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ABSTRACT

The present treatment of motion of a spinning shell is an extension of the work of Fowler
et al. (1920) to the case when the motion of the shell takes place in a complete aerodynamic
field of force introduced by Nielsen and Synge (1946). We have introduced corrections wherever
possible—due to the additional forces to the various formulae of Fowler et al. (1920). It is
proved that the coefficients of the extra forces remain small and do not exceed 0-01 numerically
so long as the yaw does not exceed 0-1 radian. It is observed that within the limits of approxi-
mation used by Fowler et al. it will not be permissible to neglect completely the ‘Magnus ’ force
due to cross-spin. It is due to this fact that Fowler et al. have got the apparently contradictory
reault that the coefficients of the swerving couple is negative, and not due to inadequate experi-
ments as suggested by the authors. The damping of the initial oscillation of the shell has been
numerically calculated having made allowance for the extra forces in the damping formula; and
it is found that the initial vibrations of the shell damp out more quickly than what has been
found by Fowler et al. This is more in conformity with actual observation. The stability con-
dition, given by Nielsen and Synge in the absence of Cross-magnum effects is generalized. The
new criterion involves the cross-force due to cross-spin.

1. INTRODUCTION

In this paper we have discussed the angular motion of a spinning shell
under the complete aerodynamic force system. The yaw of the projectile is
supposed to remain small throughout the motion. This assumption is very
nearly true for only the early parts of all trajectories, and for the whole of a
trajectory whoss initial elevation is less than 45°—when of course the muzzle
velooity is fairly large.

Our present work may be looked upon as an extension of the work of
Fowler, Gallop, Lock and Richmond (1920) to the case where the motion takes
place under a complete aerodynamic system of forces. A complete aero-
dynamic force system, as has been ‘pointed out by Nielsen and Synge (1946),
includes a ‘couple’ and a pair of forces more than what has been used by
Fowler et al. One does not know whether these additional forces, which have
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been ignored by Fowler ef al. and introduced by Nielsen and Synge (1946) for
completeness, aro large enough to affect the motion of the projectile to any ap-
preciable extent. Nielsen and Synge themselves made no attempt to answer
this question. Although this project has been taken up subsequently by Kelley
and McShane (1944) and McShane, Kelley and Reno (1953), the question still
remained far from being answered.:

On our part we have made no departure from the dynamical equations of
Fowler et al. (1920) (as has been done by Kelley and McShane (1944)) ‘except-
ing adding wherever necessary thé contributions due to the extra foreces. = To
introduce the new forces due to Nielsen and Synge into Fowler’s dynamical
equations it has been found necessary to give at any time the vector repre-
sentation of the complete force system in terms of two unit vectors } and %, one
along the axis of the shell and another along the direction of motion of the
centre of the mass of the projectile. It is shown (section 3) that the aerodynamic
forces and couples at the centre of mass of the projectile may be resolved into
five wrenches. Fowler’s dynamical equations (in vector form) for a spinning
shell are written down (section 5) and the contributions due to the extra forces
are clearly indicated. These additional terms'arising out of the new forces have
been suitably approximated and added to the approximated equations of
motion of Fowler et al. These have been done in section 7 of the paper.
In the following sections these equations have been integrated with the assump-
tion that the spin of the shell is large. The solutions now differ from those of
Fowler et al. in so far as they contain certain terms involving the extra forces.
The results of these solutions are then applied to the yaw card experiments
conducted by Fowler et al. In sections 10 and 11 we have used the data
provided by Fowler ef al. and shown that the coefficients of the two additional
forces do not exceed 0-01 numerically. Thése coefficients have no dimensions
but they are not strictly the same as has been used by Nielsen and Synge. It
has been observed (section 11) that within the limits of approximation used by
Fowler et al. it will not be permissible to neglect completely the ‘Magnus’
force due to cross-spin. It is due to this fact that Fowler et al. have got the
apparently contradictory result that the coefficient of the swerving couple is
negative, and not due to inadequate experiments as suggested by these authors.

The formulae giving the stability factor, the damping factors and the
effect of the initial angular vibration of the shell on the head resistance are
revised in the light of the new forces. According to our formula we have re-
calculated the damping of the initial oscillations of the shell (section 12) and have
found it to be more rapid than what has been found by Fowler et al. The
stability conditions given by Kent and McShane (1944) and implicit in the
work of Fowler et al. haye been modified. The approximation method of Fowler
et al. ig applied to the Nielsen and Synge Stability Condition (Nielsen and Synge
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1946, p. 217) and thereby a criterion more general than the usual one—in the
absence of Cross-magnus effects—is obtained. The new criterion involves the
cross-force due to cross-spin.

2. THE COMPLETE AERODYNAMIC FORCE SYSTEM

‘When the shell has a common axis of dynamic and aerodynamic symmetry
it has been proved by Nielsen and Synge (1946) that the complete aerodynamic
foroe system, characterized by the vectors ¥ and G referred to at point O’ of this
axis and relative to the shell, is given by ’

F = P{+@Qn, Fa%

2.1
6 =PErQ, 6, &

with

P =P +iP;, Q = @ +iQy(i = v/ —1) s (22)

where Fj, F and (3, G are the axial and cross-components of Fand @, £ and 7
are the cross-velocity and cross-spin components of the shell. These are further
given by

[é]=1glsin @ k), |n}=]0lsin @, k) .. .. .. (23

where g is the velocity vector of ‘ O’, W, the total angular velocity vector of the

shell and % is a unit vector along the axis of the shell through ‘O .
The ten real aerodynamic functions contained in the set

P,Q, P Q Fy, Gy .. .. .. .. (24)

are functions of w, wg, p and ¢, i.e. the axial velocity and spin components, the
air density and the local velocity of sound, respectively. According to aero-
dynamic theory of shell motion these are conveniently expressed in terms of
positive dimensionless aerodynamic coefficients as under

Pl == —pﬂ%fl PZ = Pasu)sfz
@1 = patug, Q2 = patug, ’ 25
P],, = "‘Pa‘wsfll le = _‘Paswfz’ i .. . .
' = —patwy,’ Q' = Pafwsyg,’ )
and
FS = —Pagu)zfs, GS = Pa‘ww3g3 . . (2.6)

Now the following scheme gives the complete aerodynamic force system
acting on a spinning shell :
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Aerodynamie force or Nomenclature due to Nomenolature due to Nielsen
couple Fowler et’al.’ and Synge
(@) Py €] Normal force Cross-force due to cross-
velocity.
(b Pgl€| Magnus force Magnus cross-force due to
. cross-veloeity.
(e) Q1i7n] 1 Magnus cross-force due to
Cross-spin.
(d) Qz]n| 2 Crossforce due to oross-
spin.
(e) Py €| Magnus moment Magnus cross-torque due to
cross-velocity.
(H Py €| Overturning (or righting) Cross-torque due to cross-
moment. velocity.
(9) Q' |n] Yawing moment due to yaw- Cross-torque due to cross-
ing (or damping moment). spin.
(R) 2’ 1] 3 Magnus cross-torque due to
eross-spin.
(2) by —e Axial drag.
(N (g Spin decelerating moment Spin decelerating moment

(or axial torque).

Kelley and McShane (1944) have suggested (by analogy with the nomen-
clature of Fowler ef al.) that 1, 2 and 3 may be called magnus force due to
yawing, force due to yawing and magnus yawing moment due to yawing
respectively.

The usual drag and lift forces in Fowler’s analysis are very close to forces
(@) and (z) in (2.7). It may be noted that in the present case the forces are
resolved relative to the projectile and not relative to the trajectory as in Fowler
et al. The relation between these two pairs of force vectors will be indicated in
section 4,

3. SPECIFICATION OF THE COMPLETE AERODYNAMIC FORCE SYSTEM

We shall consider the aerodynamic forces at the centre of mass of the pro-
jectile, as such forces will be necessary in writing down the dynamical equations.
Hence we take our base point ‘0’ to coincide with the centre of mass of the
shell. We take two unit vectors £ and f through ‘Q’, parallel respectively to
the axis of the shell and tangent to the path of ‘O’ at any instant. These two
vectors together define uniquely a plane known as the plane of yaw. Let 8 be
angle between the two vectors; this is the angle of yaw. In a plane through
‘0’ and normal to the axis of the shell let us mark out two unit vectors
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08 and OU in the direction of the véctors £ and 1. Similarly in the same plane
we mark out unit vectors. 08’ and OU’ in the directions of +£ and iy (cf. Fig. 1).

Fia. 1.

Now the aerodynamic forces and couples are represented by ten vectors—
five forces (plane arrows) and five couples (arrows with cross-bar) as shown in

the figure.
The unit vectors O—S), 08’ and 5(7 , 55' may be written as

65=(§—-kcos §)/sind .. .. . .. .. (3.
5§7= kX(f—kcosS)/sm8=fcx5 cosec & .. .. (3.2)
00 = (bxdbidty|n] -~ - - - - (33

OU" = kx (kxdkja)/|n} = —(dkjdt)/\n] L (B34
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The aerodynamic forces and couples are now vectorially specified thus :
Cross-force due to cross-velocity (normal force)

= Pyt

= —P,|£|(f—Fk cos ) cosec 5 | (3.5)
Magnus force due to cross-velocity (Magnus force)

—Pf - $

= Py |¢{kx{ cosecd (3.6)
Magnus force due to cross-spin (Magnus force due to yawing)

= Ql}?_

= Q. k xdk/ds (3.7)
Cross-force due to cross-spin (force due to yawing)

= Qg1

= _Q:_;dﬁ/dt} (3.8)
Magnus torque due to cross-velocity (Magnus moment)

== P 1 ,g } 3 9

= —Py [ £]({E—F cos ) cosec (3.9)
Cross-torque due to cross-velocity (moment tending to increase yaw)

= Py'¢ } (310

= —Py'|£|kxicosecd - (819)
Cross-torque due to cross-spin (yawing moment due to yaw)

=@ }

= —Q,kxdkyds - 310
Magnus torque due to cross-spin (Magnus yawing moment due to yawing)

| =@ ;

—_ —Qzldk/dt . (3.12)

The axial drag and the spin decelerating moment are
Fgk and Gsk. .. .. L .. (3.13)

Thus we have resolved the complete aerodynamic force system relative to
the centre of mass of the projectile into five wrenches. The axis of these
wrenches are the axis of the projectile, the cross-spin and cross-velocity vectors

and the vectors (Ii' and 55 ', The pitches of these wrenches are
p1 = G3/F3 = (al)(gs/fs)
P2 = P[Py = (eB)f1'/f2)
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ps=@Q1'[Q: = —(a/8)(gy'[g)

Py = Py'[Py = —(a/8)fy [f2)

5 = Q2'/Qs = (aB)gy'g2),
where § = aws/w is the spin per half calibre of travel.

4, EQuaTioNs oF COMPARISON

Here we give a number of equations which are obtained while comparing
the Synge and Fowler type of forces. Many of these have been more or less
‘established by Nielsen and Synge (1946). As we shall be required to make
extensive use of these equations in our subsequent analysis, we simply re-state
them in a slightly modified form for reference only.

If one takes the vector sum of the several aerodynamic forces and couples
separately and equates them to the corresponding sums in Fowler’s system-—
due regard being given to the reference frames used in either case—and then
separating into real and imaginary parts, one obtains the following relations :

Pyl¢]=Rsind+Lcosd.. .. .. .. (41)
Pyltl=K e @Y
P/l =—J . . . . .o 4.3)
P/ \|l=-M .. .. .. .- .. (44)
Q' |lnj=—~-H .. .. . . .. (&.5)

Gy = —1 .. .. .- . .. (4.6)

F3= —~Rcosd+Lsind .. .. .. (4T

From (4.1) and (4.7) we have

R = P;|¢|sin8—Fgcosd. . . . .. (4.8)
L =Fysin84P|Elcosd.. .. .. .. (49

According to Fowler et al.,
R = pa%q*fr,
L = pa?q®sin?df. = Pa’q|{|fL,
K = Padwqqsin 8fx = Patws|£|fx,
M = padq?sin 8 fu = Pa®q|E|for, . . .. (4.10)
H = pa*q|n!fa
I = patwsgfr,
J = patwygsin8 f; = patws|€|fr.
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From (2.5), (2.6), (4.1)~(4.7) and (4.10) it can be seen that

fi=TSrsecd+fr, .. .. .. .. .. (4.11)
fo=fx, -. .. .. . .. .. (4.12)
f3=fRsec28f %ElffL, .. .. .. .. (4.13)
=1 L . (4.14)
fo =fusecd, .. . N oL (41D)
g1" = fusecd, (4.16)

= frsec 8. (4.17)

When yaw is small we have
f1=fR+fL’ f2=fK: f3=fR }
W= =fu 9’ =fu, g5’ =fi
Let A and B denote the axial and transverse moments of inertia of the
shell and let m be its mass, then we define the following quantities :

k = L/mq sin 8 = L/m|£]|
A = K/mwqq sin 8§ = K|mwg| £|
b = Mjsin 3 = Mg |£]

(4.18)

R U8 )
h = H|B|1)
= I/AWa
Y = J/Awgsin 8 = Jg/Awg|§|
and
v v=kcos8+RB/mg .. .. .. .. (4.20)
From (4.1)-(4.7) and (4.19) and (4.20) it can be shown that
Py = —mv, Py = mlws
Py = —yBuwglq, Py’ = —plg l . (4.21)
Ql’ = —Bk )
and .
Gy = —Awsl', Fg = —mg(v—k cos 8—Fk sin28). .. . (4.22)

When 3 is small, (4.21) and (4.22) give us equainons (10.12) and (10 10) of
Nielsen and Synge (1946).

5. TaE GENERAL VECTOR EQUATIONS OF MoTION

If ‘O’ be the centre of mass of the shell, § velocity of ‘0’ A, the total
angular momentum of the shell about ‘0’ and § the acceleration vector due
to gravity, the equations of motion are

Q.=ﬁ/m+ﬁ,ﬁ=é .. .. .. (B.1)
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. 'We can write _
H = Awgk+ B .. .. . .. (5.2)

where i is the total angular velocity, vector of the shell about a transverse
axis through ‘0.

Consider an orthogonal right-handed system of moving axis, whose origin
is the centre of mass of the shell and which moves in any manner with an

angular velocity § with reference to some inertial frame. We have
= bx(k—kx8) l ,

. ; (6.3)
=kxk—(k.8)k+8)

and therefore

A= Awh+B{Exk—(t.OE+8} .. .. .. 54

From the vector specification of the aerodynamic moments (section 3)
and the comparison equations (4.1)—(4.7) and (4.19) we have

0 = p(Ex k) — Aws P+ Awgy(k cos §—1)
—hB(kxk—k.048)—Qy(k—Ex8) .. .. .. (55
The equation of angular momentum now becomes
A-Axd=6 .. . . .. (5.6)

where H and @ are respectively given by (5.4) and (5.5). An equation con-
tained in (5.6) is

ws == —'U)3P‘ .. .. .. .. (5.7)
which is one of the dynamical equations of Euler. Now substituting for

H and ¢ in (5.6) and eliminating w, from the resulting equation by (5.7), we
have

Awgh+B(kx k)—2B(k . 0)—B(k . O)k
4 Bi— Awg(kx8)+B(k . 8)(kx8)
= ulEx k) —rB{kx b—(t. )b+
+ dwgy(h cos 5—)—Q (k—kx8). .. .. .. (58

Equations (5.7) and (5.8) give the motion of the shell about its centre of
mass, and coming to the motion of the centre of mass, we have

mq'i-l—mqé—-mq(i)(@)
= —Pl\ﬁl(f—k cos 8) cosec 8+P21§](7bxf cosec 8)
+Qubx (k—bx 8)—Qu(k~F x8)
+ Fak+mj .. . . e (B9
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Multiplying both sides of (5.9) scalarly by { and using (4.8), one has

mf = —R4m§. i+, —QeS: .. . .. (5.10)
Where the scalars 8; and §; are given by

S =bxk. i—(.DE.i+8.8 .. .. .. 61

Sp=fk.i—kxd.i .. .. .. .. .. (512

Now eliminating ¢ between (5.9) and (5.10) and using (4.2) and (4.9), we
have

i —ix8 = k(k—i cos 8)+{§—(3.8)i}/q
+ waM(kx i) —(1/mg) {(Q.S: — Q28,)E
+Qu(k—£x )

—Qulbxk—(.0k—8)) .. .. .. .. (513

Equations (5.7), (5.8), (5.10) and (5.13) determine the motion completely
and they may be compared with equations (3.104), (3.105), (3.112) and (3.113)
together with the necessary supplements in section 3.5 of Fowler ¢t al. Thus
we have isolated the contributions due to the additional forces.

6. APPLICATION TO MOTION WITH SMALL YAW

We know that the complete aerodynamic force systems are known only
for projectiles moving with small yaw. We shall therefore apply the correc-
tion due to the extra forces to such- cases only where yaw remains small
throughout motion. When a shell is injtially sufficiently stable and leaves the
muzzle with small initial disturbance it always executes motion where yaw
remains small. ‘This is true for early parts of all trajectories and for the
whole of a trajectory whose initial elevation is less than 45°—at any rate, when
the muzzle velocity is fairly large.” In such cases the ‘«’ type solution of
Fowler et al. applies to, and explains the nature of, motion of the shell. We
undertake to generalize the solution to the case where the complete system of
aerodynamic forces are included. As usual we shall regard the plane trajec-
tory as a first approximation to the actual twisted trajectory. It is then
convenient to refer the motion to axis moving with the tangent to the plane
trajectory. The axis 01 may now be taken as the tangent to the plane trajectory
drawn in the direction of motion, axis 02 is the upward normal ; axis 03 is the
horizontal and to the right as viewed from the gun (cf. Fig. 2).

In the present system of co-ordination we may define the vectors

k= m, n)
t=(2,9,2)
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Fia. 2

Also
8=1(0,0,6)
§=(—gsinf;, —g cos 6;,0)
as wo may suppose, the equations of plane trajectory have been numerically

solved, so that ¢; and 8y, i.e. the velocity and inclination in the plane trajec-
tory, may be regarded as known functions of ¢,

7. EquaTioNs oF MoTioN WITH SMALL YAW

Using the foregoing values of the components of £, { and § in equations (5.7)
and (5.8), we obtain

as before, the second and third components of (5.8) give
Aw3m+B(nZ-—lﬂ)+2Bmh01—an§1+Aw3l91—Bnl92
= p(zl =) — hB(ni—il—mng, )+ Awyy(m cos 3—y)— Q' (m+1fy) .. (7.2)
and
Awgt + B(li—ml)—2Bnig, — Bn26, + Bb,
= p(em—yl)—hB {li—{im+(n241)4, }
+Awg¥(n cosd—z)+-0'% .. . o (13)
When suitably approximated for slowly yawing motion the last two equa-
tions reduce to
Awgth— B+ Awgfy = B(z—n)+hBri+Aws¥(m—y)—Q) (h+401) .. (74)
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and
Awgii+ B+ Bl = K(m—y)—hB(r+61)+ Awg¥(n—2)—Qe'n .. .. (1.5)
In the approximation it is assumed that ¢, is small compared to the angular
spin of the shell. Over-and above, so long as the yaw 8 remains small, 1 —cos 3
and 1—sin §/8 are always neglected compared to unity. The negligence of
certain terms from the coefficients of (7.2) and (7.3) affect possibly by one per
cent of error, and this has been shown by Fowler et al. for shells of guns rifled
one turn in 30 calibres-as well as for those rifled one turn in 40 calibres. Apart
from’ the contribution due to the new moment 78,7, we have retained a term
— hBg,, which, however, has been neglected in Fowler’s treatment.

Multiplying (7.4) by i(=4/—1) and subtracting from (7.5), we have
i A(m+in)wg+ B(in+it) +iBb; —i Awgfy
= p {(m+in)—(y-+iz) } —hB(oi+in)
—iAwgy {(m+in)—(y+i2) } +iQ (2 + i)
+0:(Q +06Q) .. .. .. .. .. (16)

as one can see that

@y = —hB .. .. .. {1

as a result of (4.5) and the fourth equation of (4.19).
Now dividing by B and rearranging terms in equation (7.6) it may be
written as

g (1of) ~(i2—h+iQg [B) & (n-+ )

—(#/B—ify)n = iQ® .. .. .. (7.8
Where we have set

n+cE =m+tin, cf=y+iz

Awg[B=Q, c=cosf, Q =@y +iQs 7.9)

and

d = (1_ 10_) 61+16,/Q .. .. .. (7.10)

~ Later we shall see that ¢Q'd;/Aws = 0(1/2%) and hence is neglected in our
subsequent analysis. From now onwards, therefore, we shall replace & by

@ = 9, +id,/Q O ¢ B 55

It may be seen that if we set @' = 0 in [7.8] we get equation (3.501) of
Fowler et al. (1920) which gives the angular motion of the shell,
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Coming to the motion of the centre of mass, the equations (5.10) and
(5.13) give us* '

g = —RE/i—g(z sin 6;+y cos 0;)+ (@15, —Q:8,)/% .. .. (7.12)
g+, = k(m—y cos 8)—(g/q) cos 81 —(yg/q) (x sin 8,4y cos 6;)
+wgh(nz~Iz)+(6), R (A )
2 = k(u—2 cos 8)4(zg/q) (x 8in 6;+y cos 6;)
+wgA(ly~mz)4(C)q A .. . .. (7.14)

Where (), and (0); are the second and third components of vector ¢
defined by '

0 = —(1/g) { (@151 —Q282)i— Qs (£ —E X §)
—Qbxi—(E.0)E-8)} .. .. .. (115
the following approximate forms of (7.12), (7.13) and (7.14) may be used} :—

g1 = R/fm—g(x sin 6;+y cos 0;) .. .. .. (7.16)
y=k(m—y)+g/g)ysin 61+, .. .. .. (717
2 = k(n—2)+(g/q)z sin 6,+pPg .. .. . (7.18)

Where p, and p; may be taken as
Py = (1/#q1)(— Q17— Qorht)
P3 = (1/iigy) (@i~ @ati)
so that
Potipe=— @A oHed) . (119
from (7.9).

Now multiplying (7.18) by ¢ and adding up to (7.17) and using (7. 19)
(7.9) and the normal equation

. : 1= —(g/q1) cos 6,
. of the shell, we have

; . . d
of = (k—iwgh)n+(iQ/q ) 7 (n+cf) .. .. .. (7.20)
which replaces equation (3.502) of Fowler et al.

8. APPROXIMATE INTEGRATION OF THE LINEA.RIZE_D Equartions
Writing :
= (Aws)t/4By, #/B = Q%/48 . . .. (81)
and .

kl o= k'—iwsA, Z == lQ/ﬁtql ‘e “. .. (82)

* i is taken to be the mass of the projectile to avoid confusion with m used now in differ-
ent context,

+ The contribution of additional forces to drag will be discussed in the second part of the
paper.
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equations (7.8) and (7.20) can be Written as

d2 . .

i (n+cf)—(iQ— h+1Q'/B) "I+C§) — (248 —iQv)n = iQP; .. (8.3)

cdf/dt—kl-q+Z - (+c8) e (84)

We propose to apply Fowler s method of solution to the above equations.
One can see that these equations differ from those of Fowler et al. only in the
extra terms that appear on account of the new forces. Since Fowler’s theory
in many respects agrees with observations, we shall agsume that the extra terms
that arise in the coefficients of the equations on account of the new forces are
small—at any rate should not be anything lower in order than 1/2. In the
approximation that is used in dealing with equations (8.3) and (8.4) we assumed
with Fowler ez al. that the time unit is one second and £ in practice is greater than
100 (radians per second). Actually, the spin w; and therefore 2 decreases slightly
along the trajectory. Thus throughout 2 remains large compared to other terms
that do not involve £ in the equations. Hence one of our assumptions is that
k/82, h/%2, . ... which have no dimensions are small and conveniently mentioned
as 0(1/9), ignoring dimensions. Tt is further assumed that all derivatives with
regard to time are of order unity. Thus k £, §, 9 ....are supposed to be of
order unity.

Hence we can say that k/Q, S/Q .... are 0(1/2), i.e. small quantities of
the first order and :

/2, 8,02, 8,/Q2 are O(1/22), i.e.

small quantities of the second order.

Next we proceed to find out asymptotic solutions of the equations for the
large parameter Q.

If we eliminate ¢, £ between (8.3) and (8.4) we have

(14-2Z)ij—(14-2)(iQ —h—k, +iQ’'s'B— Z)7
- { Q2/45—iQy+ky (1 + Z)(iQ—h—fe1 /Ky

+iQ o/B—k, (1+2Z)—Zk1
_ { 14 2)(1Q—h—8/é—iQy(B— T Z—Zé} =i0P.

In obtaining the above equation we have omitted terms containing Z> and
higher powers of Z and ZZ, etc.. This equation is approximately given by
(12 —h—k+iQ;'/B)j '
—{(1=2)(22/48 —iQV)+ ik~ hk 4 ikQy'/B
—k—(ké/e)(1+2)}n
—(1Q6—h6—§)¢ = iQ(1—2)P.
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In this approximation we have omitted further terms involving Z and
certain terms like é¢Z/c are dropped out on account of their smallness. £ is
written in place of k,; following a suggestion of Fowler ef al. as iwg) is prac-
tically very small.

Similarly writing k for k, equation (8.4) may be written as

& = ky/c+(Z/e)i+66+kn) T (1)
and in approximate form as '
&= (k/c)(1+2)n+(Z/c) N X )

as subsequently it will be seen that Zé¢/c turns out to be small,

We have now two linear differential equations (8.5) and (8.6) analogous to
(3.613) and (3.612) of Fowler et al. which we must now solve. The lines on
which the approximate solutions are to be sought have been indicated already
by Fowler et al. and we shall here just follow their method.

A first approximation to the three independent complementary functions
are obtained by making the substitution

7 = 61:9271-)’ é’ o= ez.ng

and treating 7 and £ as constants in determining % and ¢. As a result of elimi-
nation of 5 and £ from the resulting equation and retaining the highest order
terms in 2 only we have

@@ —z+18) = 0.

This gives us the same first order solutions as Fowler’s, i.e.

s t
xl:éj‘ (14-0)dt, 12=%f (I—o)dt, 23=0 .. .. (8.7)
0 0

where
o= (1-1/8) . .. .. (8.8)

Going over to the next approximation one finds that the ad hoc method
of Fowler et al. applies and the first two solutions are obtained from solving the
oquations

j—idi—Bp=0 .. .. .. .. (8.9
where .
A=Q+ih+k)+Q/B .. .. .. .. (810)
B = Q248 +iQk—y+i0RZ/48) +iQZy —hk—k—(1+Z)ké /c+ikQ.'/B. .. (8.11)
A straightforward integration of (8.9) in the manner of Fowler et al. gives
us the two complementary functions

7 = (Qa){14+0(1/Q)} (kP14 koe'F2) ... (8.12)
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where k,, Ia2 are arbitrary cqustants and P1 and P, are given by
P, Py=1} f [2( l-_!fo:I:Z.QQg/Soqlm)+Qg /B

i{htlok (h—k+27+g/wg—20Qy/Sq )0} ] dt .. .. (8.13)
Corréspondjngly to the same order ¢ could be obtained from

£= f k(14+Z)yy/c dt+Zy/c

with an error of order 1/92. It can be seen that the solution for £ is given by
¢ = (n/c) { Z+2kfi(1 0+ 2QQs/Soq 1) } S L. (814)
We shall take our standard solutions in the form
= (2000/20)' T, £1 = (/)| Z+2k/iQAL +0+20Qs/Sogr)} .+ (8.15)
“ng = (Qo00/Q0)teiF2, £ = (nc) | Z+2k/iQ(1 —0—20Qs/Soqim)} .. (8.16)
These solutions are comparable with (3.624) and (3.625) of Fowler ef al.
Qur third solutjon in the first approximation comes out to be
na=E&=0, &=1 .. .. .. .. (817)

and when we work out to the present order as indicated by Fowler et al., we have
. t

s = 486/iQ. &3 = (4/iR) f kiS¢ cd .. .. (818)
0

This is the same as has been given by Fowler et al.
Coming to the particular integral, let us assume that this is given by #
and £ which admit of expansion of the type
7= 7O+q0/(Q) +9@/GQ2+ ... .. .. .. (819)
=04 Ve + 262+ ... .. .. .. (820)
The integral can be specified in such & way that initially £=0
ie. .
0 = 5(1) ...=0and y® =0
so that the integral will be unique.
' Substituting for n and ¢ from (8.19) and (8.20) in (8. 5) and (8.6) and equa-
ting coefficients of powers of i£2, we have .
£ =1'(0) =0" .. .. .. .. (8.21)

for all time and further we have ‘ o
2D =48F .. .. .. .. .. (822
and

i1 H
gm:_f 1-2(1+Z)4Sd5dt+J- Z%(w¢)dt/c .. (8.29)
0

L
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Similarly one can determine 5(and up to the first$gyo terms the expansion of
7 and £ may be written as

7 = 480/(iQ)+ 48 [(1_+Z)d(4Sd5)/dt

a3
+ {(142)k—y} 450+ (1 +2)6 U k(L +2) 450 dfc
0
+ftzd 4SP) dt }]/ 0)2
2559 anief | 12) S

t 13
g=f (1+Z)kﬁdt/c+f Z dtfc .. .. .. .. (8.25)
0 0

(8.24) and (8.25) may be taken as the standard particular integral and
they replace the solution given by (3.632) and (3.633) of Fowler ef al. The
particular integral found out here will be used to calculate the yaw of repose
of the projectile and its drift. Any further discussion of the particular integral
will be taken up in the second part of the paper.

The general solution, however, may be written as

1 = kimi+kene+ksnz+7 }
¢ =lé thobpthgbs+E

where k,, ks, k3 are arbitrary complex constants and 7, ...¢;... have values
determined as above.

The particular integrals 7 and £ represent the motion in an actual trajec-
tory in which ¢ is initially zero and 7, % start from their equilibrium values
which are numerically very small. The solution (kgng+7), (ksés+ £) represents
- the motion, of the same type, in a trajectory whose initial tangent makes an
angle (determined by k;) with the initial tangent of the chosen plane trajectory.

In practice the general initial conditions take the form

fo-.-:O, N0 = &, 'f]0=b.Q .. .. .. .. (8.27)

.. (8.26)

where a and b are arbitrary complex constants.
Retaining only the highest order terms, under the set of conditions (8.27)
the general solution is given by

7 =k, +kan, )

. .. (8.28)
& = k1€, + ko, +ksé,+E)
where k,, k; are given by o
key4kg =0 el L (829
(14 0+20Qy/Soq, i )ky +(1 —0—20Q0Qs/Sog ey = —2ib .. (8.30)

and
ky = "‘kl(fl)o"k2(§2)0
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9. APPLICATION TO YAW-CARD EXPERIMENT

In order to apply the mathematical theory of slowly yawing motion of a
spinning shell developed so far to their observations based on yaw-card
experiments, Fowler et al. have stressed the importance of expressing the
solution in terms of the angular co-ordinates 8 and ¢: ‘¢’ measures the
orientations of the plane of yaw from its vertical position towards the
direction in which the shell is spinning. This form of the solution enables
one immediately to compare the motion of the shell with that of a spinning
top which deviates only slightly from its vertical position. In the present
form of the solution it can be seen that

=08 .. .. .. .. .. @

approximately so long as & does not exceed 7°. Ignoring the particular
integral and the third solution we have

n = (00/0)t(kye' P14 ke F2) . .. .. (9.2)

which is the most important part of our solution from the point of view of
yaw. Again P; and P, are given by

Py =py+petilgy+qz) .. .. .. (9.3)
where
] 3
pr=1 f £2dt, pe=1% f (Ro2+4-215) ditfo .. .. {(9.5)
0 0
13 t
a=t[ G+ba g=1 [ o—bror—crowe . 00
0 0
and the I's that arise on account of the additional forces are given by
Fj:.QQj/Sﬁbql (=1,2) .. .. o 97
The p’s and ¢’s are nearly proportional to “¢’. Writing
J =24k
and
. _ kl—-kz)
j = tanh~1 {712},
S (k1+kz-
we have .
n = J(0o/0)t €P1=41 { cos py sinh (j—go) +1 sin pg cosh (j—gs)} .. (9.8)
82 = %J2(ao/a)*e'2‘11 {cosh 2(j—q2)~cos 2ps} .. .. .. (9.9
¢ = $o-+tan"1 {coth (j—¢,) tan p} .. .. . .. .. (9.10)

Here the initial conditions are such that ; = 0 is taken when & is mini-
mum and ¢ = 0. Moreover, the arbitrary constant j is small if | 7| is small at
t=0.

2B



P. C. RATH: ON THE MOTION OF A SPINNING ARTILLERY SHELL 251

From (9.9) the maximum and minimum yaw are given by

a =J(opfo)t e cosh (j—qg) .. .. .. (9.11)
B1 = J (00/0)! e~91 sinh (j—g,) . . .. (9.12)

These values of yaw correspond to times which make
CO8 po=—1 or +1 .. .. .. .. (9.13)

Thus if 7', and 7’ are time units that correspond to the #th maximum and rth
minimum of yaw, they appear through
(T =3@n+Lm .. .. .. . (914
pe(TW)=mm .. .. .. . (915
Sometimes it is convenient to write (Howarth 1953)
7p = (2 €Xp [—(91—92)]}
Ta = @1 6xp [~ (q1+95)]
where @, and @, are the initial values of 7, and 7y
The equation of yaw shows that the rosette diagram representing the
motion of the axis of the shell is generated by the resultant of a vector Ty
rotating about a fixed centre with absolute angular velocity P1—Ps a,nd
another vector r, rotating about the moving and of r, with absolute angular
velocity p,+ ps. The relative angular velocity of the two vectors is

2(Q0+4205[0) = (2ps)

- (9.16)

and
o = ri4ri—ryr, cos {(Qo+20 o)} . .. (9.17)

10. DETERMINATION OF ForcE COMPONENTS
From equations (9.5), (9.14) and (9.15) we have

T,
f, ($202420)dtjo
T

»n-1
=2 {Pz(T;)—Pz(T;-l)}
== .. .. .. . .. (10.1)
Since p, is nearly proportional to ¢, we have approximately
2n/T = Qo+2Is/0 .. . .. o (10.2)
where .
T=T~-T,, .. .. .. .. (103
which is the interval between two successive minima of yaw.
Writing ‘ ‘
'y = (Q]8)Yg, = 2a/QT .. . .. (104)
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and noting that o = 4/1—1/8, from (10.2) it appears that 8 satisfies the
quadratic equation

_ (1 =u2)a2—2(1~u2/2—2ra)x+ (1—2rs)2 = 0,
solving which the only admissible value one gets for § > 1 is

1 27, -
S=irm— s (10.5)
Hence the moment coefficient is given by
y_ _ Aw32 1—u2
Je(= Iu) = 1Bpgras (1-—2‘)’2(1+u)) e (106)

It may be noted that ¢, S and ¢ correspond to the time H7','+7",_,).
The value of the lift coefficient will accordingly be affected.

It may be seen from (10.5) that when r, = 0, we get ‘8’ as determined by
Fowler et al. (cf. their equation 4.113). The estimated value of S is thus
slightly less than what they have obtained. We shall prove presently that
7, does not exceed 0-01 numerically, and S is not smaller than 1:07.

Equation (10.2) gives us

(1—272)02—uo+4-2¥5 = 0.
Since ¢ must be real, we have
27, < (u/2)2

ie. 7o < 001 .. ¢ 1 )
as 2T = 20 nearly, from the observed value given by Fowler ef al. (Table IV).
From (10.5) we have

iS:So—(2-9)72§ N § (1Y)

where S is the value of 8 calculated by Fowler et al. Since 8, = 1'1 nearly,
S = 107.
11. TeE DETERMINATION OF DaMPING FAcCTORS

The formulae that are used to calculate the damping factors by Fowler
el al. are '

k= =[log (o~} | ta—ty .. .. (LD
and _
h—kd-2y = ;[pl/a,]:l(t,-t,), R ¢ § )

where ¢, —t, is the interval between two consecutive instances of observation ;
the time unit in such cases is of the order of one-thousandth of a second. The
second formula must now provide for the new forces and should be written as

h_k+27=..[p,/a,]::](tz—t,) c .. (103)
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where
. y=v=I1.. .. .. .. .. (114)
and I, has been defined in (9.7) and analogous to I', we may write it as
Iy = (2/s)y, .. .. oo .. (1L.5)

The set of values that is tabulated for & — k+ 2¥ (Fowler ef al. 1920, cf. Table
VIL, p. 383) must now correspond to h—k+ 27 and hence on the average
2% = —0-75 ee .. .. .. (118

Hence the difficulty that ¥ < 0 is no longer tkere. On the other hand we have
as shown in (11.6) ¥ < 0, i.e. ¥ < Iy (which is most likely). )
Equations (11.4) and (11.6) give us approximately

Fy=v4+0875 .. .. .. .. (1L7)
Neglecting dimensions as before we can say, from (11.5) and (11.7), that
Y1 = 0(1/R).

Assuming 7 as large as unity, 2 = 100 radians/sec and § = 1-07, & prob-

able value for 7, is 0:01. Since now
Z=i"+Y) .. .. .. .. (1L8)
our assumption that Z = 0(1/22) is more or less established.

All these discussions show that we shall not be justified to omit the
magnus force due to cross-spin completely as has been done by Fowler et al.
This - will mean, for instance, I, = 0 and therefore ¥ < 0 (from 11.7), which is
physically unsound and a result we must accept if we do not include this
magnus force due to cross-spin into our aerodynamic system of forces.

12. THE DaMPING OF THE (SCILLATIONS AND THE EFFECT OX
THE HEAD RESISTANCE.

From (9.9) and (9.10) it will be found that for large values of ¢, § and ¢ aro
approximately given by
8 = b (ogle) exp {(—q1—qa)} .. .. .. (12.])
¢ = do+p1—ps .. .. .. . .. (12.2)
Thus, as the motion ocontinues the shell settles down to a steady
precession with the slower precessional angular velocity and the yaw gradual-
ly diminishes in proportion to the factor (s,/0)! exp {—(¢,—¢z)}. It may be
noted that the damping factor is not the same as what has been tabulated by
Fowler et al. on the assumption that ¥ = 0 and A = 3k. We have seen from
(11.7) that even when there is still & contribution from I', (= 0-375) and if we
denote the damping factor by ¢(¢) and the corresponding one calculated by
Fowler ¢ al. by 4,(t), we have the formula
$() = $1(t) exp (—0-375%a)t .. .. .. (123
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In so far as the damping of initial oscillations given by (¢) is of utmost
importance due to its contribution towards head resistance, which though
small may be cumulative, we have undertaken to revise the last column of
Table VIIIB (Fowler et al. 1920, p. 385) which gives the numerical values for
this damping factor. The new values thus obtained are perhaps more close to
the damping actually observed,

Time !
units in Ny a b1(2) &(t) Remarks
seconda

0 1045 —_ 1 1

1 2-598 | 07842 0702 0°4353
2 3334 | 08367 0520 0-2124
3 4-189 | 0-8724 0:404 01114
4 5129 | 0-8972 0-330 00620
6 7123 | 09274 0°196 00173
8 10-956 09534 0115 0-0068
10 14-60 0-9654 0076 0-0016
12 18-39 | 0-9726 0-055 00006
14 22-20 09772 0-043 0:0002
16 2633 0-9808 0-034 00001

The effect of variation of yaw on head resistance is given by the formula
R = Ro(14+k582),
where B, is the resistance at zero yaw and % is a constant. Hence the change
in the velocity produced is given by

——Aq=(l/ﬁ»)f (BR—Ry) dt
0

= (kRo/ih) f 8tds,
0 .

where it is assumed that the time taken to damp out the oscillations is
relatively small. Using (9.9) and assuming ¢ to be constant, p,, g; proportional
to { and j zero, we obtain

— Ng == (kJ2Ry/27n) J. e~24(cosh 2, —cos 2p,) dt
0

= KJ2Rooq?(ho+ko)/2 [ og¥(ho+ko) = (ho—ko+2)} .. (12.4)
which is now the new formula for the change of velocity, where  replaces 7.

13. THE STaABIITY PROBLEM

A condition for stable motion pointed out by Kent and McShane (1944)
is that the maxima of yaw, i.e. r,+7, (cf. 19.16), must diminish. This means
that », and », must separately diminish, for if either increases its rate of
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increase also increases, being exponential, and will eventually nullify any
decrease of the other. This can only happen if

¢1+92 >0
and

q1—~gz >0
and hence

(91+92) (1 —¢2) > 0.

A necessary condition of stability is therefore

{h+b)+ (h—k+27) o} { (h+b)—(h—k—29)[0c} >0 .. (13.1)
due to (9.6).
The above condition is equivalent to

8 > (h+k)2/4(h+7) (k—%) .. .. .o (13.2)

The inequality (13.2) is obtained from (13.1) by writing 4/1—1/3 for ¢ and
doing the necessary algebraic simplification.

If we replace # by v we get the stability condition due to Kent and
McShane (1944) and Kelley and McShane (1944). We know that # = 7 only
when @, = 0.

We propose to apply the approximation method of Fowler et al. to the
‘stability conditions of Nielsen and Synge. This gives us a new condition for
stable motion in the absence of cross-magnus effects.

The conditions of stability as laid down by Nielsen and Synge are (1946,
p. 215)

k<O .. .. ... .. .. (133
k24 ko2 44kg2 >0 .. . .. .. (134)
by2kgd-kibo—k2 >0 . .. . .. (13.5)

where :
by =249 .. .. .. .. (13.6)
ky =Q+4x+ys .. .. .. .. (181
kg = —Qrotway'+ayyy' —roys' —21'y1 420’y .. .. (13.8;
ky = Quy—wzy +2oye’ + 20y — 21 Y2 —Ta'y) .- .. (13.9)

and

= P/, =Q'm, ¥ =P/B y =B
v=Pif, y=Qim, v =F[B, y W} .. (13.10)

= 2y +1i%e, ¥y = Y1+1Ys, . . . ete.
w = axial component of the velocity of the shell
== ¢, in this approximation.
Further, from the equations of comparison (§ 4) one can see that up to the
present order of approximation

Ty = —» xg' = "’/391 yl’ = ~h .. ‘e ) (1311)
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Now neglecting terms of order 1/22 compared to the highest order terms
in Q retained, we have from (13.7)-(13.9)

k=2 .. .. .. .. .. (1312
ky= —(Q4)(148) - .. .. .. (1313)
ky = (y—v)Q—(Q2/4y)y +Qv8, .. .. .. (13.14)

Up to the present order of approximation the stability conditions (13.3)-
(13.5) may be written as
N v+h >0 . . o .. (13.15)

—(22/47)(14+8y) > 0 . o .. (13.18)
(v+h)2(L475)/47+ (v+ 1) (Y —v) +(2/48) (v + 1) S,
30 R) Yot (Y )24 (22/47)39,2
+ (Y =)V, (2/4Y) + (Y —v)¥Ss
+(2/47)277185 < 0 N ER Lo
From (13.16) we have
8> 147 ce e o818
A similar condition of stability for rotating rockets has been given by Davis

et al. (1958).
When the cross-magnus forces are absent ¥; = ¥ = 0 from (13.17) we have

S > (v+h)21+7s)/4vh e .. (13.19)

This includes (13.18), and is stronger than the one obtained by Nielsen and
Synge and further it contains the cross-force due to cross-spin through 7,.

So far our discussion of the motion of a spinning shell refers to the com-
plementary function of our solution of the motion equation. For the present
we defer the particular integral to be discussed in the second part of the
paper. Our discussion of the motion on the second part of the paper will
include the problem of drift, the yaw of repose and the motion of the centre
of the shell in space.
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