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ABSTRACT

An equilibrium fisld for a self-gravitating polytropic fluid star in non-rigid rotation is
obtained by the method of successive approximations, under the assumption that the velocity
field and the magnetic field are not strong.

INTRODUCTION

Prendergast (1956) has obtained an exact model for an incompressible
magnetic star. In this model the field vanishes at the surface of the star, and
so the usual difficulties of fitting an outer field are avoided. Sykes (1957) has
generalized the model] described by Prendergast to a series of spheroidal models
of small cccentricity by introducing rotation. Woltjer (1960) has investigated
a magnetostatic model for a compressible star, by means of a perturbation
method, under the assumption that the magnetic field is not very strong.
The procedure consists in expanding the solution around a field-free solution.
The density gradient causes the magnetic energy density to be somewhat
more concentrated towards the centre than in the incompressible counterpart
of the model. Following Woltjer, an equilibrium field for a compressible
rotating fluid star is obtained in this paper. As a special case the magnetic
energy density distribution in the equatorial plane is obtained for a magneto-
static model by taking the density gradient as a linear function of the dis-
tance from the centro. The nature of the result is similar to that obtained
by Woltjer. :

The hydromagnetic equation for a self-gravitating gas star is

4—ircurl I_i b I—j-—P (; gra.d);= grad p4-Pgrad¢é .. o
. Where
A2 = 47Gp .. A .. (2
vand H are connected by
ard(zxH)=0 ... .. . . @
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The axisymmetric magnetic field is given by

H=—wlotollyt= == @P)I, .. .. .. (4
and
v=wVl, .. e e . ()

Since v has to satisfy div(pv) = 0, p must be axisymmetric,
For a polytropic medium the integrability condition for equation (1) is

arl [curl HxH - ] —0 ©)

P —curl v X v
From equation (3) we obtain the relation between ¥ and P given by
Ve=f@P) .. .. .. .. .. (D)

In the present model V2 = By2w2P 4 V2 is taken, where V, is a constant.
The equation (6) can be satisfied by all solutions of the type.

— — / — 2 —
curl H = o H 44w (kOwPI,/,+§29— waPIlﬁ) .. o (8)
which on simplification becomes ’
AgP4a2P = —~ dnpky—21Pw2B2 .. . )
with
T =aP

If p is constant, the equation (9) reproduces the incompressible model
congidered by Sykes (1957).

The Green’s function of the equation (9) which was obtained by Woltjer
(1960) is

a|r—r'|

G = AN3/3l—-—?/—2 ‘e .. .. (o)

where
g
A=} ( éi) and N is an ordinary Neuman function of order 3/,.
T

Putting B? = 4nBy? and k = —4nk,, we get the particular solution of
the equation (9) given by

2
. ar—r]
rom Ltz

X 1'¢ gind 0’ sin? qb sin ¢ df'd’dy’dy’

AB2 (" o alre—r
J.ffJ.J. Nz’sl a/l

X 76 8in5 6’ sin? ¢ sin ' d@'dg’'dd’dy’ .. (11)
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If @ is the angle between r and ', then [Magnus and Oberhettinger (1954)]

—_ 9\ 8/2 rn 2
Vs/zlﬂf;;%,-i (;) Iy X 2. (7(’+;33/12) 03/2 (cos @) uyzi2(or’ ) Nyygje(ar) l

when »' < r (12)

2\3/2 ® 3/2 {
= (;) Ty 2 , (7(2-—,)5/,—210,3,/2 (cos 8)Jyy3i0(ar) Ny yaja(er’) )

when »' > 7,

" i Y
Also ) f Ci’2 (cos B) sin? ¢'d¢’ = jLC:/Z(cos 9) 03/2(008 &) .. (13)
0 n+3)

Using (12) and (13), the expression for P, reduces to

3/2
P(P) = 472, (a) 3/2.[ f (kr’5/2 8in3 6’ — #'9/2 ginb 0')

xp & OADRL oo 000 02 o8 8 T pan(or) Nassre
=0 Taes "

n

{(ar)d8'dr’ when »' < r
> (14)

9\ 32 R rnm 2
= 472, (%) Ly . %f f (kr’5/2 sin3 6’ — B 7'9/2 gin5 0’)
o 2]t 2

(n+3/2)n!
n=0 Tints)

’

03/2 os @ 0:/2 cos &’ J,,+3/2(Q':I‘)ZV”+3/2

bqs

Xp

(ar')d0’dr’ when r' >r
The solution for the homogeneous part of the equation (9) is

Py = _Efrop ‘1%%@03’2(‘»,05:,0) (1)

where D, are constants.
Therefore the complete solution is

P=P(p)+P(€) .. .. .. .. (16)

Py, can be determined if the nature of the density is known. In an incom-
pressible medium the determination of Py, does not present any difficulty.
Moreover the integrability condition is also the sufficient condition for the
equilibrium. The pressure can be chosen in such & way that the equation (1)
for the equilibrium is always satisfied, except at the boundary where it has to
be matched with the external conditions. In a polytropic medium, as the
pressure is a function of density it gets conditioned by choosing a particular
" density distribution. Therefore the integrability condition itself does not
guarantee the equilibrium. The conditions for equilibrium have been fully
treated by Woltjer (1959). '

As is clear from equation (1), pis a  function of the magnetic field and the
velocity field, which in turn are dependent upon the density distribution.
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If the magnetic field and the velocity field are not very strong, we can
apply a perturbation procedure, following Woltjer, by expanding the solution
around the field-free* solution. The first order magnetic field is obtained by
substituting p, for p in equation (14), where p, satisfies the zeroth order
equation

%—gradp0+gra.d =0 .. .. .. .10
0 .

As p, is taken independent of the angle 6, to the first order

23/2 A f”,_. 22'," , ,
Py = 4?2 (&) Ps/z',.T/z' Nyiolar) -[o (\kp y/o% -§~P o J g (0r')dr

‘

K 1 15/2 282 ' 19/2\ 1 ’
+J3/2(ar) _ kp'r"”* — = P'r ) N3/2(ar Ydr

4m2 (2\%7 B? !
2 < il ’..19/2 ’ !
+ 15 (a) T3 T Nyjolar) , e'r' 2  z9(ar’) dr
R
4 J7je(ar) j P'r'92 N pa(ar’) dr'] C,3/2 (cos 6) .- .. (18)
If we take

r2

the final solution for P becomes

P oo Jarsp(an) g k , 10k 4B 112B2
¢ nfo An (ar)®? 0u32 (cos O)+ S5+ igat aa + oome
_ |k 2B §§_B_2_] -2
«2R2 '5 a2 b atk?
2Bt [(B2 18 B Bt ]
2 Ot | (ot B o) - o) O (cos 09
If BR— o, pé becomes constant and we get
P oo, Jarap(®r) g k 4B 2B B ., ,
= -—nfoAn WC, °°BB+{2+T¢T_5 ) +15a202 (cos 8) .. (20)

which is the same as obtained be Sykés (1957). 7
To make the magnetic field vanish at the boundary we put

oP _ P
P=7=ﬁ=0
at r = R which gives
A1=—‘A3=A4=A5=...=0 .. . (21)
'J11/2(GR)=0 .. r e s .. (22)

* Magnetic field and velocity field.



POLYTROPIC FLUID STAR WITH A MAGNETIC FIELD 287
4 J(:Z;;ﬁ) —3 o (23)

B [5334 alefz:l —4o ‘%ﬁ«) - (24)

B Eg“s%] “AO'%:%ﬁ% : (25)

Equation (22) determines «. From (23), (24), (25), 44, 4,, B2 are deter-
mined in terms of k. The value for k is hmlted by the requirement that V2
should nowhere be negative.

If we put B = 0, this model reduces to a magneto-static model for a
compressible star ; and

P ® T nre(ar) 2 k, 10k kr?

c ”2=,'0A,, (ar ar)®? Ca%% cos 0+o~t§+a4R2 «*k? (26)
The field will vanish at the surface, if
A1=A2=A3=,..=0.. (27)
Jzp(aR) =0 (28)
J3p(aR)  —10K
4y (aR)32 T T a4R2 (29)
If B — o, equation (26) will give
P _K R\*® Jap(ar) ]

Y o 30
C (7.2 [I (7‘) Jd/z(U.R) ( )
Jsip(aR) =0 (31)

which is the same as obtained by Prendergast (1956) for incompressible mag-
netic star. )
To compare the results with the incompressible case, and with the model

considered by Woltjer (p = -i ) , the magnetic energy density in the equatorial
plane is plotted below* :

\
. 1 2 2
sIR | H2p=1) Hz(p=;) H (p_l—m
|
"0 260 302 311
0-25 204 483 239
050 100 | 100 | 100
0.75 27 50 12
1-0 0 o | 0

* Plot for H2 forp = 1l and p = %_ ia taken from Woltjer (1960).
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As is obvious from the above table, there is a slight increase of the field
in the inner regions as compared to the incompressible case.
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