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ABSTRACT

Somo results on congruences involving nilpotent matrices (for definitions see Introduction)
have been established by Ansari and Shah (1952) and regarding involutory and idempotent
matrices by Khan, (1956, 1957, 1958). The object of this note is to prove certain generalizations
of some theorems of Khan. Soms of the gensralized results are, however, weak in the sense that
the converses do not hold without additional restrictions.

INTRODUCTION

We reproduce, for convenience, some of the definitions for which reference
can be made to Khan (1956, 1957, 1958) and Erdos (1949). '

A square matrix 4 is said to be idempotent if A2 = 4; nilpotent of index
rif A* = 0 for « > r and involutory if 42 = /, the unit matrix, If X and ¥
are two matrices of the same order and if all elements of the matrix X—Y
are integral multiples of p where p is any integer greater than 1, then we say
that X = Y (mod p). An integer p is said to be a pseudoprime if 2= 2
(mod p) and an absolute pseudoprime if a?=a (mod p) for ‘every’ integer a
prime to p, when p is not a prime. The definitions of pseudoprimes and
absolute pseudoprimes are due to Lehmer and reference can be made to Erdos
{1949) for results on these.

THEOREMS

We now prove the following two theorems on the general theory of con-
gruences :

TuEOREM 1: Let 2 be of the form 22", where n is a non-negative integer.
Then
2¥-1 £ —1 (mod k)
for any integral value & > 1.
REMARK: The result due to Xhan (1956, Theorem 1) is a special case
of the above when n = 0.

Proor: The proof is held in two stages:
Case (i). Let k be an even integer. Suppose the congruence were true,
then there exists a y such that ‘
zh-141 = yk.
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Since x = 22" is an even integer, the left side of the above is always odd while
the right side is even since k is even. Hence the supposition is wrong and

k=1 £ —1 (mod k)
when k& is even.
Case (ii). Tet k be an odd integer greater than 1. Suppose

oy Og oy

k=p'p,°...0,
where the p’s are all distinct odd primes.
Hence

p—1=2", i=1,2,...,r .. .. .. I
and each #; is odd. )
Let us assume that m; is the minimum of all m,. Since

p’.sl(mod2'”"),i=l,2,‘..,r

we have
p, =1 (mod 27»]-) ;
hence
p?"' =1 (mod 2mf)
and

k=1=2%.u
where u is some integer. Let, if possible, the congruence

2¥"1 = «—1 (mod k)

hold. Then
22"+ = —1 (mod p,).
Raising both sides to the odd power #;, we have

227t = (mod pj)
or

1P = (mod 2,) .. .. o (2)
by virtue of (1).
Sinee « is of the form 22", we have from (2)

2(pj'1)'"‘2"§f1(modpj). R ¢

Since p; is a prime, we have by Fermat’s theorem
pi-1
277 =1 (mod ?;)
and hence

(2#i~1y*- % = 1 (mod p;)
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which is a contradiction to (2'). Hence our assumption that the congruence
2*'= —1 (mod k) holds is wrong for odd k also. This proves the theorem.

TaeorEM 2: Let x be any positive even integer. Let K be the set con-
taining all positive even integers and those of the odd positive integers that
are prime to z. Then

1% —1 (mod k)
for any ke K.

REMARK: When x = 2 in the above, K becomes the set of all positive
integers and then we have the theorem of Khan (1956, Theorem 1).

Proor: We shall briefly indicate the proof which runs on the lines of the
previous theorem :

Case (i). When k is even, the proof is the same as in the previous
theorem, since x is even and the argument holds.

Case (ii). When k is odd, the proof is the same as in the previous
theorem word by word, until the expression (2) is obtained; i.e.

2B = —1 (mod ?) - .. .. 3
under the assumption that
2" 1= —1(mod k) for odd k ¢ K.
But since p, is a prime, we have by Fermat’s theorem
‘ 2% =1 (mod pj) ifp, 4 = .. .. o @)
Hence :
2% =1 (mod p,) if p, -F =
(as is the case since k ¢ K and p; is a prime factor of k) which is a contradiction
of (3). Hence the theorem.

Note: For (4) to be true, it is essential that p; 4 =, for j =1, 2,..., r.
So ‘we have to impose the restriction that (k, ) = 1 for odd ¥ when defining
the set K.

We make use of Theorem 1 together with Khan (1956, Theorem 1) to
prove the following generalization of Khan (1958, Theorems 2 and 3).

TaeoreEM 3: Let A be an idempotent matrix whoseé elements are integers
(positive, negative or zero) and I, the unit matrix of the same order as A.
Let p be a prime or a pseudoprime. Then the congruence

{29(I—4)}?42°4 = 2°I (mod p)
holds for any «.
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ProOF: When 4 is the unit or the zero matrix, the proof is obvious.
When A £ I or O, since the elements of 4 are all integers,

{2s(I—A4)}P 4224 —21
= 22p(] ~ Ay 4-27(4 —1)

= 2% {1_ (};)A +(§)A2— . }+2‘(A -1

= 2*7(] — A)—27(I— A) since A is idempotent ;
= (2:7—2%)(I — A).
But since p is a prime or a pseudoprime, we have
2?7 = 2 (mod p)
and so
27% = 9% (mod p).
Hence the congruence of the theorem holds.

RemMarK: The converse of the above theorem does not hold unless we
impose suitable restrictions on the nature of x and p. We have

TuroreEM 3': Let A and I be the matrices defined in Theorem 3. Let
x = 2" for a suitable positive integer m and let p be a positive integer not of
the form 2’ for any integer y. If the congruence

{2°(I—A4)}? 424 = 2°] (mod p)
holds, then p is a prime or a pseudoprime.
To prove the theorem we require the following lemma :

LemmA 1: Let 4 and 7 be the matrices defined in the theorem. Then
I—-A % 0 (mod p) for any p, if 4 %1 or O.

Proo¥: Let, if possible, the congruence
I~ 4 = 0(mod p)

hold; i.e. each element of the matrix 7 —~ 4 is a multiple of p; i.e. I —4 = pB,
where B is a suitable square matrix of the same order as 4. Since 4 is
idempotent, I — A4 is also idempotent and so for any positive integer n, we
have

(I—AY'=I—A4=p"B"

This implies that each element of I — 4 is divisible by »" whatever » be. This
is not possible unless 7 — 4 is null. Hence the lemma.
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Proor oF THE THEOREM: When A =1 or O, the theorem is trivial.
When 4 7= I or O, we have

{25(I—A)}P 4924 —22]

= 2°P(] — A)—~2%(I— A) as in the previons case ;
= (207 —2%) (] — A).
Since the congruence

{25(I—4)}74274 = 2+T (mod p)
holds, we have
(2#r=22)(I—~A) = 0 (mod p).

Hence by virtue of the Lemma 1 we have
22927 = () (mod p).
Sinece x is of the form 2" for a snitable m, we have from the above
(22" —22") = ¢ (mod p).
Factorizing the left side we have

(2r-2"" 22" ) (202" Py 02" F) (20 42)(2P=2) = 0 (mod p);
ie,

m=1 m-1 r
22 11 (271 £1)(2p~2) = 0 (mod p).
r=20

r=20

m-1 -
Since p % 2¢ for any integer y, II 22"is not a multiple of p. From Theorem
r=0

1 it follows that none of the factors (22")?"'41 is a multiple of p. Hence
2P—2 = 0 (mod p) so that p is either a prime or a pseudoprime.

Using the notion of absolute pseudoprime given at the beginning, it is
possible to arrive at yet another generalization of the theorems of Khan.

THEOREM 4: Let A and I be the matrices defined in Theorem 3 and let
A#1orO. Letp be a prime or an absolute pseudoprime. Then for any
positive integer = such that (x, p) = 1, the congruence

{a(I—A)}?4 24 = 2 I (mod p)

holds. -Conversely, if the congruence holds for ‘every’ z, (x, p) = 1, then »
is a prime or an absolute pseudoprime.

Note: The case A = I or O is again trivial and is therefore excluded.

Proor: The expression {x(I—A)}’+xA—xI as before reduces to
(x?~z)(I—A) and since p is a prime or an absolute pseudoprime

(2 —x) = 0 (mod p) for all z, (z, p) = 1.
Hence the congruence holds under the hypotheses of the theorem.
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Conversely, if the Acongruence holds, it is implied that

(=) (I—A4) = 0 (mod p)
and by Lemma 1 we have

2P~z = 0 (mod p) when (z, p) = 1.

Hence p is an absolute pseudoprime or a prime,
Similar generalizations of Khan (1957, Theorems 1 and 2) are given in:

TarOREM 5: Let 4 be an idempotent matrix of order greater than one
with its elements a,; belonging to the field of real numbers, a,; being of the
form P/z° where P a.nd @ are integers (positive, negative or zero) such that
P =0 (mod k) and @ < k where k is an integer greater than one, x being of
the form 2*.  If k is a prime or a pseudoprime, then .

{2(I £ 4)}* =21 (mod k)
hold.

Remark: The proof of this is quite simple and can be easily deduced on
the lines of Theorem 1 of Khan (1957). However, the converse statements are
not true since that would mean that ‘z* —x = 0 (mod k) implies that z is a
prime or a pseudoprime’, which is not necessarily true.

If the matrix 4 is involutory instead of being idempotent then, too, we
have similar generalizations of some theorems of Khan (1956, Theorems 8, 9
and 10). The proofs are not given as they can be easily obtained. The
generalized statements are :

TaEorEM 6: Let 4 be an involutory matrix with integral elements. Let
p be a prime or a pseudoprime. Then the congruences

2¢(I 4 A)? F 22 4 = 2z I (mod p)
hold for any positive integer x and the converses are true whenever x is not
a multiple of p.

ReMaRK: To prove the sufficiency of the condition we make use of the
following lemma analogous to Lemma 1:

Lrvma 2: If 4 is an involutory matrix, then
I;I;A # 0 (mod p) for any p > 1.

Proor: If I + 4 = 0 (mod p), then
I + 4 = p. B for a suitable square matrix B. Hence

I+4)=p B

which is the same as
I+ A)=9 .8
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for any r, however large it be. This is impossible when p > 1.
THEOREM 7: If in Theorem 6, p is always odd, then
oI+ A F2. 4 =2.1 (mod p)

hold for any x and the converses hold whenever z is not a multiple of p.
Tt has been found possible to create examples to illustrate the various
theorems but they are not given here.

ACKNOWLEDGEMENTS

In conclusion, the author wishes to express his grateful thanks to
Professors C. T. Rajagopal and V. Ganapathi Iyer for their helpful guidance
and critical study of the note.

REFERENCES

Ansari, A, R,, and Shah, S. M. (1952). Math. Stud., 20, 113-114,
Erdos, P. (1949). Amer. math. Mon., 56, 623-624.

Khan, N. A, (1956). Ibid., 63, 704-709.

(1957). Publ. math., Debrecen, 5, 54-59.

———(1958). Proc. nat. Inst. Sci. India, A 24, 1-3.




