
and obtain

F KO{ G a') }
2 = — Y — —_—

F K, {d }
~ 8D 22Tz #los Oy

We can therefore write

_ F Ko{ 9 9 }
and obtain
K,
N* — — o (
N¥ = —D[V]c = 4A2F .. .. e 9

To find the resultant moment, we can put

w= —32iD{2K1 log p+24 a Ty log f’}
and therefore
Vi = — swij) {% aa—xlog p+%1 %logp}
=-§%R{%j C-H 1 4 log.l}
Hence we may take
fo) = — g ot & o
and get from (8)
Mtint, = —oFEip,
Therefore
M, = —~(k/44)F  and My=%F. .. o (10)

The reactions on the outer boundary can now be easily obtained from statical
considerations.
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