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ABSTRACT

In this paper the propagation of small disturbances produced by giving a circular disc
22492 = a2, z = 0, a slow angular motion, which can be represented for time ¢>> 0 by w(f) =
wed(t) or weei?t in an infinite mass of viscous liquid bounded by the cylinders 22+ y2 = b2 and
22432 = a2, have been studied. It has been assumed that forces of the form X(r) are also acting
on the liquid. In particular, solutions have been obtained when the forces are due to the liquid
being self-gravitating or else are of the form (c/r). The sums of three useful and interesting infi-
nite series have also been found out as corollaries to the main result. Throughout the paper, use
of Hankel and Laplace transforms has been freely made. :

- 1. The results on the propagation of disturbances in a liquid infinitely
extending in all directions, produced by the uniform motion of zy-plane parallel
to itself or by uniform rotation of this plane about the z-axis, are well known
(Dryden et al. 1956). Recently, Bhatnagar and myself (1960) have studied the
propagation of small disturbance produced by giving a circular disc a slow
angular motion about its axis in a viscous liquid, having infinite extension in
the direction of the axis of the disc and either extending to infinity in other
directions or limited by a cylinder of which the disc forms a section.

In this paper, I have studied the propagation of small disturbance produced
by giving a circular disc 22 +y2 = a2, z = 0, a slow angular motion, which can
be represented for time ¢ > 0 by w(f) = wyd(f) or wye'?® in an infinite mass of
viscous liquid bounded by the cylinders 22+ 42 = b2 and 22+ y% = a2 It has
been assumed that forces of the form X(r) are also acting on the liquid. In
particular, solutions have been obtained when the forces are due to the liquid
being self-gravitating or else are of the form (c/r).

It may be mentioned that use of the Hankel and Laplace transforms has
been freely made in the paper.

2. Suppose that viscous homogeneous incompressible liquid is contained
between two infinite co-axial cylinders of radii @ and b (2 > b) bounded by the
disc 2%+ y2 = a?, z = 0, and that X’(r) is the external force per unit mass acting
on the liquid. The liquid is set in motion by the outer cylinder (r = a) start-
ing to rotate with constant angular velocity £, the inner cylinder being kept
at rest. The equation of motion is

ov 9% 10v v
="l Trar T 2
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and this is to be solved for v under the boundary conditions :

V=aQwhenr=a .. e . (2
= (0 when r = b. .. .. .. .. (3
It can be easily seen that, when the motion becomes steady,
—b2) b
a((r2 ) {a.Q X@)}+ Erz b2; X0)+X(), .. o4
where
111
X() =g [; J- r2X'(r) dr—r J- X'(r) dr] . N ()

We assume that now (f = 0), the disturbance, is initiated by giving the
circular plate, z = 0, r < a, a slow angular motion about z-axis which at a
later time ¢ is defined by w(f). Using cylindrical polar co-ordinates (r, 6, z) and
assuming

9
q,.=q,—0anda—é—-0

(due to symmetry about z-axis), we have the following equation to deter-
mine g, :

9q, 0%, 10g, 9% -
at"’[ﬁr?"";é?_*""a%]""x(r) o O
where the quantities of the order g, have been neglected. Equation 2 (6) is
to be solved under the following boundary conditions :

gg=roi), b<r<a,2=0,t>0; .. .. . (M
99 =0, r=5, z2>0,120; .. .. .. (8
qo——-a.!?, r=aq, z2>0t>=0; .. .. )}
gy = v (defined by 4) when z— 00, £ >0; .. .. (1m
gy = v at a distance r when 2% 0,1 =0. .. .. (11)

We shall consider the following two cases :

3. Case (i). Let w(t) = wyd(t), .. .. .. .. .. )
‘where 8(¢) is the Dirac Delta function.

On taking the Laplace transform of 2 (6)-2 (10), we have

,319%0_ 13 90_,_3”90} ~

e tier at oz P
_ a(rt=82) b(ri—a?) ,
~ ra®—b%) {aQ—X(a)} - Hat=t%) X(b)—X(r)— —X ", .. @
gg = reyg, b<rga, 2=0, .. .. R E)

gg=0, r=b», 23>0, .. .. .. (4
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gg =afdfp, r=a, z2>0,
qo = v/p when 2z~ o0,
where §y is the Laplace transform of ¢4 defined by
o0
dg =f ¢ Plgg di.
0

On taking the finite Hankel transform of (2) and (6), we have

o) _ (§’+f?) @) = ‘—’;3 - @)= )

dz2 vp v
f) 1
(gp) = Eg {bﬂZ?; -—a% when z = 0,

(@p) = (v)/p when z —» 0, .
where (gp) is the finite Hankel transform of g, defined by

(o) =f rl(r, a, &)qg dr,
b

I(r, a, &) = J1(r€;) Y 1(a§y) —J1(a&i) Y (r€),

.11

(12)

J(z) and ¥ ;(z) are Bessel's functions of the first and second kind respectively

and ¢; is a positive root of the transcendental equation
(b)) Y1(ab) =T 1(a) Y1(66) = 0.
On solving (8), we have
(@) = A exp {J(p+v&2)2/V/v} + Bexp{ —J(p+vE2)z/\/ v}

1 w2 a2 1, _,
~ D [T“L@"ﬁ‘x )= (X)—Xa )§2+§2J1(b§.)

But, with the help of 2 (5) and the result (Sneddon 1951, p. 90)

Jarg’?_z_(__'_} @._g%l(r, a, §");17'
b

dr2 "r dr 12

it can easily be shown that

1 1 Jya) o Lo
g2 X0+ g5 7wy SO = &)

—(X)—

Therefore
1

(qa) = A exp {J(P“i"‘fez)z/\/;} +Bexp { ~(p+ vf'.z‘)z/»\/;}.._ %4_;2‘_2

1 J;(aé; )X(b)] ..

&)
P

(13)

(14)

(15)

(16)

)

(17)
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whence on evaluating the constants with the help of the boundary conditions
(9) and (10), we have

@)= 51075 ~of o (=gl V)

{(5;2) _t;_gz *1 _Z}Jexp[__(p.'_vf'})z/\/;]} ce L (18)

P
On changing the order of integration, a process easily justifiable, and then
taking the inverse Laplace transform, we have

— %o J (a&;) il — vigs2
Wﬁ“ﬂ?%ﬁﬁw&>‘“}yc; P

+2v1—§—.-5 {(X)—vaf} gz—esz Erfo (% . +\/E§.-) — o i Ffo (l - —\/Ffa) ,

Vi Ve

-+

(19)
where Erfc (X) is the complementary error function.,
Hence, now on taking the inverse finite Hankel transform, we have

wgz e P 5 J12(b€;) {b J1(ag)

= — e — viki3
= Vor B T i 2ag)—J20E) | T (bE)) a} 1(r, a, &)e

a®(r?—b2) J12(b€)) .
= O gy~ ey 0

{ezg,- Frfo ( sz.'_ \/;Zg,.) 4o~ Brfe (% \/Z,,_t — \/v_tfi)}

plp S8 e

Vi J12(a§i) —J12(b€))

{2—ezf‘Erfc (é .\/i;t+\/ﬁg,.)—e—z€-' Erfo (%szf— \/v?.f,.)}, . (20)

where the summations extend over all the positive roots of 3 (13).

We now easily verify that (20) satisfies all the initial and boundary
conditions,

When the forces are due to the liquid being self-gravitating

X' (r) = —2M(r2—b)frb2,.. .. .. .. (21)

so that (X')= 2M(a2—b®)/ab2€2 .. ... .. (22)
When the forces are of the form c/r,

X' (r) =c¢/r, .. .. .. .. (23)

80 that (X) = g% { - £+é§:g§3} N 23]
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The value of g, in these two cases can now be obtained by substituting in
(20) the values of (X') as given by (22) and (24).

Using the results 5 (1) and 5 (2), we find that, in these two cases, for small
values of ¢, in which we are mainly interested,

290 J {2a2b2 (a=+b2)r=} =P ga(ripe)
v 92@i—t%) §t T iHaE—1%)
a2(r2—b?) b2(r2 —a2)

at(rz—p2) b2(r2—al) r® }
H(=2log ) — 5 s ar—0% T 3r2ar—pe) T 252 (26)
and .
~ 20 A/ 2a2b2—-(a2+b2)72} —22/4th_ a2(r2—be)
4vi 2r2(a24-02) t " r2(a2—b2)
L 0!2(72 —b?) ( a?)
4. (Case (ii). Let w(f) = w, cos st. .. .. .. .. o (D)
The boundary condition 2 (7) gives
_ P .
qa=mrwowhenz=0 . . .. (2)

and

=\ J1(ag;)
(%) = g2 {” 7109

Now, proceeding as in case (i), we obtain

~-—a}pzﬁs2 when z = (. .. (3)

o= N VI S Y Tae) o) e 8
f ;cos s(t—u)u~32e=s2 gl gy, +—2((—’2—'—'%’:—;9
4425 - (a?;.(-b.fr‘l)z(bf' r, a £ { i Brfo (—7—_—+\/vtf)
e~ Erfo (57: Vit 4 2 e 1, 80X
{2-—ezf'Erfc (~T+th§‘)—e 2 Brfe ('—\/_ii‘ th.-)}. @

The inverse Laplace transform of

{p/B*+59} exp { = (p+vEN/V/3}
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has been obtained by applying convolution theorem to functions
(2/p+5%) and exp {—y/(p+vé2)e[+/5} .

We can easily verify that (4) satisfies all the initial and boundary conditions.

The cases analogous to the two partioular cases discussed in § 3 can now
be obtained by substituting in (4) the value of (X’) as given by 3 (22) and
3 (24).

But it can be easily shown that

t
I= ,\/Zf eu(is—vfiz)e-(22/4vu)u-3/2du,
. .
4t @ (15— 2y
= J M G P (e, ). .. (5)
22 0 7!
Therefore, when 22/41t is large,
I~ (1+§’_¢) ﬂe-Z’/Me-Wfi" (cos st ¢ sin st) .. .. (6)
22 )] 22 .
and hence
~ 2(00 4_11! E"t —22/4'l.
w——-m(l-l-zz)Jzze

J12(bés) Ia(a) .
i J12(agy) —J 12(b€)) {le (b&) a} I(r, a, &)e

a%2—p2) 2 J2(b¢)
m@—58) 2+ L Ty =7 fuEy

I(T, a, Ei)(X’)) .. i .. (7)

where the summations extend over all the positive roots of 3(13) and the
values of (X') are given by 3(22) and 3(24), according as the forces are due to
the liquid being self-gravitating or else are of the form (¢/r). In these
particular cases, the second series in (7) can be summed up with the help of
5(1) and 5(2). o

5. We shall now obtain the sum of three series with the help of the
results obtained in § 3 and § 4.

From 3(20) and 3(22) by virtue of the boundary conditions 2(10) or the
initial condition 2(11), we obtain

J18(b¢) 1 )

VI 2ag) =T 308, ER T, e &)

1 a8(r2—b2)

- Er(a*-—b’)’

1 abd(r2—q8
{26212 log a)+at} +-¢ 7(;(;——b§73— (3—4 log )

1 oar

E(ﬁ_—bﬁ{2b’(l—-2logr)+r2}. T ¢ §'

+
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Similarly, from 3(20) and 3(24), we obtain
> J12(b€;) 1 { 1. 1Jy(a€)

i le(ago‘)—‘le(bf‘) ? - ;+I;J1(b§ )} I('r: a, gl)
1 a2(r2 —p2
= "gg(gz—_b—z)“)(l )+_ ((2 (1 2logb)+8r(1—-2logr) .o (2

From (2) by virtue of (1), we have

J1(af )Jl(bf.)
2, T aE) —T 28D & 5107, 0, 8)

1 a*b(r2—b2) 1 a2b3(r2 —a?)
T8 rar—pe (L T2l 0l g T gy (12 log b)
1 a%r 1 ath(r2—b%) 1 b5(r2—q?) 1 b3
e, —_ ry — — — —
teaop T2 le N - T Y eree—me T Ei—0g O

All these three series are to be summed up over the pesitive roots of the
transcendental equation (13). These results can be verified easily.
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