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ABSTRACT

Rhoades (1959) raised the question whether there exists a regular Hausdorff matrix which
sums essentially one arbitrary, preassigned divergent (unbounded) sequence {x»}. I show in
the present note that there exists unbounded sequences {z»} for which there exists no conserva-
tive Hausdorff matrix even with the required property, so that Rhoades’ question is answered
in the negative by such sequences.

1

We follow the definitions and notations as used in standard works like
Hardy (1949), Cooke (1950) or Zeller (1958). We denote by ¢ the space of
convergent sequences and, for any given sequence x = {x,}, we denote by
¢ @ « the linear space spanned by ¢ and x:

cDr={y|y =outpr; uec; o, Bed} v
where y = {y,}, » = {u,}, * = {x,} are sequences and «, 8 run through all
complex numbers. Further, for every given matrix 4, we denote by (4)
the set of all A-summable sequences: ze(A4) if and only if Azec. The
matrix 4 = (a,;) is said to be normal if a,, = 0(k > n) and a,, 7% 0; it is
said to be regular if lim z, = ! implies that A-lim z = 1.

The following fundamental result on the structure of the summability
field of a normal regular matrix is due to Zeller (1953). '

TuroreM Z. Let z be any given unbounded sequence and A any given
number. Then there exists a normal, regular matriz A such that

(i) () =chz

and ‘

(ii) A-lim z = A
Zeller (1953) gives an actual construction for the matrixv4. Now the
question arises whether the theorem is true even for classes of matrix
methods smaller than the class of all normal (conservative or regular) methods.
In a recent publication, Rhoades (1959) discusses whether, in particular,
the matrix A of Theorem Z above can be chosen to be a Hausdorff matrix.
(For definition and properties of Hausdorff matrices, see Hausdorff (1921,

VOL. 27, A, No. 3.



176 M. R. PARAMESWARAN: REMARK ON THE STRUCTURE OF-

1923) or Hardy (1949) or Parameswaran (1959) which- are also referred to later
in this note). Rhoades (loc. cit.) has shown that it is not possible to use
‘Zeller’s technique’ to specialize the matrix 4 to be a Hausdorff matrix;
this, of course, does not settle the question and Rhoades has stated that it
seems to be an open question whether there exists even a conservative (i.e.
not necessarily regular) Hausdorff matrix H for which (H) = ¢ @ « for some
unbounded x = {x,}. This question is_really about the existence of some
pair [H, x] such that '

(1) H is a Hausdorff matrix,

(ii) « is'an unbounded sequence,
and

(iit) (H) =c @ 2;
it is considerably more difficult to decide than to prove that Theorem Z above
fails to hold if the matrix A is required to be a regular or even conservative
Hausdorff matrix. Tt is shown below that the qualifying phrase ‘using
Zeller’s technique’ can be omitted from the statement of Rhoades’ result. -
More precisely, I prove: :

TuEOREM. There exists an unbounded sequence x such that no Hausdorff
matrix satisfies the condition (H) = ¢ @ =x.

Proor. Let x = {«,} be any unbounded sequence which is such that
the sequence {a,} = {#,—x,_;} (where x_; = 0) is bounded, divergent
and summable by Borel’s method. For example, {a,} may be taken to be
any Borel-summable divergent sequence of 0’s and 1’s. Then the sequence x
satisfies the conditions of the theorem.

For, if H = (H, p,) is a conservative Hausdorff matrix with lim p, == 0,

then it is well known that (H) # ¢ @ «, for example, the sequence {a,} will
be summable by H, but {a,} ¢ ¢ @ z, since {z,} is unbounded while {a,} is
bounded and divergent.
' On the other hand, if H = (H, p,) is a conservative Hausdorff matrix
with lim p, 5 0, and if it sums the sequence x = {z,} defined above, then it
follows from a result proved by me elsewhere (Parameswaran 1959) that the
sequence {a,} = {x,—z,_;} must be convergent, which is contrary to our
assumption that {a,} diverges. This shows that if lim p, 5 0, then z ¢ (H).
We have already seen (in the previous paragraph) that

c®zP (H)iflim u, =0.

'Thus, whatever be the value of lim p,, we have the inequality (H) 3 ¢ @ z.
This proves the theorem.

Remarks. (1) It is, of course, well known that (4) £ ¢ @ u for any pair
[A, u] where A is a matrix and » is a bounded divergent sequence; for,
u € (4) implies that v ¢ (4) for some unbounded v = {v,} (Zeller 1951).
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(2) The problem whether (H) =c @ x for some Hausdorff matrix H
and some unbounded sequence x still remains open.
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