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ABSTRACT

A plane set T, = xCI\ X yC)\ has been constructed, where mCI\ and also y0, are each a set of the
Cantor type. In the construction of wC)\ or yO’A, the length of thé suppressed concentric open

interval bears, to the whole length of a closed surviving interval from which the open interval is
suppressed, a ratio = A, 0 < A <1, The main results of this paper are that TA or :t:(}'A or yO'A can-

not be an S-set if A > /2—1, In case of the Cantor set (5), A = 3 and < /21,

1. INTRODUCTION

Kestelman (1947) defined an S-set as follows: ‘If a set E in Ry (where
Ry is the Euclidean space of points or vectors) has the property that every
sufficiently small vector in Ry is the difference of two members of E, we say
the ‘“distances of £ ” contain a sphere and we write EeS.’

Steinhaus (1920) proved that the positive Lebesgue measure for a linear
set B is a sufficient condition to ensure that E is an S-set (i.e. EeS).
Besicovitch and Miller (1948-1949) have pointed out that positive Lebesgue
plane meagure for a plane set E is also a sufficient condition for EeS, if Fubini’s
theorem is applied. They have further proved that positive Carathéodory
linear measure for a plane set £ is also a sufficient condition for EeS, provided
E is regular, Kestelman (1947) has shown that a sufficient condition that
Ee8 is that ¥ is universal (EelU). But it is found in all the above cases that
these conditions, though sufficient, are not necessary for a set E to be an S-set.

In a paper (Bose Majumder 1959), an SD-set was defined to be a set whose
distance set fills an interval (about the origin) of length equal to the diameter of
the set. Evidently all SD-sets are S-sets but not vice versa. In a paper
(Bose Majumder 1960), a necessary and sufficient condition for a certain class of
sets (viz. symmetric sets), to be SD-sets, has been given.

Steinhaus (quoted from Zygmund 1952), Randolph (1940) and Utz (1951)
have shown that the Cantor middle third set is an §D-set, even though its
measure is zero. In a paper (Sen Gupta and Bose Majumder 1955) some more
- sets of the Cantor type, each of measure zero and each of which is an 8D-set,
have been constructed.
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In this paper, the author has considered a set of Cantor type, constructed
in the manner of Randolph (1941), in which the length of the suppressed con-
centric open interval bears, to the whole length of a closed surviving interval
from which the open interval is suppressed aratio = A, 0<A <1, Incaseof
Cantor set A = §. The main result of this paper is that, if A > /2—1, then
the set cannot be an S-set and therefore cannot be an SD-set.

If p and ¢ are any two points, d(p, g) represents the distance between
p and ¢. If E; and E, are any two sets, d(E,, E;) represents the distance
between the sets £, and E,. L[E] represents the Carathéodory linear measure
of the plane set E. 1If the point peE, then D(E, p) represents the lower density
of the set £ at p.

2. A non-dense linear perfect set is constructed here in the manner
indicated in the paper (Sen Gupta and Bose Majumder 1955). Let A be such
that 0 <A< 1. Suppress the open interval of length A concentric with the
unit interval 7, (0 <z < 1). There now remain two closed sub-intervals each

-2
of length 1—5—, one to the left and the other to the right of the interval sup-

pressed. We denote them by I, and I, respectively. From each of these
)

A
is suppressed. There

(1—2)
2
I,. We call them [y, {y;; and two of them lie in I;,. = We call them I,q, I;;.
Each of these 2? remaining closed intervals is again treated in a similar
(1—2)2
92
two closed sub-intervals survive in each of the four closed sub-intervals I,
Ity 110, 133 The sub-intervals that survive in I, may be denoted by Iy,
Ig01; those that survive in Iy; may be denoted by Igy0, Io11, and so on. The
process being supposed continued indefinitely and everywhere dense set of non-
overlapping, non-abutting, open intervals of measure unity (since the total

sub-intervals concentric open interval of length

Two of them lie in

now remain 22 closed sub-intervals each of length

manner. 22 open sub-intervals each of length are now suppressed and

length of intervals suppressed = A+ 2(1'2"\)/\+22 1 ‘;i)’) +.. 0=l
will be eliminated from I,
Let us write I,UI, = 1) |

IpoUI UL ULy = I,

IoooU P UIlll = I® , and so on,
Evidently ID IV 1@ 2 1™, .., , and each I™ jg closed. Then the inner
limiting set xC), given by 20, = INIY qI®n .. .. , is a non-dense perfect
set of Lebesgue-measure zero on 0 <z < 1. Put a similar set ¥C, on the
y-axis. Let T be the plane get in the unit square § (0,0;1,0;1,1;0, 1), given
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by T\ = 2CyXyC,; i.e. if (z, y) €T, then zexC , yeyC). Consider now the
alternative construction of 7).

At the first stage, when open intervals of lengths A are suppressed on the
z and y axes, a figure in the shape of a cross is deleted in the unit square,
resulting in the formation of four mutually exclusive closed squares, each a
subset of ¢ and having side length-l—g—)‘. We shall say that these 4 closed

squares belong to class 2 and each of these squares will be denoted by 8, and
4
let @2 = X'B, = union of 4 squares f; .

At the second stage by deleting crosses as in the first stage we have 42

1-2)2
mutually exclusive closed squares, each having side length ( 52 ) We shall
say that these 42 closed squares belongrto class 3 and each of these squares will

42

be denoted by g5 and let @3 = Z'B3 = union of 4% squares B3. In general, at

the nth stage, by deleting cross we bave 4" mutually exclusive closed squares,

(1-2)"
2*

belong to class (n+4-1) and each of these squares will be denoted by 8,,, and let

each having side length We shall say that these 4* closed squares

4”
Qu+1 = 2Bn+1-
This process is continued indefinitely, We have @ D ¢, D Q3D ...., where
all Qs are closed.

Hence T) =QNn@:N¥n ..., and 7' is a non-dense perfect plane set
of Lebesgue plane measure zero. We now prove the following theorem:

THEOREM: A set of the type T cannot be an S-set, if A> V2-1

Proor: Following Besicovitch and Miller (1948-1949), let 8,,, and 8',,, be
two squares of class (n+1) such that d(B,.1, B'»41) does not exceed the distance
between any two other squares of class (n41). It is easily seen that

1=2)-1
HBugrs Bur) = L5002 = o, (say).

Hence
Jim .= tim 85 = i (152) a0
Let 4 be an arbitrary positive number and let us consider the open interval
Ii=0<z<h).
We choose n such that s’, < k.
e A

Let s, = the side length of @ fus1 = o
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Let A (0 < A < 1) be so chosen that
s, < 8, .. .. - .. D
i.e. let
2(1=2)" _ (1—=A)"1A
o < T

or
‘ A>4/2—1(=0414..).
Now clearly the interval J = (2ks, < x < &',) is contained in I;.

Let p(x;, y;) and g(xs, y2) be two points of the set 7). If p and g belong
to a single square B,,; of class (n--1) then d(p, q) < 2%s..

If peB,,1 and qeB"1, Where B,,, and B, are two different squares of
class (n1), then

AP, 2 55
In any case d(p, q) does not belong to the open interval J = (2, < x < ¢',),
ifA>4/2-1. , '

Hence the set of distances between the points of 7'y will not fill up the
interval J and hence cannot fill up 7. Thus 7', cannot be an S-set (and
therefore cannot be an SD-set) if A > 4/2—1.

Note 1: When A = }, T) = C2, where C is the Cantor Middle Third Set and
we know that the set 2 is an SD-set (Sen Gupta and Bose Majumder 1955;
Bose Majumder 1960); but in this case

A=1%) <V2-1.
Note 2: If the open middle part (suppressed) bears to the closed interval a

ratio = A = 1, where n is positive integral, thebn,.in order that T, is at
i .

least an S-get, it is necessary that

1 -
;_1. < ’\/2—-1,

or ‘ p> 241 =2414,..

Hence ' p=3.

Cantor set C2 (an 3D-set) corresponds to p = 3 and the SD-sets corresponding

to some other integral values of p (viz. 3, 5, 7, ..., 2rn+1, ...) have been

considered in the paper (Sen Gupta and Bose Majumder 1955).
Note 3: In view of Randolph’s theorems (Randolph 1941),
that B
(1) LIT)\]1=0,if <4,

@) L{T)\1=0,if} <A<,

3 _
and (3) .\/—,-5<L[TA]<\/2, ifa=1,
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we see that 7' is not an S-set (if A> \/5—-1), irrespective of whether its Cara-
théodory linear measure is o, 0, or a positive fifite number, thus showing
that Steinhaus’ theorem (Steinhaus 1920) is not true, if we consider linear
measure for a plane set. The same conclusion holds good if we consider
Gillespie linear measure of the plane set 7, since the two measures
(Carathéodory and Gillespie) are comparable (Randolph 1941).

Note 4: A point peT') will belong to some square B,.; of class (n--1).
It is obvious that the circle ¢(p, ¢',) whose centre is p and radius s’, includes
only that part of 7, which lies in the square B8, (When we are taking
A> /2—1) and hence

L[TA . C('p, ‘S,n)] — L[T,\ . Ign+1]
25, 2¢',

Hence, since lim ¢', = 0, it follows that D(T), p) < 4. Therefore, for all

W —r o

2%g, '
< 2_8'—; <}, from (1).

values of A(> J2— 1), the set T, is irregular. This is the reason for
the behaviour of T in the above manner when A > 4/ 2—1, as irregular set
may or may not be an S-set (Besicovitch and Miller 1948-1949).

Note 5: It follows from the above theorem that alinear set of the Cantor
type cannot be an §-set if the length of the middle interval suppressed each
time bears to the closed segment (from which the open interval is suppressed)
a.ra,tio:/\>\/§—1. ‘

For, if possible, let there exist such an S-set x(', on the x-axis and let its
set of distances fill an interval (o, &), £<<1. Let us put a similar set yC on
the y-axis. Consider the plane set T = 2C), X yC).

Let us take a d satisfying 0 < d < h /2
Since
0<-L <,

V2

there must exist at least one pair of points (1, ®2), 21620), xeex(), such that

For the same reason there must exist at least one pair of points (¥1, ¥2),
Y1eyCy, YoeyCy, such that

Y1 = \/ B
(we may take y; = a; and yp = xz).
Obviously the points P (x;, y;) and @ (2, ys) are at a distance d, where P and
Q are each a point of 7. Hence the distance set of T, fills an interval
(0, 14/2) and therefore T, is an S-set, even though A> 4/2—1, which is a
contradiction of the above theorem.
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Hence we conclude that a linear set xC) of the Cantor type cannot be
an S-set if A > J/2—1.
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