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ABSTRACT

The summability of sequences of 0’s and 1's is an important question since the set of all
sequences of 0’s and 1's is fundamental in the Banach space (m) consisting of all bounded
sequences. It has been recognized (e.g. see Hill 1945) that the extensiveness of the set of
sequences of 0’s and 1’s summable by a given method 4 gives also an indication of the exten-
siveness of the set of bounded sequences summable by A. Section 2 of this note deals with the
so-called ‘ Borel property’, while Section 3 shows that the previous remark cannot be carried
too far, because there exist conservative methods which sum no divergent sequence of 0’s and
1's and which have, however, the property that they sum some bounded divergent sequences.
The existence of such summability methods does not seem to have been noted before.

1. INTRODUCTION

Let (m) denote the set of all bounded sequences (of real or complex
numbers) and let X denote the set of all sequences a = {ay, af, 5,...,...}
such that each «, is either 0 or 1 and with «, = 1 for infinitely many n. It is
well known that (m) is a Banach space under the norm

llz|l = sup|z,|, = {z,} e(m)

and that the set X is fundamental in (m)—that is, the set of all finite linear
combinations of elements of X is dense in (m), in the metric of (m). Now, a
matrix 4 = (a,) is called conservative if y = Aze(c) for every ze(c) where (c)
denotes the space of convergent sequences and y = {y,} is given by

Vo= 2 amar m=0,1,2...,...).
k=0
We define 4-lim z = lim y,. The matrix 4 is said to be multiplicative p if
> 0

A-lim 2 = p lim x, for all a¢(c).

1t is well known that a conservative method A defines a linear continuous
transformation over the Banach space (m). Since X is fundamental in (m), it
is therefore particularly significant to investigate the subset X; of X such that
Axe(c) for all zeX,. A result which follows at once from the above remarks
is the
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THEOREM A. The conservative method A sums every sequence of 0’s and
Us if and only if A sums every bounded sequence.

For any given method 4, the extensiveness of the subset X, of X (defined
as above) may be measured by associating with X, an index as follows: With
each o = |a,} «X associate the non-terminating dyadic fraction 0. ayx,a, . . .
The correspondence is (1, 1) and defines a biuniform map of X onto the
interval [ = (0 <% < 1). For the sake of convenience we shall use the same
symbol « for the sequence {«,} as well as the number 0. xjea,.... The
(1, 1)-correspondence enables us to use, with the meaning defined in an
obvious manner, the phrases ‘a subset S of X with measure A (0 <A< 1)’,
‘subset of 1st (2nd) category ’, etc. In particular, we say that 4 sums almost
all sequences of 0’s and 1’s if the image of X, has Lebesgue measure 1 under
the above mapping.- A set of ‘almost no’ sequences of ¢’s and 1’s is defined
in a similar manner. :

2. Trr BoreL ProPERTY

A result due to Borel (1909) states that
almost all sequences of 0’s and 1’s are A-summable to 1, (1)

if A4 is the Cesaro method (C, 1). The property (1) is possessed by many other
(but not by all) methods 4 also, and is called the Borel property. Summability
of sequences of 0’s and 1’s has been investigated generally with reference
to the Borel property, and that too largely for regular methods. For earlier
work on the topic (for conservative as well as non-conservative methods 4) see
Hill (1945, 1951, 1954), Lorentz (1955), Agnew (1946), Ramanujan (1957),
Parameswaran (1959, 1959b) as also Cooke (1950) and Zeller (1958).

The Borel property (1) can be broken into :
(1.1) A sums almost all sequences of 0’s and 1’s ;

1. A sums almost all of them to the same limit 1 ;

(L.3) =1

Before proceeding further we note first that the condition (1.1) does not
imply (1.2). This is shown by the following example :

ExamrrLE 1. Let

e

0 0
00
0 0

c <o <

0
0
0

_
Then 4 sums all sequences of 0’s and 1's. We have m(S,) = m(S,) = 3},
where §,, S, are subsets of X and whose elements are A-summable to 0, 1

respectively.
Hill (1951) proved the followmg result :
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THEOREM 1. - If the method A has the Borel property (1), then

(2.1) p, = Z' G, exists and further lim p, =1,
=0 n—> o0
(2.2) 4, = % %, < o for each n ;
E=0
(2.3) lim @u. = 0 for each k;
#—> 00
(2.4) lim 4, =0.
n—> 0

Writing the conditions (2.1) and (2.3) as the pairs given by

(2.1.1) P, = Z.' @y, exe8ts and further lim p, = P exists ;
=0 n— o0
(2.1.2) p=1
and
(2.3.1) lim @u = ay exists for each k.
7% —» 0
(2.3.2) ay = 0 for each k,

we can relax the hypothesis of Borel property in Theorem 1 as follows:

THEEOREM 2. If the matrix A has the property (1.1), i.e. if A sums almost
all sequences of 0’s and 1’s then the conditions (2.1.1), (2.2) and (2.3.1) are
necessarily satigfied.

If further A has the property (1.2), then the conditions (2.3. 2 and (2.4) are
also necessary. We have then also : | = p/2.

The proof of Theorem 2 is contained in the proof of Theorem 1 given by
Hill (1951). Note that a matrix may sum even all sequences of 0’s and I’s
(but summing almost none of them to the same limit) without satisfying
either (2.3.2) or (2.4); this is seen from Example 1 given above. It may also
be recalled that a matrix which is not conservative may yet sum almost all
sequences of 0’s and 1’s to the same limit. - This is shown by an example due
to Agnew (1948).

TerorEM 3. If a matriz A sums all. null sequences and also almost all
sequences of 0’s and 1’s, then it sums almost all sequences of 0’s and 1’s to the same
limit 1 if and only if it satisfies the condition (2.3.2), i.e. if and only if A is
multiplicative ; we have then

l=14% lim 5w

n—>o0 k=0

Proof. The necessity part follows at once from Theorem 2. To see the
truth of the sufficiency part, we use an argument which is essentially due
to Hill (1945). Let R,(y), 0 <y <1, denote the Rademacher functions
defined in (0, 1). These functions are connected with aeX by the formula

R(@) = 20,~1.
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(For farther properties of Rademacher functions, see Kaczmarz and Steinhaus

1951.)
For any aeX we have then

(3.1)

Now, if 4 sums almost all «eX then
(@) = :‘f‘ aniBr(a) tends to a limit () } N 62

as n— 0, for almost all xeX.

Since
«)| < M (M independent of n, «),

we have
u U
j m(y)dy = lim | =,(y)dy
7?—> 00 0

0
12

2 ankily)iy

= lim
vk=0

#—> 00

lim 2 am f By(y)dy

>0 k=0 0

(3.3)

the inversion of the order of operations being justified by the absolute

convergence of the integrals, But it is a well-known property of the

Rademacher functions that

lim | Riy)dy =0 (34)
k>0 d g

Now, since 4 is multiplicative, it follows from (3.3) and (3.4) that

f r(y)dy = lim ki'?oa,.kf Bu(y)dy =0
"> = 0

O<u<Ll).

and hence ‘
(y) =0 p.p.in (0, 1).

It follows from (3.1) and (3.2) that
lim ¥ Aty = lim % 23' a,.k—P/2
n>w k=0 #—> 00

for almost all xeX. This proves the theorem
COROLLARY. If a regular method sums almost all sequences of 0’s and 1’s,

then it has the © Borel property’, i.e. it sums almost all of them to }
REMARKS: (1) The conservative, non-multiplicative method 4 given in

Example 1 sums all sequences of 0’s and 1’s, but sums none of them to p/2 = 3
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(2) There exist regular methods 4 which sum no xeX to the limit { and
yet sum some divergent (amounting necessarily to almost no) sequences of 0’s
and 1’s. For example, let 4 = (a,:) be defined by

Goon=1ayu=0(kz*2n)forn=0,1,2,...,....

Then 4 sums to [ all sequences {x,} for which lim z,, = [; the set of such
#n—> O

zeX has measure 0 and obviously ! 3 } for such sequences .

§3
Summability of divergent sequences of 0’s and 1’s and summability of
bounded divergent sequences in general.
Let A be a conservative matrix. Then 4 may satisfy one or more of the
following logically possible conditions :

A sums all sequences of 0’s and 1’s 3
A sums almost all sequences of 0’s and 1’s (3
A sums almost no sequences of 0’s and 1’s .. e . (3.
A sums no divergent sequence of 0’s and 1’s (3
A sums no bounded divergent sequences (
A sums all bounded sequences (

For every conservative method 4, it is known that

either (3.2) or (3.3) holds (but not both) ; and
(3.1) and (3.6) are equivalent.

Tt is obvious that (3.5) implies (3.4) and that (3.4) implies (3.3). 1 have
proved in an earlier paper (Parameswaran 1959) that conservative Hausdorff
and quasi-Hausdorff methods exhibit an extreme attitude, in that for every
such method either (3.2) or (3.4) is always true. In general, summability
methods do not have this property; it is easy to construct examples of
methods A4 for which '

neither (3.2) nor (3.4) holds.
For example, take

L3000
03 400

Then A sums a divergent sequence of 0’s and 1’s if and only if its terms are
alternately 0’s and 1’s after a certain stage. Such sequences form a non-null
set which is enurherable and therefore of ‘measure zero’ (under the usual
mapping ; see Section 1 above).

3
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However, it does not seem to have been known that there are methods A

for which (3.3) implies (3.4) ; i.e.

etther (3.2) or (3.4) always holds.
As remarked earlier, Hausdorff and quasi-Hausdorff conservative methods
have this property.

The examples given by Cooke (1950) of methods which have the property
(3.4) are not quite satisfactory, since each of them possesses the much stronger
property (3.5). The question arises whether in fact (3.4) implies (3.5) for
conservative or regular methods. It would therefore seem worth while to
record the negative answer :

THEOREM 4. There exist conservative {(even regular) methods A such that A
has the property (3.4) but not the property (3.5); i.e. the method 4 sums some
bounded divergent sequences but not any divergent sequences of 0’s and 1’s.

The above statement is proved by the following examples :

ExamprLE 2. Let (H, p,) be any Hausdorff matrix which is multiplicative
zero with lim p, 0. (In particular (H, x,) may be of the form 7 — B where
I is the identity matrix and B is any regular Hausdorff matrix (H, v,) with
lim v, 7 1, like the Holder or Cesaro or Euler methods.)

Then the method (#, r,) has the property (3.4) but not (3.5).

Proof. The method (H, p,) is multiplicative zero, and by a result due to
Agnew (1945), there are then bounded divergent sequences summable by it.
On the other hand, by another result (Parameswaran 19595; Theorem 10),
(H, p,) sums no divergent sequence of 0’s and 1’s, since lim p, % 0.

The next example is more elementary and can be verified by simple
direct calculation.

ExampLE 3. Let A be the regular matrix defined by

aun=a'mn+1=a'u;n+2=% (’n;é6p,1)=0,1,2,,)
a6p76p=1 (p=0,1,2,...,...)
agp, k=0 (k£6p;p=0,1,2,...,...).

Then A has the property (3.4) but not the property (3.5).
Proof. If A sums a sequence {z,} of 0’s and 1’s, then

2’ anizr =0 or1l fora.lln>n°
k=0 .

and this requires that
zp=0o0r 1l forall k£ >k,

so that {z,} must be convergent. On the other hand, 4 sums the sequence
y=1(0,1,—-1,0,1, —1,0,...,...) to 0, since

2’ auyy = 0 for all n.

k=0

3B
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Finally, in Example 4, we have a conservative Hausdorff method of the
type considered which is however not multiplicative (cf. Example 2).

ExamprLE 4. Let (H, p,) be any regular Hausdorff method, with lim
u, = 0 and let X(f) be the associated function of bounded variation in (0, 1)
generating the moment constants p1,. Define the function x*() by the relations
X'(1) = x(0),
X =x(t) (0O<t<l),
X0) = a # x(0)

where a 7 X(0) may be any arbitrary number.

Then the conservative Hausdorff method 4 = (H, v ), where {v,} is the
moment sequence generated by the function X'(¢), has the property (3.4), but
not the property (3.5).

Proof. ¥or the method 4 = (H, v,) we have, using the well-known general
properties of Hausdorff methods,

im appn=0 (k>0);

lim @, = hm AT = X (+0)—X"(0) = X(+0)—a £ 0; .. (3.7
2 aup=vy= f ax*(t) = x"(1)—x*(0) = x(0)—a £ 0; .. (3.8)
= 0

lim v, = X"(1)—X(1—0) = X(0)~X(1—0)

=X(0)—x(1) (since lim g, =0) = —15£0; .. .. (3.9)
so that

P(4) = lim 2 Byl — 2 Iim a,;

n—ow k=0 k=0n—w
=vy— lim A"
f—> 0
= X"(1)=X"(0)—[x"(+0)—x"(0)]
= x(0)—x(+0)
= 0, since (H, u,) is regular. . . .. (3.10)

We see from (3.7) that A is not multiplicative ; 4 is ‘ co-null’ by (3.10) and
it is well known that every co-null matrix sums some bounded divergent
sequences (e.g. see Parameswaran (1958), Theorem 3). On the other hand,
since lim v, £ 0 by (3.9), it follows from a result proved by me elsewhere
(Parameswaran 19595, Theorem 10) that A sums no divergent sequences of
0’s and I's. Thus the method 4 has the property (3.4) but not the property
(3.5).
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