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ABSTRACT

It is shown that the theory of boundary perturbation can be successfully used to investigate
the quantum mechanical behaviour of the bounded isotropic harmonic oscillator and the bounded
hydrogen atom for large values of the boundary parameter. Analytical expressions have been
obtained to represent the energy levels to the second order of approximation. The first order
results are identical with those derived by Dingle (1953) and by Hull and Julius (1956) from
different considerations.

INTRODUCTION

The quantum-mechanical behaviour of elementary systems such as the har-
monic oscillator, the hydrogen atom, the rigid rotator, etc., is usually investigated on
the assumption that the wave function vanishes at infinity. The results thus
obtained are of practical utility in those physical situations where the interparticle
distances are large in comparison with certain characteristic lengths (the classical
amplitude in the case of the oscillator, the Bohr radius in the case of H-atom, etc.).
When this is not the case, as, for example, in gases under very high pressures, the
concept of a bounded or ‘ caged ’ system is useful (Michels, de Boer and Bijl 1937).
The wave function of the system is now made to vanish on the surface of a finite
region of space by postulating the existence of an infinitely high and steep potential
wall there. The exact calculation of the energy levels, matrix elements, etc., with
the new boundary condition becomes a very difficult problem and attempts have
been made (Sommerfeld and Welker 1938 ; de Groot and ten Seldam 1946, 1952 ;
Auluck and Kothari 1945 ; Baijal and Singh 1955) to evaluate these properties in
two particular cases of great physical interest, viz. (i) when the dimensions of the
cage are very large in comparison with a certain characteristic length of the system,
and (ii) when they are small in comparison with the characteristic length.

An account of the various methods for solving the Schrodinger equatiofi under
the restricted boundary conditions has been given by Dingle (1953), with special
reference to the Coulomb potential. For systems of large extent the theory of
boundary perturbation can be used to determine the energy levels but this method
has been ruled out by Dingle on the ground that the theory involves derivatives of
‘true * wave functions which cannot be well approximated by the derivatives of the
unperturbed wave functions (cage of infinite extent). We show in this paper that
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the above-mentioned difficulty can be overcome if one first eliminates the deriva-
tives of the true wave functions with the help of certain recursion formulae and then
carries out a systematic approximation in terms of the unperturbed wave functions.
The bounded linear harmonic oscillator has been treated by this method in an
earlier paper (Singh 1959). In the following sections we discuss the isotropic
oscillator enclosed in a spherical cage, and the hydrogen atom in a spherical cage,
according to the theory of boundary perturbation. The results are, as is of course
to be expected, in complete agreement with those obtained from various other
methods of approach.

SECTION I
IsotroPic HARMONIC (OSCILLATOR

For a particle of mass m, in & central force field of potential »(r), the equation
for the radial part, R, of the wave function is

14 dR\  2m | h2
202 L ey — =
r2dr (T (lr)+ 2 (E o) 2mr2l(l+l)) B=0 .. LY
1=0,1,2....
If we put R = U, the equation satisfied by U is
2t 2m | k2
et (E—’i'(?‘)— ml(l+l)) U=0 @

The isotropic harmonic oscillator is characterized by the potential
v(r) = }or? = Imw?r?, .. . . . (3)

where w = («|m)? is the classical angular frequency of the oscillator.
Substituting for »(r) in (2}, and introducing the dimensionless variable

p = (muw/k)r e e e @
gives the equation
e )
where
A = 2(E[hw). .. .. . .. {6)
A further transformation
x=p2 .. .. .. . o (7
yields _
4‘”%"'2%"' ()—z-—-—(%tﬂ)U=O. .. . .. (8).
The solation of this equation is
141

U=e "2 2P, .. .. . .o (9)
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where F satisfies the confluent hypergeometric equation

z%lg+(c—z)fg+nﬁ' =0, .. .. .. (10)
with
”e (L:l _ lil)
T\ 4 2 (11)
c=1+4+3,

A solution of equation (10), analytic near the origin, is given by the series (Morse
and Feshbach 1953) :
n nr=1) ,_
F n[clx = 1— +§'—C(—C+l) ey

The series converges in the range —® < z < o0 and its asymptotic form for
r—> 40018

(12)

I'(¢)
F(—n|clz)— T
( nlc'x) 2> +® I'(—n)
If the wave function R is to vanish at » = o0, U(z) - 0 as « — o0. This is possible
provided = is a positive integer in which case F(—n|c|xz) reduces to a polynomial.
Hence for an ‘unbounded’ oscillator

e L. .. .. (13)

=A11 l_“; g.¢=01.2. ..
and the eigen-values of A are
, A =4q+21+43. .. .. .. .. (14)
The energy levels of the unbounded isotropic oscillator are accordingly given by
E = (29414 30w, .. . . .. (15)
1=0,12...
gq=0,12...

For the bounded oscillator we assume that the potential rises suddenly to infinity at
the surface r = ro. The wave function now must vanish at r = 4. In terms of the
variable

Ux) =0for x =z, .. . .. .. (16)
where .
-TO=P02=("%U)7'02. e .. .o ‘e (17)
The permissible values of n, for a given I, are now determined by the equation
, F(—n|c|xzo) = 0. .. . .. .. (18)
The positive roots of this equation in the ascending order of magnitude, for fixed
values of I and z,, will be denoted by n, ¢g=0,1,2.... The eigen-values of A
in this case are .
A= 4n,+21+3. e .. .. (19)

A typical value of A for the unbounded oscillator will be denoted by A, ;, and for the
bounded oscillator by An,;. Indeed
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Ang,1=>Ag,1 88 Zg—> O.

For large values of the boundary parameter

mw 2
To = % To%,

the difference (Aug,1—Aq, 1) can be determined by the theory of boundary perturbation

(Morse and Feshbach 1953). The function U for the unbounded oscillator corres-

ponding to the eigen-value A, ; will be denoted by U, ; while the function U for the

hounded oscillator corresponding to the eigen-value M., ; will be denoted by U, ;.
From equation (5) satisfied by U, ; and U,, ;, we easily get

" fdU,,
U, (Po) ( dp L l) Py

Po ’
Uq, zU”q’ ldP

0

dU,
’ 4:2%/2 Uq’ l(ﬁo) (%) Ty
- 2o

X

0
J Uq, 1 U”q, H dx
]

(/\nq, I~ /\q, 1)

The hypergeometric function F(—n |c|2) satisfies the recurrence relations

zF'(—niciz) = (x—c+ 1)F(—nc|z)+(c—1)F(—n—1c—1]x), .. (21)
F’(—n[c|m)=-—§F(-—n+l!c+l}x). L2
From (9) and (21) we get
(‘&U) =“—‘—l'xo%e"o’%nq—lic—lléo),

and substitution in (20) yields
—4(l+§)zo P 0 F(—g| el @o) F(—ng—1{c—1 a)

A= (Aug =Xy )) = e
f 2 e F(—q|c|a)F(—ng|c]|x) da
0

(23)

A first approximation to AX for z, > 1 is now obtained by replacing », by ¢ and
taking the upper limit of the integral in the denominator as co. Thus

~4(l+3)e oxg THR(—glclug) F(—g—1]c—1la)

AN a! (24)
f e "R (—~g|c) ) dx
0
The polynomial F(—gq]c]z) may be written in powers of (1/z) as follows :
- (=) (=], _ getg—1 q(q—l) (c+g—1)(c+g—2) * ]
glelz) = (cq=T)1 1 e + 1

(25)
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Also we have the relations

1
—glel2) #'_5_:6_)](22]4{‘1(.7:), e (26)
i Q,— T a a — [F(n+a’+l)]3
© 2 1

where L’s are the Laguerre polynomials. Making use of (25), (26) and (27) in (24)
we finally obtain '
4/1; 2q+l+§e‘xo

A D

+0ze Y], .. .. .. (29)

and therefore, from (6),
D 20+ -7,

e+ hn ']
This result is the same as that given by Hull and Julius (1956).
It should be noted that recurrence formula (21), and not (22), must be used to
remove the derivative UW [@o) in (20). The explanation of this is that, for xy> 1,
F(—ng~1|c—1]x) =2 F(—g—1]jc—1|x,) but this is not true for the function
F(—ng+1lc+112). '
Reverting to equation (23) we notice that in order to get a better approximation
for A A, we should evaluate F(—n,—1|c—1]z,) more accurately. To this end we put

F(—n,—1lc—1l2) = F(—g—1]c—1]z). f(x), .. .. (81

(30)

where f(x) — 1 for all = as xq — 0.
Substituting (31) in the differential equation satisfied by F(—n,—1|c—11x), we get

rF'(—ag—1lic—1)x»
'rf”+[?;fv(_(_qil]lc‘il‘lz‘;f)+(c—1-w)]f’+(nq—q)f=0- . (32)

For z, large (n,—¢) is small and therefore, to obtain a first approximation for f, we
neglect the last term in (32). The equation can then be integrated to yield

,  A(xg)e®
=2 P )
where

A(xg) = zo*~le %o f (2} F(—q—1]|c—1]|p).
From (31) and the recurrence formula (22) it is easily shown that

vy — @+ DF(—qlclxo)
@) = o =g ”c_‘{lz)ﬂwo),

so.that

g+1

A(xg) = oF lzc"l" “of(@o) F(—qlc|xg)F(—q—1]c—1]xg). .. (34)
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Writing 4(xo) in powers of (1/xo) and F%(—g—1|c—1|x) in powers of (1/x) we get

F0) = —(q+ DargBr+ee=sof(zy [ ‘2‘1“) @aEDP iy )]

X

o 2 1)
s [1+ e I

with p = (c+g9—1).
Integrating (35) and imposing the condition f(xy) = 1 for 2y = oo we get
Ve 1 g+l g+ D(p+gto)

flrg) =1 o, g2

29+c+2

Lo

+o(xe™®) .. .. (36)

so long as < <1l

Substitution for F(—g—1{c—1lz,) in (23) gives

—4(+Hr e~ % F(—gle|xg)F(~q—1lc—1]|zo)

f ° wttte = F2(—glc|x) dx

8}

AN =

x [1_ g+1 (Q+1)(9:p+c)+o(xo—3)] (87)
Zo e
for the lowest level I = 0, ¢ = 0, we get
2x0}(2z9—1)e~* 1 2
(A Ago = ~"(—‘))~_—° (1-— - ——2+o(x0‘3)) .. .. .. (38)
0 Xy Tg
f e~*xt dx ’
{)
SECTION 11
Tar BouxpeEp HYDROGEN AToM
For the hydrogen atom, the potential »(r) is
o(r) = —ze?|r,
50 that equation (2) becomes in this case
d*u  2m ze? A2
Putting \
2mE ag® 1
T oE T T
and
:1:—..-12—, > .. . .. .. (40)
%
where
L4 nz
o= |
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we get

dx2 AZ x x2

fﬂ+(_l+3_f“+”)u=o .. ..o@

A further transformation
p = 2x/A .. .. - .. (42)
yields

dap? 47

U ( 1 A i+
4y p?

)U=Q (43

The solation of this equation, analytic near the origin, is

U= "M Fie1-2]2042lp), .. .. .. (49

where ¥ is again the confluent hypergeometric function defined by (12).
By an argument similar to that used in the case of the oscillator we find that
if R vanishes at r = o0,

A=A, =Il+1+k k=012 .. .. .. (45)
The energy levels of the unbounded hydrogen atom are accordingly given by
hzz 1
E"‘Zﬁ?ﬁ? (46)
For the bounded hydrogen atom we require that
R=0 for r=rg
ie.
U=0 for z=gy="0 R 7L, o
L)
The eigen-values of ) in this case are, therefore, given by
F4+1—-212142|py) =0, .. .. .. (48)
where
Po = 2(130//\. .. . .. .. (49)

For a given I and z, the successive eigen-values in the ascending order will be
denoted by Ay, ;, £ =0,1,2....
Evidently

’\"k,l”*’\kvl as rg—> 00 .

For a given ! the wave function U corresponding to the kth energy level
(k=0,1,2....) will be denoted by U,, ; for the bounded atom and by U,
for the unbounded atom (zq— o). For large value of 2, we can again get the
difference (A,,,;—Ax,;) by the theory of boundary perturbation. From equation (41)
we now obtain

(AU, 1
= Utz (g2~ ) 70

1 1
(e ) =
met TR J"Uk,lUnk,ldz
0
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Making use of recurrence formula (21) we find

v ' e
( nw) 2+, An;ﬂ(”o) F(z_ vt 20411 2“0) . (Bl
Lo

] f
d.[ /\”kv Ji /\nk,[ /\n, i

s0 that

Ang, 1 Ak,

. . (_1_+_L
( 1 1‘)_ 2241, e A/u) (zuo)‘“

(z+1 A i) 2042 zx"l) F (z-—ank,,gzl+1;;”°l)
7,

‘Vt
B . (B2)

B b K
Uk, lUnk, ;dx
0

A first approximation is now obtained by replacing A, ; by As ; and taking the
upper limit of the integral in the denominator as oo ; thus
2::0
280 2241) TR (2|5
A Ak Ak,

(z+1 A ,j2z+2]2x°) (l—,\kllzl+1|”°)

X % (53)
f Uk, ,dr
0
where
AA = Ank, l_/\k, il
Writing F’s in powers of (A ) and making use of (28)
k, 1/
we get
A P ?/\k le 1+ ) 54
Po™), .. o
A T T (4o 54
2x0
where pg, stands for
M, 1
If we write _
. 2x 2x
F (l—)«,,k 112041 ) =F (l—-)\ky;jzl+l]——~) J(e), .. (55)
’ Ank, 1 Ax g
a calculation similar to that made in the previous section gives, for large w,,
Ap, 1 —1 Ar i —1)(2A 2141
fag = 1= Q=D MDA AR L ppmn) )

Po P02
Substituting (55) in (62) we have now to a better approximation

AN = —2214 1)\ 1 PoBH+1epo F(I+1—As ;] 214-2]P0)



94 X. X. SINGH: ENERGY LEVELS BY THE METHOD OF BOUNDARY PERTURBATION

Ae =) (A =022, 1+ 2141)
PO P02

F(l—:\k’l]2l+1]P0) [1—— ( +o(p0‘3)]

X

Po
f pE+Ze ~PFI41 =My [ 2042 p) dp
0

For the lowest level, [ = 0, k = 0, we get

Dpa2e” Po 2 ¢
(BN = L (1= 2 — = to(p™ >) ]
J Po  Po s (57)
p2e~Fdp
0

which is essentially the result given by Dingle (1953).
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